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Outline

Nonlinear robust optimization

E. Pola_ks method of inexact outer min maxf(x; u)
approximation x2R" u2U

r f -free outer approximation
Early numerical experience

Images: [DebRoy, Zhang, Turner, Babu; ScrMat, 2017]



Nonlinear Robust Optimization

Guard againstworst-caseuncertainty in the problem data
0

XrgiFg nf(x) c(x;u) O 8u2U
where
f certain objective
c:R" R™! RP uncertain constraints
u uncertain variables/data
U R™ uncertainty set (compact, convex)
Well studied for linear (convex/concave) , ¢

[Ben-Tal, EI Ghaoui, Nemirovski; 2009], [Bertsimas, Brown, Caramani; SIRev 2011] ...
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Nonlinear Robust Optimization

Guard againstworst-caseuncertainty in the problem data
o}

anier nf(x) c(x;u) O 8u2U
where
f certain objective
c:R" R™! RP uncertain constraints
U uncertain variables/data
U R™ uncertainty set (compact, convex)
Well studied for linear (convex/concave) , ¢
[Ben-Tal, EI Ghaoui, Nemirovski; 2009, [Bertsimas, Brown, Caramani; SIRev 2011] . ..

Special cases:

Minimax Implementation errors

min maxf (x;u) min maxf (x + u)
Xx2R" u2u Xx2R" u2u
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NN
Another Case: Goldfarb Robust Optimization
Robust convex quadratically constrained programs

n (0]

min C X : %x> Qx+ x g+ 0 8(Q;g; )2U (RCQP)
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Another Case: Goldfarb Robust Optimization
Robust convex quadratically constrained programs

n (0]

rgiRn X : %x> Ox+ x™ g+ 0 8(Q;g; )2U (RCQP)
X n

[Ben-Tal, Nemirovski; MathOR, 1997]: U' conditions to obtain SDP for (RCQP)
[Goldfarb, Iyengar; MathProg, 2003]: U' conditions to obtain SOCP for (RCQP)
Discr(ete/polytopic uncertainty sets

)
X . .

U= (Qg ):(Qg )= Qg ") 2RY;Q 08i; Te=1
i=1

A ne uncertainty sets U

Q=Q°+Xp iQ; kk 1, Q' o08i

i=1
xP o
(0 )=(% 9+ vi(d; ') kvk 1
Factorized uncertainty sets U

...CRs around MLEs

See alsoRobust portfolio selection problemgGoldfarb, lyengar; MOR, 2003]
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Example of Robustness \Helping"

n (0]

min - X1+ Xz © UiXy+ UzXe uf ui 0;8u2U-=[ 1;1P
X2 R

X1+ X2 = Kk 1
\ YXZ:
X }

X1 )
2 1 2 2 2
1
21 2!
p_
Nominal problem,t = ( —; % Robust problem,x = ( #; #)
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Notation and Assumptions

Implicitly robusti ed form:

min maxf (x;u) =: m|n
x2R" u2U

where, for any subset) U use therelaxation

o (x) = max f(x;u)
u20

Sometimes forget and write := U

Y US-Mesxico 2018

u(x)

u(x)

(MM)



Notation and Assumptions

Implicitly robusti ed form:

an'lkr}] Tz%Xf (x;u) = m|n u(x) (MM)

where, for any subset) U use therelaxation

o (x) = max f(x;u) u(X)
u20

Sometimes forget and write := U

Assume the following about (MM):

a. Local Lipschitz continuity of f and r xf everywhere
f(;) and, for anyu 2 U, partial gradientr f (;u) Lipschitz continuous
over any bounded subset dR" R™ andR", resp.

b. Compactness of U
c. (MM) solution exists

I no convexity off or U assumed

a&n US-Mesxico 2018



 ——
An Optimality Measure
Employ second-order convex approximation 6f( ; u) at x:

— < 2
(x) = LTQHTZ%X f(x;u)+ hrf(x;u);hi + khk ( x)
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 ——
An Optimality Measure
Employ second-order convex approximation 6f( ; u) at x:

— LihK2
( x) Enzlr;n Tz%x f(x;u)+ hrf(x;u);hi + khk ( x)
Properties of
For allx 2 R"
1. (x) O

2. (. x) is continuous
3.02 @ x)ifandonlyif ( x)=0
4. ( x)=

) 1 2. o u(x) figu) .
ngl;n o+§kk. 2 co Fof (X U) ‘u2U
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 ——
An Optimality Measure
Employ second-order convex approximation 6f( ; u) at x:

— < 2
(x) = Lr}lr;nznz%x f(x;u)+ hrf(x;u);hi + khk ( x)
Properties of
For allx 2 R"
1. (x) O

2. (. x) is continuous
3.02 @ x)ifandonlyif ( x)=0
4. ( x)=
. 1 2. 0 U(X) f (X, U) i
ngl;n 0+§kk. 2 co Fof (X U) ‘u2U
For any relaxationd U , will use

o(X):=  min 0+%kk2: ° 2co o) TOGu) 50
0

rxf(x;u)
(x)= v

US-Mexico 2018 6



Inexact Method of Outer Approximation
Cutting-plane method from[Polak Optimization ; 1997]
Uses approximate solutions of alternating block subprobhs

T 00 ()
IOA Alg: Given data ; ¥ LO

Initialize x° 2 R", u! 2 argmaxf (x°;u), W° f u'g

uz2 ©
Loop overk:
1. Compute anyx**? such that i (x**1) «
2. Compute anyu®2 argmaxf (xk+l ;u) exactly
u2 k
3. Augment US*t  U*[f u%

a. ¥ U and ( 2[0;1] with limzs k=0
Assumes: b. ¥ grows dense irJ

c. min max f (x;u) has a solution for allk
al X2RM 42 k
a&n US-Mexico 2018



Result

Theorem [Polak]

Given assumptions ori and IOA Alg. Then, for any accumulation pointx of
fx*gi , (x )=0. Thus,02 @ x ).

Basic idea is that as IOA progresses:
1. sequence of nite max functions

k (X) = mzaxkf(x;u)

are arbitrarily good approximations of( x)

2. sequence of optimality measures « (x) are arbitrarily good
approximations of the optimality measure( x)
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When the Derivatives Start Hiding: Simulation-Based Optimltin

Xrgj?rl fh(x;S(x)) : c[x;S(x)] 0; ce[x; S(x)]=0g

S:R" ! CP simulation output, often \noisy" (even when deterministic)
Derivativesr xS often unavailable or
prohibitively expensive to obtain/approximate directly
S can contribute to objective and/or constraints
Single evaluation ofS could take seconds/minutes/hours/. ..
) Evaluation is a bottleneck for optimization
This talk: h(x; S(x)) = max y2u f (x;u)

Functions of complex (numerical) simulations arise evérgre

r 'z\ N
P
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 ———
Derivative-Free Inexact Outer Approximation

Compute su ciently accurate approximation of

2 k k.
«(x*)= min o+ KK 05 () - Fxu)
0

. k
2 r«f (x€;u) Hu2

for which  «(x¥)  « is attainablewhen

r f values unavailable
f (x; u) evaluations expensive
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Derivative-Free Inexact Outer Approximation

Compute su ciently accurate approximation of

k k? 0

k k.
«(x*)= min ot 2 co () - Fxu)
0

. k
r«f (x€;u) Hu2

for which  «(x¥)  « is attainablewhen
r f values unavailable
f (x; u) evaluations expensive

1

Phase 1 Inner iterations to obtainx*** an approximate minimizer of

min -k (X)
X

I Manifold sampling, trust-region approach

Phase 2 Solveargmax f (x*** ; u)
u2 k

QE US-Mexico 2018 10 B
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Model-Based Approximation for Inner Solve wfiny x (X)
Associate with eachu! 2 U* a model about primal iteratey! (y' ! ' x**1):

Fully Linear Models

m! fully linear model off (;u’) on B(y'; ) if there exist constants j ¢ and
i eg independent ofy' and  with

foy+sd) mi(y'+9)j e * 852B(0;)
ke xf(y'+s;u) r mi(y'+sk e 852B(0;)

[Conn, Scheinberg, Vicente; SIAM, 2009

v
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Model-Based Approximation for Inner Solve wfiny x (X)

Associate with eachu! 2 U* a model about primal iteratey! (y' ! ' x**1):

Fully Linear Models
m! fully linear model off (;u’) on B(y'; ) if there exist constants j ¢ and
i eg independent ofy' and  with
foy+sd) mi(y'+9)j e * 852B(0;)
ke xf(y'+s;u) r mi(y'+sk e 852B(0;)

[Conn, Scheinberg, Vicente; SIAM, 2009

For set of generator indicesJ®™  U*:
f(yu) = mi(y') forallj 2 3%
Fully linear
Both trivial (e.g., linear models) whenr f is Lipschitz

h i
: tk
G! = hr m' g ()i mt(mk j)(y‘). 2RI

Ft

1
—
—~
<—.
e
e
~
.
—~
~<,-*
<
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Natural Approx
Use model-based set

w ()  miy")
rxmj(y")

to de ne approximate inexact measure

Dpe.uk (Y') == co

~ ty .— ; 1 2. 2o
w(y) = r;r;l;r; Zo + ikzk :

Y US-Mexico 2018
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Natural Approx
Use model-based set

t t t
ty .= (YD) mpty) K
Dm‘;Uk(y)- co r Xm]t(yt) - u 2U
to de ne approximate inexact measure

Zo

. 1
“hyh) = min - Zo + ékzk2 : 2D g (YY)

Result- ~{, (y') is a fully linear approximation of y« (y").

For all (z0;2) 2 D j1.ux ('), there exists( o(z0;2); (20;2)) 2D, u(y") with

Zo = o(20;2)
kz (z0;2)k g k-

Note:

Do ux (') relies onjutj

In practice, ensure fully linear approximation of onljd * j many models in
inner iteration t

US-Mexico 2018

12



Algorithm
DFOA Alg: Given data ; K LO

Initialize x° 2 R", u! 2 argmaxf (x°;u), W° f u'g
uz2 ©

Loop overk:
t oy xK o it ; ot 1
Inner iterations while > :

1. (Phase 1) Choose setJ tk  satisfying
argmax f(yl;ul) Itk f 100 jUg

2. Build modelsfmjt : j 2 Jtk g and solve TRSP
min 2+ I Bld: F ok (yHe+(G")d
(zd)2 R n 2
3. 1fJ (y'+ d) 2 Jt perform trust region update

(Phase 2) Computeu®2 argmaxf (x*** :u)
u2 k

Augment US*t UK [f U

ze; kdk

t

.y —— US-Mexico 2018



Details

Stopping criterion for inner iterations

Employ dual measure

o 1, .. 2
[ n;(:nZ Z0 + Eka : 2 Dm‘?U'jt;k (yt)
~Uk (yt)
o 1 2. 2 t
_nz1(:r_1z Zo + Eka : 2D ek (Y)

6_ US-Mexico 2018



Details

Stopping criterion for inner iterations

Employ dual measure

o 1, .. 2
[ n;(:nZ Z0 + Eka : 2 Dm‘?U'jt;k (yt)
~Uk (yt)
o 1 2. 2 t
_nz1(:r_1z Zo + Eka : 2D ek (Y)

Step acceptance criterion

uk (y") e (y' + d)
(zt + %d” Btdt)

6_ US-Mexico 2018



Main result for DFOA

Thm: Given assumptions oh and IOA Alg.

Then, for any accumulation poink of fxkgt_,, 02 @ x ).

Idea
1. On acceptable inner iterations, if

ed (1 1),
— "

k < min  min I
3¢+ 35 mn

then inner iteration is successful
2. k tends to 0 in each inner iteration
3. For all ¢ > 0, nite number of inner iterations to achieve ; <
4. Forall « >0, k implies that

2
k

NN
=N

+

« N

w) Kkt g2

NI =

5. Appeal to Polak I10A

QE US-Mexico 2018
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Important Practicalities

Selection ofB! (used in TRSP)

o Quadratic polynomial basis:
1 1,
Q(V),  SVATIIII SV VIV2iiIiVaVaiiiiiVn 1V

obtain coes ¢ by least-squares soln

2 n o
o (P ° e (P) j=1 maJ)J(tk i Fi+(G)” (" y")
: g °” E n (o] %
. B .
o) ) (P j=1 maj)J(t;k j Fi+(G) (P y)

+ Does not require additional evaluations

QR US-Mexico 2018 6 O
j——



 ———
Important Practicalities

Selection ofB! (used in TRSP)

o Quadratic polynomial basis:

1 1
o(v), EV%;ZZI:EVﬁ;Vlvz;iii;Vzvs;Iii;Vn 1Vn
obtain coes ¢ by least-squares soln
2 1 n t ty> 1 t °
3 ’ max Fi +(G;j
o(pY) vty (P) jo T (G) (P vy)
. 0= .
(.dpi) iPj L ty> (Pi Gt °
Q U(Jl;k)(pl ) j=1m'aj)§‘ikj Fj +(Gj) (ﬂ y)
+ Does not require additional evaluations
(Pre)Selection off kgi_,
Theory requires dense itJ [Gonzaga, Polak; SICON, 1979]

In experiments we consider very few points

Q?i US-Mexico 2018 16 O



 ———
Bertsimas-Nohadani-Teo 2D Implementation Error Problem

min y (X) := min max f(x;u):= m|n max g(x + u)
x2 R2 x2 R? u:kuk 2 R? u:kuksy

parameter 0 ( =0:5 being typical)

9(x) = f(x;0)

g(x) = 2x% 1222x3+21:2xf 643 4:7x§+6:2x1+xg 11x3 +43 :3x3
74:8x3 +56 :9x2  10x, 0:1x2 + x5 +0:4x2x, +0:4x3x1  4:1X1Xz
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 ———
Bertsimas-Nohadani-Teo 2D Implementation Error Problem

min y (X) := min max f(x;u):= m|n max g(x + u)
x2 R2 x2 R2 u:kuk 2R2 u:kuky

parameter 0 ( =0:5 being typical)

g(x) = f(x;0) ku k

g(x) = 2x% 1222x3+21:2xf 6143 4:7x§+6:2x1+xg 11x3 +43 :3x3
74:8x3 +56 :9x2  10xp 0:1x2 + x5 +0:4x2x, +0:4x3x1  4:1X1Xz
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 ———
Bertsimas-Nohadani-Teo 2D Implementation Error Problem

min y (X) := min max f(x;u):= m|n max g(x + u)
x2 R2 x2 R? u:kuk 2 R? u:kuksy

parameter 0 ( =0:5 being typical)

g(x) = f(x;0) \u

g(x) = 2x% 1222x3+21:2xf 643 4:7x§+6:2x1+xg 11x3 +43 :3x3
74:8x3 +56 :9x2  10xp 0:1x2 + x5 +0:4x2x, +0:4x3x1  4:1X1X2
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 ———
DFOA Trajectories Bertsimas-Nohadani-Teo

-0.5 o] 0.5 1 1.5 2 25 3

9(x)= f(x;0)

Recover global within 250 total evaluations
W=f 05e:i=1;29
See alsgBertsimas, Nohadani; JOGO 2010} [Conn, Vicente; OMS 2012]
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DFOA Trajectories Bertsimas-Nohadani-Teo

-0.5 0 0.5 1 1.5 2 25 3

9(x)= f(x;0)

Recover global within 250 total evaluations
W=1f 05e:i=1;29
See alsgBertsimas, Nohadani; JOGO 2010} [Conn, Vicente; OMS 2012]
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 ———
DFOA Trajectories Bertsimas-Nohadani-Teo

-0.5 0 0.5 1 15 2 25 3

9(x)= f(x; 0)

Recover global within 250 total evaluations
W=f 05e:i=1;29
See alsgBertsimas, Nohadani; JOGO 2010} [Conn, Vicente; OMS 2012]
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 ———
DFOA Trajectories Bertsimas-Nohadani-Teo

05 0 05 1 15 2 25 3
g(x) = f(x0) Uo:5 (X)

Recover global within 250 total evaluations
W=f 05e:i=1;29
See alsgBertsimas, Nohadani; JOGO 2010} [Conn, Vicente; OMS 2012]
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 ———
DFOA Trajectories Bertsimas-Nohadani-Teo

-0.5 [ 0.5 1 15 2 25 3 -0.5 0 0.5 1 i} 2 25

g(x) = f(x0) Uo:5 (X)

Recover global within 250 total evaluations
W=f 05e:i=1;29

See alsgBertsimas, Nohadani; JOGO 2010} [Conn, Vicente; OMS 2012]
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Goldfarb Biguadratics
min (x) = max e+ b x;
x2rn Y = M (Lby2u 2 '

Uncertainty setU ( 0):
n
U:= (Lby2L" R :jL; Cyj ;8 j;jb B ;8

Nominal ' 2 L" lower triangular with nonzero diagonal entrieh 2 R"

Y US-Mexico 2018
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Goldfarb Biguadratics
min (x) = max e+ b x;
x2rn Y = M (Lby2u 2 '

Uncertainty setU ( 0):
n
U:= (Lby2L" R :jL; Cyj ;8 j;jb B ;8

Nominal ' 2 L" lower triangular with nonzero diagonal entrieh 2 R"

Ty 1)(@), 0 =05

Y US-Mexico 2018
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Goldfarb Biquadratics Example (Varying)

u (x) for a randomly generated set of nomindl; 0

3

3

2 2

1 1

US-Mexico 2018
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RCQP Typical Results
( x) progress; dashed lines indicate the end of a phase 1

10° T T 10° T T T
[ [ [ |
10t o [ 10t [ l
o [ [ l
) ) [ [ ) ] l l
0% 1 (] 0% 1 1
[ [ [ l
10° o |l 107 [ l
[ [ l
[ [ [ |
10 [N [ 10 1 11 1
[ [ [ |

B o [ B [

1 o 1o 1 o
[ [ [ l
10° [ [ 10° 1 1 1
[ [ [ l
107 L1l L1 107 [ 1

0 200 400 600 800 0 200 400 600 800 0 200 400 600 800
Number of function evaluations
Gaussian RBF Uniform random sampling Optimal phase 2
RBF m' (u) interpolating on available pointsf (x*** ;u)g

Obtain u® from approximate solution ofmz%x m' (u)
u

Phase 2: Uniform ¥ from d m e Unif(U) samples
u®2 arg max f (x*u)
u2

Optimal u®2 arg mz%xf (xk+1 yu)
u

S US-Mexico 2018 21 B



Data Pro les for RCQP

- —-h
P J‘ oy
L = - 4 09
3 x
L o -, {1 os
! ¢
L i ’ 1 e
f ’
H P 1 o
’ 4
¢ 7/ 05
Fs
I' 1 04
/
1
[ I 1 03
I ’ F
H 1 o2 1
4 4 —=— Optimal Phase 2 J '
[ —®-- Gaussian RBF o1 ¢ ]
. —A- Uniform Random Sampling -
€ L, e . ® | &= A ——A—- - A
100 200 300 400 500 600 700 800 900 100 200 300 400 500 600 700 800 900

Number of function evaluations

Number of function evaluations

30 random RCQPs (many random trials for uniform sampling)

u(x%) U

(x)

a

)
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Data Pro les for RCQP

n=8;, =10 1! 10 °
09 1 ’l’ 0o L '___I-. ..... -
1 —_

08 ‘J 08 7
07 .J ar -— - 07 | B
06 | '] k’ - 06 | 4
05 [ 'l P 0s | 4

¢ -~
04 oa b ]

! el
03 f ” 03 1

I LY
oz ff 1 A = Optimal Phase 2 ozr
wllt .- ~®- Gaussian RBF or | 4

) ‘I", ‘ —A Umfo‘rm Randomsa‘mpllng f_ _e-- - - ‘_ 4 - T- —
05 1 15 2 25 0 05 1 15 2 25
Number of function evaluations #10° Number of function evaluations #10%
30 random RCQPs (many random trials for uniform sampling)
0 0 best
u(x?)  u(x) @) u(x) u(xT)
2 B
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Grey-box algorithms for optimization problems with black-boamponents

Model-based outer approximation looks promising [Menickelly, W.; Prep. 2017]
Employs framework of Polak's inexact outer approximation

Builds smooth models with an inner trust-region approach
Uses manifold sampling for composite nonsmooti{S(x)) =  u(x; S(x))
h = k ki [Larson, Menickelly, W.; SIOPT 2016]; h pl [Khan, Larson, W.; Prep. 2017]

Interested in exploiting implementation error structurd (x;u) = g(x + u)
If g(y) available, thenf (y;u y)= f(y wu;u)= g(y) available for all u

Matt Menickelly www.mcs.anl.gov/ ~wild
& the NRO gang:
Sven Ley er
Todd Munson

Charlie Vanaret Than k YO U!
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