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When viewers read a data visualization, they perform perceptual computations, translating visual 

marks into quantitative judgments, that are systematically imperfect. Decades of graphical 

perception research have documented these errors, but most findings take the form of ordinal 

rankings or categorical taxonomies. While helpful, these descriptions do not make quantitative 

predictions: they cannot predict how large a viewer's error will be for a specific chart design, 

dataset, and task, nor can they generalize to combinations not yet tested experimentally. 

 

This dissertation develops computational models that make quantitative predictions about how 

viewers interpret data visualizations. Three studies model different aspects of visualization 

perception with increasing generality. First, I develop a formal model of y-axis truncation in bar 

charts that defines task-dependent conditions under which truncation preserves or distorts data 

structure, replacing heuristical prescriptions with formally grounded, computable design 

guidance. Second, I test whether deep neural network features trained on natural images can 

serve as computational proxies for human similarity judgments of visualizations. Finally, I 

propose visual decoding operators --- composable perceptual primitives, each with estimable bias 

and variance --- and provide an existence proof that operators characterized on PDF and CDF 

charts compose to predict scatterplot mean-estimation performance with no parameters fit to the 

target data. 

 



Together, these studies demonstrate that computational models of visualization perception are 

both feasible and productive: they predict quantities that ordinal rankings cannot, expose 

mechanisms that holistic accuracy measures obscure, and generalize across chart types and tasks. 
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Abstract

When viewers read a data visualization, they perform perceptual computations, translating visual 

marks into quantitative judgments, that are systematically imperfect. Decades of graphical perception 

research have documented these errors, but most findings take the form of ordinal rankings or categor­

ical taxonomies. While helpful, these descriptions do not make quantitative predictions: they cannot 

predict how large a viewer’s error will be for a specific chart design, dataset, and task, nor can they 

generalize to combinations not yet tested experimentally.

This dissertation develops computational models that make quantitative predictions about how viewers 

interpret data visualizations. Three studies model different aspects of visualization perception with 

increasing generality. First, I develop a formal model of y-axis truncation in bar charts that defines task-

dependent conditions under which truncation preserves or distorts data structure, replacing heuristical 

prescriptions with formally grounded, computable design guidance. Second, I test whether deep neural 

network features trained on natural images can serve as computational proxies for human similarity 

judgments of visualizations. Finally, I propose visual decoding operators — composable perceptual 

primitives, each with estimable bias and variance — and provide an existence proof that operators 

characterized on PDF and CDF charts compose to predict scatterplot mean-estimation performance 

with no parameters fit to the target data.

Together, these studies demonstrate that computational models of visualization perception are both 

feasible and productive: they predict quantities that ordinal rankings cannot, expose mechanisms that 

holistic accuracy measures obscure, and generalize across chart types and tasks.
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1 Introduction

In science, if you know what you are doing, you should not be doing it. In 

engineering, if you do not know what you are doing, you should not be 

doing it. Of course, you seldom, if ever, see either pure state.

— Richard Hamming, The Art of Doing Science and Engineering

Visualizations are everywhere. We track a stock by its price line,fig. 1 

Figure 1: Screenshot of Nvidia stock 

price, taken 06/04/26.

 read 

real-time election results from maps combined with pie charts,fig. 2 

Figure 2: Obtained from this blog post.

 and 

judge machine learning classifier performance from hyperplanes drawn 

on scatterplots.fig. 3 

Figure 3: Obtained from scikit-learn’s 

documentation.

 In none of these cases is the figure mere decoration: 

it is the interface through which the data reaches us.

Visualizations are, in this sense, the primary medium between human 

cognition and data. When a viewer reads a bar chart, estimates a trend 

from a line graph, or judges the median of a distribution plot, they 

are performing a “perceptual computation”: translating visual marks 

and spatial relationships into quantitative judgments. One interesting 

observation about this perceptual computation is that the same dataset, 

plotted differently, often yields different quantitative judgments, some 

more accurate than others. Consider the following bubble chart that 

displays the public sector capital expenditure (£ billion) on services by 

function of the UK Government during 2014/15 (Fig.  4). What share 
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of the old-age spending does the sickness-and-disability sharing repre­

sent? More than half, or less than half?

Figure  4: UK Public Sec­

tor Capital Expenditure, 

2014/15, obtained from this 

website. For illustration pur­

poses I removed the num­

bers for “10.1 Sickness and 

disability” and “10.2 Old 

age”.

It might surprise people to find out that the answer is less than half.1

The spending for sickness and dis­

ability is 50.0 bn while the spend­

ing for old age is 118.2 bn.

1

 This 

is a predictable consequence of how humans decode information via 

area: since area is decoded sublinearly, the larger bubble is perceptually 

discounted. If we were to map the same dataset to a bar chart, or a line 

chart, the same comparison would have been more accurate.

Cleveland and McGill  [23] define this “visual decoding of informa­

tion encoded on graphs” as graphical perception in 1984. They ran 

psychophysical experiments to rank a set of elementary perceptual codes 2 i.e., position along a common 

scale, length, angle, area, and so 

on

2 

by the accuracy with which viewers decode quantities via those visual 

channels, yielding a design principle: encode data using channels higher 

on the accuracy ordering.3 As statisticians, Cleveland and 

McGill saw graphical perception 

as fundamental to the construction 

of statistical graphics. [24]

3 In the decades since, hundreds of studies 

have followed this style of empirical research, documenting errors in the 

visual decoding process across chart types, tasks, and populations [144].

This empirical tradition has produced a rich body of knowledge,4 … including but not limited to 

numerous guidelines for visual­

ization design, such as [2,122]

4 and 

the majority of such knowledge takes the following form: ordinal rank­
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ings and categorical taxonomies. We know that position encodings are 

more accurate than length encodings, which are more accurate than 

angle encodings [23]. We know that common visual analytic tasks can 

be classified at a low level as “retrieve value”, “find extremum”, “deter­

mine range”, and so on  [2]. While rankings and taxonomies organize 

knowledge and shape design guidelines, recommendation systems, and 

teaching practices [121], they share a limitation: they do not make quan­

titative predictions that generalize beyond the conditions in which they were 

measured.5In other words, knowing that po­

sition outperforms angle does not 

tell us by how much, or under what 

data conditions, or for which specific 

tasks.

5  The consequence is that every new chart type, data distrib­

ution, or task combination requires a new experiment — an approach 

that, as the design space of possible visualizations grows,6

For example, consider Fuchs et 

al.  [48], who looked at experi­

ment studies on data glyphs and 

produced a 9 × 9 design table to 

classify which glyph studies fall 

in which categories. Introducing 

a new dimension will scale this 

table by at least 81 more cells.

6

 does not 

scale.

The idea of building models that generalize for visualization perception 

is not new. Process models of graph comprehension decompose chart-

reading into sequences of elementary operations and predict task per­

formance as a function of those operations.7

For example, Gillan and Lewis’s 

MA-P model  [56] proposes that 

response time scales linearly with 

the number of cognitive compo­

nents a task requires.

7

 An alternative “model” is 

the Draco system [121], which formalizes design knowledge as weighted 

logical constraints and optimizes over them to recommend effective 

chart designs. The constraint weights themselves can be learned from 

graphical perception experiments [204], making Draco a computational 

model of sorts whose inputs are empirical perceptual experiment 

outcomes and outputs are ranked recommendations of visualization 

design.

While these models demonstrate the value of computational ap­

proaches to visualization, they predict different quantities than the ones 

this dissertation targets. Process models like MA-P [56] and ACT-R [134] 

predict the time course of graph reading. Recommendation systems like 

Draco optimize over ordinal effectiveness rankings. Neither predicts the 
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perceptual output — the estimate a viewer produces and the bias and 

variance of that estimate for a given chart and task. This is the gap the 

present work addresses. My goal is to build models that generalize 

beyond the conditions used to fit them and predict the quantitative 

error characteristics of viewers’ perceptual judgments, such that 

performance on new visualization × task combinations can be antici­

pated without running new experiments.

1.1 Organizing the Space: Data, Visual Form, 

and Task

Figure  5: Heatmap of 

monthly visitor counts to 

the Yosemite National Park 

from 1979 to 2023. 

Created using SveltePlot 

https://svelteplot.dev/ with 

data obtained from https://

www.responsible-datasets-

in-context.com/posts/np-

data.

To illustrate the factors that go into a chart, consider the above heatmap 

(Fig. 5). The chart begins with data, number of visitors to the Yosemite 

National park, by month and year, from 1979 to 2023. A designer chooses 

how to map this data to visual forms — month to y-axis coordinate 

position, year to x-axis coordinate position, number of visitor per month 

to color on the Blues scale.8 Not to be confused with the mu­

sical blues scale, this is the Color­

brewer sequential color scale. See 

https://scales.r-lib.org/reference/

pal_brewer.html.

8 Coordinate system, position, and color, 

together these visual channels form a visualization. A viewer reading the 

above heatmap can then arrive at some perceptual judgment.9

For example, across the years, 

more people tend to visit Yosemite 

during the summer, or 2020 had 

almost no visitors during April 

and May.

9
From this example, we see that the perceptual judgments a viewer 

makes from a visualization depend on the interaction of at least three 

components: the characteristics of the underlying Data (𝐷), the chosen 

Visual form (𝑉) used to represent the data, and the specific Task (𝑇) the 
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viewer is performing.10Admittedly, viewers rarely see a 

visualization in the wild with a 

pre-supposed task. A single visu­

alization usually can support dif­

ferent tasks with varying degrees. 

More on this in Chapter 6.

10  This observation appears in various forms across 

the literature. For instance, in Hu et al. [76], who proposed viewing each 

realized visualization as a (𝐷, 𝑉, 𝑇) tuple; in Kindlmann and Scheideg­

ger  [96], whose algebraic framework examines how changes in data 

map to changes in visual form; and in Demiralp et al. [35], who model 

visualizations as functions from data points to visual primitives.

Later, I will use the 𝐷 ↔ 𝑉 ↔ 𝑇  notation to serve as a framing device 

for illustrating what each chapter of this dissertation investigates.

1.2 Thesis Statement

This dissertation argues that computational models can make quanti­

tative predictions about how viewers read data visualizations that 

generalize beyond the conditions in which they were measured, and that 

building such models is both feasible and productive. I make this case 

through three studies that form a progression: each is prompted by a 

limitation the previous one exposes, moving from a model of a single 

perceptual effect toward a general account of how visualization reading 

composes.

1.3 Thesis Overview

The three studies in this dissertation form a progression but differ in 

what aspect of visualization perception they target, what level of gener­

ality they aim for, and what formal tools they bring to bear.

Chapter  311
Chapter  3 manipulates 𝑉  (trun­

cating the 𝑦-axis of a grouped bar 

chart) for systematically varied 𝐷 

(data values) and measures the ef­

fect on 𝑇  (comparison tasks).

11  develops a formal model of y-axis truncation in bar 

charts. Prior work established that truncation exaggerates the perceived 

magnitude of differences between bars  [27]. This chapter formalizes 

truncation as a transformation of the visual encoding function and 

defines when that transformation is structure-preserving.12A truncation is monotonic if it pre­

serves the data relation relevant to 

the viewer’s task, and non-monot

onic if it reverses it

12  Experiments 

confirm that monotonic truncation does not impair performance while 
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non-monotonic truncation does, thus providing a formally grounded 

account of when and why truncation misleads.

Formalizing an effect this way buys generalization for a single percep­

tual effect, but deriving a model for every heuristic does not scale, 

raising the question of whether we can leverage existing computational 

models to serve as cheap proxies instead.

Chapter  413
Chapter  4 varies 𝑉  across differ­

ent visualization designs and tests 

whether computational similarity 

metrics predict human similarity 

judgments.

13 pursues exactly this: rather than building a perceptual 

model from domain-specific theory, it asks whether existing computa­

tional models of visual perception, that is, deep neural network features 

trained on natural scenes, transfer to information visualization. If the 

features that drive perceptual similarity for natural images also predict 

similarity judgments for data graphics, this would provide a computa­

tionally cheap proxy for a quantity that is expensive to measure behav­

iorally. The chapter compares multiple deep-feature similarity metrics 

against human judgments across visualization types and tasks, charac­

terizing where these proxies succeed and where they break down. One 

of the findings is that the task used to elicit a judgment shapes the 

representation it recovers, so measuring and comparing at the level of 

tasks is too coarse.

Chapter 514
Chapter  5 decomposes 𝑇  into se­

quences of elementary perceptual 

operators performed on 𝑉 , char­

acterizes each operation’s error 

profile, and compose them to pre­

dict task performance on new 𝑉 ×
𝑇  combination.

14 responds by going beneath the level of tasks and proposes 

the central contribution of this dissertation. It asks whether the process 

of reading a visualization can be decomposed into elementary visual 

decoding operators,15

i.e., perceptual primitives such as 

projecting from a point to an axis, 

locating a curve’s peak, or bisect­

ing an area

15

 each with estimable bias and variance. Complex 

tasks are expressed as sequences of operators whose errors propagate 

traceably, enabling predictions for new chart×task combinations by 

specifying which operators they require rather than running new 

experiments. The chapter provides an existence proof: operators char­

acterized on PDF and CDF charts compose to predict scatterplot mean-
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estimation performance with no parameters fit to the scatterplot data, 

a prediction across chart type, dimensionality, and analytic goal.

The three studies thus pursue a single goal — formulating computa­

tional models that generalize — through progressively more general 

means, and the operator framework is its most complete realization. The 

dissertation concludes with a general discussion (Chapter 6) reflecting 

on what these studies, taken together, reveal about the path toward a 

broader library of visual decoding operators and more ambitiously, how 

people could and should be doing empirical research in information 

visualization.
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2 General Background and Related 

Work

This chapter introduces the foun­

dational concepts and prior work 

that inform the computational 

models developed in this disser­

tation. Each subsequent chapter 

includes its own detailed related 

work section; the material here 

covers ideas that span multiple 

chapters.

2.1 Graphical Perception & Comprehension

Graphical perception was introduced by Cleveland and McGill [23] as 

“the visual decoding of information encoded on graphs”. Building on 

Cleveland and McGill’s empirical methodology, later experiments in 

visualization sought to quantify how effectively viewers perceive differ­

ent properties encoded using various visual features [166]. For example, 

Kim and Heer [94] considered the impact and interaction between data 

distribution and task type, Heer and Bostock [69] extended the experi­

ment to a crowd-sourcing environment using Amazon Mechanical Turk. 

Other studies have looked into other aspects beyond the accuracy of 

decoding information, such as memorability [9] and recall [10].

Rensink [146] summarized how the typical procedures of an empirical 

visualization research is conducted: 1) Find or create a simple version of 

a commonly used visualization; 2) Select one of its functions or tasks; 3) 

Measure performance under controlled conditions; 4) Find regularities 

in this performance; and finally, 5) Find explanations for these regular­

ities.16

Rensink  [146] referred to this as 

the “five elements” and not neces­

sarily as an ordered process, and 

argued that these elements “need 

not be considered in the exact or­

der presented here, but all should 

ideally be present to some extent.”

16

 Rensink argued that the “first-wave” of work on visualization 

typically had the first three of these, though I would think that Cleve­
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land and McGill [23] also incorporates elements from the later two. See 

Quadri and Rosen [144] for a comprehensive review of perception-based 

visualization studies since 1980.

Building upon early empirical work on graphical perception by re­

searchers like Cleveland and McGill [23], part of the field progressed 

towards developing models to explain the underlying cognitive processes 

involved in understanding graphs.17Generally speaking, these models 

emphasize the complex interac­

tion between bottom-up (percep­

tual) and top-down (knowledge-

based) processes. Comprehension 

involves the visual system encod­

ing display features, and users ap­

plying knowledge, such as graph­

ical conventions and schemas, 

to interpret the information. Suc­

cessful comprehension requires 

the integration of these processes, 

while incomplete knowledge or 

distractions can lead to errors.

17  Simkin and Hastie [160], for in­

stance, extended this work by emphasizing the role of judgment tasks 

and proposing elementary mental processes, setting the stage for more 

detailed models such as Pinker [136], Lohse [111], Gillan and Lewis [56], 

Peebles and Chang [134], and Padilla et al [126]. See Fox [46] for a more 

detailed review of theories and models in graph comprehension.

2.2 Structure Preservation and Representa­

tional Equivalence

A recurring principle in visualization theory is that the visual form 

should preserve relevant structure from the data it represents. Several 

formalizations of this idea inform the models developed in this disser­

tation.

Kindlmann and Scheidegger [96] proposed Algebraic Visualization De­

sign (AVD),fig. 6 Figure 6: Screenshot of the frame­

work from Kindlemann and Scheideg­

ger [96].

 a framework for reasoning about visualization design 

through intrinsic symmetries. AVD explores the effect of changes in data 

on resulting images and is composed of three principles, including the 

principle of visual-data correspondence, which advocates for matching 

mathematical structure in data with mathematical structure in the 

perception of the visualization. Demiralp et al. [34] formalized a related 

idea: they defined a visualization as a function mapping from a domain 

of data points to a range of visual primitives, and argued that a “good” 

visualization is one where the embedded visual elements preserve 
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structures present in the data domain.fig. 7 

Figure 7: Screenshot of Figure 1 from 

Demiralp et al. [35].

 Though not mathematical, 

Zacks and Tversky [203] expressed a similar view, distinguishing data 

correspondence18

… between graph type and data 

type

18

 and message correspondence19

… between graph type and the in­

tended message

19

. They showed that there 

was “a strong tendency to portray discrete comparison descriptions as 

bars and trend assessment descriptions as lines”.

The structure-preservation principle motivates the truncation model in 

Chapter 3, where y-axis truncation is analyzed as a visual form transfor­

mation and the central question is whether it preserves or distorts the 

data relations relevant to the viewer’s task.

However, preserving structure is necessary but not sufficient. Larkin 

and Simon [105] drew a foundational distinction between informational 

equivalence and computational equivalence. Two representations are 

informationally equivalent if all the information inferable from one is 

also inferable from the other. But informationally equivalent represen­

tations need not be computationally equivalent: the ease and speed of 

inference depend on the available information-processing operators, 

which can differ in their capabilities for pattern recognition, direct 

inference, and search control.

Peebles and Cheng [133,134] demonstrated this empirically with func­

tion graphs and parametric graphs — informationally equivalent 

representations that produce “consistent and substantial differences” 

in response time and error rate for common graph-reading tasks. Their 

ACT-R/PM models attribute these differences to distinct cognitive-

perceptual processing sequences: different representations require dif­

ferent sequences of operations, even when the underlying information 

is identical.

This distinction is foundational for the present dissertation. The visual 

decoding operators of Chapter  5 are, in Larkin and Simon’s terms, 

27



the information-processing operators that determine computational 

equivalence. By characterizing these operators empirically — measur­

ing their bias and variance — the framework provides a mechanism 

for predicting why informationally equivalent representations differ in 

perceptual performance, and by how much.

2.3 Empirical Evaluation and Modeling

2.3.1 Evaluating Visualizations

Mackinlay’s early influential work  [115] has impacted not only how 

we think about creating graphical presentations (i.e., the expressiveness 

criteria), but also how we evaluate the created graphical presentations 20i.e, the effectiveness criteria, which 

determines “whether a graphical 

language exploits the capabilities 

of the output medium and the hu­

man visual system”

20 . 

Beyond these “local” effectiveness measures, other work, such as Lam 

et al. [104], have discussed broader evaluation scenarios such as visual 

data analysis and collaborative data analysis. See Elliott et al.  [40] 

for a detailed account of the design space of methods and analysis 

approaches in visualization evaluation.

2.3.2 Bayesian Hierarchical Modeling

All empirical chapters in this dissertation use Bayesian hierarchical 

models to analyze experimental data. This choice reflects several 

considerations: Bayesian methods provide full posterior distributions 

over parameters rather than point estimates, naturally accommodate 

hierarchical structure (e.g., observations nested within participants), 

and handle the kinds of complex response distributions (e.g., skewed, 

heavy-tailed) that arise in perceptual tasks.21See also Kay et al.  [89] for a 

detailed argument for the advan­

tages of Bayesian methods in HCI 

research.

21  The modeling approach 

throughout is influenced by McElreath’s textbook [118] and follows the 

notation conventions of Gelman and Hill [54] for multilevel models.

Specifically, I adopt the following notation throughout unless otherwise 

specified:
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• Units 𝑖 = 1, …, 𝑛. By units we mean the smallest items of measure­

ments, usually the row in a dataset

• Outcome measurements 𝑦 = (𝑦1, …, 𝑦𝑛). There are the unit-level 

data being modeled.

• Groups 𝑗 = 1, …, 𝐽. This works for a single level of grouping.

• This is perhaps the one that is most unique, the one that I personally 

found most helpful but might be alien to those who are unfamiliar. 

Index variables 𝑗[𝑖] code group membership. For example, if 𝑗[35] =

4, then the 35th unit in the data 𝑖 = 35 belongs to group 4.

• Coefficients are sometimes written as a vector 𝛽, sometimes as 𝛼, 𝛽.
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3 A Systematic Exploration of Y-

Axis Truncation

3.1 Introduction
This chapter is based on work 

published at CHI 2025 with 

Matthew Kay [112].

Supplementary materials are 

available at https://osf.io/k4hjd.

 This chapter presents my first attempt at building a computational 

model of visualization perception. I was dissatisfied with existing work 

on y-axis truncation, which treated truncation as categorically decep­

tive without formalizing when or why it misleads. I was also intrigued by 

the many guidelines available online22
My personal favorite is the deci­

sion tree included in this blogpost.

22  about whether, when and how to 

(un)truncate the y-axis. While some guidelines reason that it is never 

acceptable to truncate [79,173], others argue that it might be acceptable 

for some chart types but not others [6,17]. Additional guidelines such 

as Brinton [13] recommend no truncation when the reader’s focus is on 

the relative amount of change, while other guidelines like Skelton [162] 

recommend no truncation when the reader’s focus is on the absolute 

rate of increase/decrease. Only some of this guidance has been tested 

by empirical studies, which find that y-axis truncation results in quan­

tifiable differences in how people subjectively interpret the size and 

significance of effects, even when behavioral and visual interventions 

(e.g. broken axes) are employed [27,130,193,198].
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I wanted a way to understand precisely when it may be appropriate 

to truncate or not.23 … and also synthesize where exist­

ing guidelines align and diverge. 

With this many guidelines they 

have to share something in com­

mon.

23 I did so by systematically analyzing how y-axis 

truncation affects visual properties and identify those that remain 

invariant after truncation. This work also introduced the 𝐷 ↔ 𝑉 ↔ 𝑇  

framework, which becomes a recurring framing/thought device in later 

chapters.

3.2 Related Work

3.2.1 Graphical Perception of Bar Charts

Cleveland and McGill [23] tested the impact of bar chart designs (simple 

and stacked) Figure 8: Figure 4 from Cleveland and 

McGill [23], demonstrating the sample 

stimuli used in the position-length ex­

periment.

 on participants’ ability to estimate the ratio between the 

lengths of two bars and found that the designs in which the bars are 

aligned along a common baseline scored better than the designs where the 

comparisons are unaligned. They hypothesized that this difference is 

due to the use of two different visual estimation strategies — for aligned 

bars, viewers make a visual comparison of positions while for unaligned 

bars, viewers make a much less accurate visual comparison of lengths. 

They suggest encoding information with position instead of length for 

better perceptual accuracy. Cleveland and McGill [23] also found that 

comparisons between adjacent bars are more accurate than between 

widely separated bars.

Talbot et al.  [169] replicated Cleveland and McGill  [23]‘s finding that 

separating bars in space makes the comparison of their height more dif­

ficult. They also looked at the effects of distractor bars, but their results 

were not conclusive. Zhao et al.  [208] investigated how neighboring 

bars affect the perception of order in bar charts and found that while 

neighborhood effects do exist in rank estimation tasks, the effect size of 

neighborhood effects is small compared to other data-inherent effects. 

From these prior results, we decided not to explicitly model distractor 
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bars because we think the effect size is going to be small. We also did 

not include the distance between the two groups of bars in our analysis 

because it is randomized across all conditions.

In our experiment, we had two comparison tasks. The first comparison 

task asked the participants to compare the difference in heights between 

two groups of bars, which would requires the participants to make an 

unaligned length comparison. The second comparison task asked the 

participants to compare the percentage change24
i.e.,

tall bar − short bar
short bar

24  between two groups of 

bars, which would either require the participants to use both unaligned 

and aligned length comparison or a similar perceptual judgment to that 

of a perceptual judgment of correlation.

3.2.2 Deceptive Visualization & Y-Axis Truncation

Pandey et al.  [130], the first work to empirically examine deceptive 

techniques in data visualizations, defined deceptive visualization to be 

“a graphical depiction of information … that may create a belief about 

the message and/or its components, which varies from the actual mes­

sage”. Heer and Correll [70] also presented a definition that emphasizes 

the encouraged interpretation that deviates from the actual message 

in the data. Among the studied deceptive visualization practices, we 

focus on y-axis truncation, a practice of beginning the vertical axis 

at a value other than 0. Prior empirical research  [27,130,193,198] has 

studied this topic by focusing on the subjective perception of change. 

These papers find that truncated bar charts persistently increase the 

perceived magnitude of trends, despite behavioral interventions (e.g., 

warning and teaching people about y-axis truncation before showing 

them the stimuli  [198]) and visual interventions (e.g., adding broken 

axes to emphasize the truncated y-axis [28]). As a result, these papers 

suggest either completely avoiding y-axis truncation for bar charts [198] 
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or truncating it in a way that aligns with the task at hand or conveys 

meaningful effect size to the viewers [70,193]. In our paper, we quantify 

the degree of this increased perceived magnitude by asking participants 

to estimate the absolute change25
i.e., difference25 or the relative change26

i.e., percentage change26

 between 

bars. We delay a more detailed discussion of prior recommendations 

and guidelines to Section  3.6.1 to better summarize motivations for 

these recommendations as well as how our motivations and recommen­

dations fit in with existing ones. We note that truncated axes are not 

unique to bar charts. Nevertheless, arguments for other chart types tend 

to focus on how truncation changes the aspect ratio of these charts. 

Existing research has examined how to set the optimal aspect ratio for 

line charts [25,68,167,185] and for scatter plots [44]. Our work does not 

examine the effects of aspect ratio changes, as we do not manipulate 

the aspect ratios of the bars or the bar chart itself. We truncate the y-

axis, which alters the length of bars within the bar chart. While one 

could argue that y-axis truncation alters the aspect ratio of the position 

encodings of bars, our experiment primarily utilizes length judgments, 

thus, the changed position encoding is not relevant to our work.
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Figure 9: What are monotonic truncations and what are non-monotonic truncations?
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3.3 A Model for Y-Axis Truncation

We synthesize the ideas from Demiralp et al.  [34], Kindlmann and 

Scheidegger [96], and Hu et al. [76] and form the following model for 

reasoning about visualizations:

Data 𝐷 ↔ Visual forms 𝑉 ↔ Tasks 𝑇

Given a particular data set 𝑑 in the space of all possible data sets 

𝐷, 𝑑 could be mapped to a set of different visual encodings 𝑉 𝑑 ⊂ 𝑉 , 

some more structure-preserving (or having better “data-visual” corre­

spondence) than others. Each feasible visual configuration 𝑣 ∈ 𝑉 𝑑 can 

be used to answer tasks, be it low-level or high-level. Some visual con­

figurations provide more affordance for certain tasks and may support 

better perceptual accuracy. Others might not support perceptual accu­

racy but better decision-making [87] or require a lower level of cognitive 

effort.

This model allows us to go one step further beyond matching mathe­

matical structure in data with that of visualization. Instead, we want 

to examine the nature of these correspondences between data, visual 

forms, and tasks and be able to characterize these correspondences. 

Similar to Kindlmann and Scheidegger  [96], we start by introducing 

changes into our model — if we alter the visual configurations in a 

way that preserves the inherent structures in data, how does it 

affect the performance of tasks? Formally, if function 𝑓 : 𝑉 → 𝑉  is a 

structure-preserving function applied to visual configurations, would 

𝐷 ↔ 𝑓(𝑉) ↔ 𝑇  be much different than 𝐷 ↔ 𝑉 ↔ 𝑇? And what can we 

say about the properties of such a structure-preserving function 𝑓(⋅)?

To make our question more concrete, consider the bar charts in 

Figure 10.

35



Figure  10: Left: example 

of untruncated bar chart. 

Right: example of truncated 

bar chart. The two charts 

share the same data set 

{𝐴1, 𝐴2, 𝐵1, 𝐵2}

First, look at group 𝐴 in the untruncated bar chart. Group 𝐴 contains two 

elements, {𝐴1, 𝐴2}, from which we can derive at least three quantities: 

mean 
1

2
(𝐴1 + 𝐴2), gap 𝐴2 − 𝐴1, and ratio 

𝐴1

𝐴2
. Let 𝐿 denote the height 

of the viewpoint on which the bar chart materializes. Then, the gap Δ𝐴 

in the data space maps to 
Δ𝐴

100
× 𝐿 in the visual space. The underlying 

relation between Δ𝐴 and Δ𝐵 in data space, i.e., Δ𝐴 > Δ𝐵, still holds in 

the visual space:

Δ𝐴 > Δ𝐵 ⇒ Δ𝐴
100 × 𝐿 > Δ𝐵

100 × 𝐿

which justifies the usage of length of bars to answer max{Δ𝐴, Δ𝐵}.

Let’s introduce a change by truncating the y-axis. Let 𝑡 denote the 

amount truncated for the bar chart on the right in Figure 10. Then, in 

the truncated bar chart, the length of Δ𝐴 is now 
Δ𝐴

100−𝑡
× 𝐿. If we simply 

compare the length of Δ𝐴 in the truncated bar chart to the length of Δ𝐴 

in the untruncated bar chart, we would conclude that truncation leads 

to visual exaggeration, since 
Δ𝐴

100−𝑡
× 𝐿 > Δ𝐴

100
× 𝐿. However, using the 

rendered lengths of Δ𝐴 and Δ𝐵 in the truncated bar chart to answer the 

question of max{Δ𝐴, Δ𝐵} should nevertheless work since the relation 

that holds in data space still holds in the visual space:

Δ𝐴 > Δ𝐵 ⇒ Δ𝐴
100 − 𝑡 × 𝐿 > Δ𝐵

100 − 𝑡 × 𝐿 (1)
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Further, note that the above inequality in Equation  1 implies that 

regardless of the amount 𝑡 we truncate, the relation between Δ𝐴 and Δ𝐵 

in data space, Δ𝐴 > Δ𝐵, would still hold in the visual space.

Consider another judgment task: What is the answer to max{ 𝐴1

𝐴2
, 𝐵1

𝐵2
}? 

In the example (Figure 10), the underlying relation in data is 
𝐴1

𝐴2
< 𝐵1

𝐵2
. 

In the untruncated bar chart, we could still use the visual length of bar 

charts and arrive at the same conclusion:

𝐴1
𝐴2

< 𝐵1
𝐵2

⇒
𝐴1

100
× 𝐿

𝐴2

100
× 𝐿

<
𝐵1

100
× 𝐿

𝐵2

100
× 𝐿

However, in the truncated bar chart, if we rely on the visual length of 

𝐴1, 𝐴2, 𝐵1, 𝐵2 to judge whether 
𝐴1

𝐴2
< 𝐵1

𝐵2
, then for our judgment to be 

valid, we need

𝐴1−𝑡

100−𝑡
× 𝐿

𝐴2−𝑡

100−𝑡
× 𝐿

<
𝐵1−𝑡

100−𝑡
× 𝐿

𝐵2−𝑡

100−𝑡
× 𝐿

⇒ 𝐴1 − 𝑡
𝐴2 − 𝑡 < 𝐵1 − 𝑡

𝐵2 − 𝑡

↔ (𝐴2 − 𝐴1⏟
Δ𝐴

+ 𝐵1 − 𝐵2⏟
Δ𝐵

) × 𝑡 < 𝐵1𝐴2 − 𝐴1𝐵2

⇒ 𝑡 < 𝐵1𝐴2 − 𝐴1𝐵2
Δ𝐴 − Δ𝐵 (2)

In other words, if the truncation 𝑡 satisfies Equation 2, then using length 

in the truncated bar chart to judge max{ 𝐴1

𝐴2
, 𝐵1

𝐵2
} should not differ from 

that of using length in the untruncated bar chart, since the relation 

between 
𝐴1

𝐴2
 and 

𝐵1

𝐵2
 in data is preserved by the relation in visualization.
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3.3.1 Data Relations

Figure 11: An example of the 

four kinds of data relations.

(a) 

Δ𝐴 > Δ𝐵,
Δ𝐴

𝐴1
> Δ𝐵

𝐵1 (b) 

Δ𝐴 < Δ𝐵,
Δ𝐴

𝐴1
< Δ𝐵

𝐵1 (c) 

Δ𝐴 > Δ𝐵,
Δ𝐴

𝐴1
< Δ𝐵

𝐵1 (d) 

Δ𝐴 < Δ𝐵,
Δ𝐴

𝐴1
> Δ𝐵

𝐵1

Among the different quantities of interest in a grouped bar chart, 

we choose to focus on two quantities that have been examined by 

prior work [23]: (1) gap 𝐴2 − 𝐴1, and (2) percentage change 
𝐴2−𝐴1

𝐴1
. 

To ensure completeness, we use Allen’s interval algebra [1], a calculus 

initially introduced for temporal reasoning but which has also found 

applications in visualization research [32]. Three out of the thirteen base 

relations of Allen’s interval algebra apply to the quantities we study: (1) 

𝑋 > 𝑌 , (2) 𝑋 < 𝑌 , and (3) 𝑋 = 𝑌 .27Because all bars start at the same 

baseline, most of Allen’s relations 

do not apply. If we were exam­

ining another visual form, e.g., 

stacked bar charts, more of the re­

lations in Allen’s interval algebra 

apply.

27  Ignoring equality, there are two re­

lations in data space for gaps between groups 𝐴 and 𝐵: (1) Δ𝐴 > Δ𝐵 and 

(2) Δ𝐴 < Δ𝐵. There are also two relations in data space for percentage 

change between groups 𝐴 and 𝐵: (1) Δ 𝐴

𝐴1
> Δ 𝐵

𝐵1
 and (2) Δ 𝐴

𝐴1
< Δ 𝐵

𝐵1
. A 

combination of these relations in data space gives us a total of four kinds 

of data relations when looking at two groups of bar charts:

1. Figure 11a: Δ𝐴 > Δ𝐵, Δ𝐴

𝐴1
> Δ𝐵

𝐵1
2. Figure 11b: Δ𝐴 < Δ𝐵, Δ𝐴

𝐴1
< Δ𝐵

𝐵1
3. Figure 11c: Δ𝐴 > Δ𝐵, Δ𝐴

𝐴1
< Δ𝐵

𝐵1
4. Figure 11d: Δ𝐴 < Δ𝐵, Δ𝐴

𝐴1
< Δ𝐵

𝐵1

For ease of exposition, we group the first two data relations as concor

dant data relations (since the trend in comparing percentage changes 

is the same as the trend in comparing gaps) and the latter two relations 

as discordant data relations.
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3.3.2 Monotonicity of Truncation

We define a monotonic y-axis truncation to be a truncation that does 

not result in a reversed data relation at hand (Fig.  9). Let 𝑡 denote 

the amount of truncation performed. Then, for example, a monotonic 

truncation for a concordant data relation Δ𝐴 > Δ𝐵, Δ𝐴

𝐴1
> Δ𝐵

𝐵1
 implies 

that

Δ𝐴
𝐴1 − 𝑡 > Δ𝐵

𝐵1 − 𝑡

↔ 𝑡 < Δ𝐵𝐴1 − Δ𝐴𝐵1
Δ𝐵 − Δ𝐴

while a non-monotonic truncation implies that

Δ𝐴
𝐴1 − 𝑡 < Δ𝐵

𝐵1 − 𝑡

↔ 𝑡 > Δ𝐵𝐴1 − Δ𝐴𝐵1
Δ𝐵 − Δ𝐴

Based on our definitions of data relations and monotonic y-axis trunca­

tion, it is impossible to perform a non-monotonic y-axis truncation for 

discordant data relations (refer to Appendix A.1.2). Put another way, for 

discordant data relations, it is impossible to alter the underlying data 

relations visually, regardless of how one truncates the y-axis.

Connecting this example back to the 𝐷 ↔ 𝑉 ↔ 𝑇  model, a monotonic 

truncation on the y-axis is simply a structure-preserving function 𝑓(⋅). 

We hypothesize that monotonic y-axis truncations will not affect user 

performance much (that is, 𝐷 ↔ ↔ 𝑇  should behave similarly to 

𝐷 ↔ 𝑓( ) ↔ 𝑇  when 𝑓(⋅) is monotonic), while non-monotonic trun­

cations would have a more adverse impact on user performance.

3.4 Methodology

To test our hypothesis that (1) 𝐷 ↔ 𝑓( ) ↔ 𝑇  scores similarly to 𝐷 ↔

↔ 𝑇  when 𝑓(⋅) is monotonic, and (2) 𝐷 ↔ 𝑓( ) ↔ 𝑇  scores worse 
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compared to 𝐷 ↔ ↔ 𝑇  when 𝑓(⋅) is non-monotonic, we designed 

our experiment with two different data-generating distributions and 

four different tasks. Our experiment followed a mixed factorial design. 

The between-subjects factor is the judgment task. The three within-

subjects factors are (1) data-generating distribution, (2) data relation, 

and (3) type of truncation. We pre-registered our conditions, sample 

sizes, and analysis on osf.io. The remainder of this section details our 

choices for each experiment factor.

3.4.1 Judgment Tasks

We used four judgment tasks with varying levels of cognitive and 

perceptual demand, following recent studies on how tasks affect user 

performance [153].

1. Compare Gaps — Which month has a greater difference in profit between 

2020 and 2021, [month A] or [month B]?

2. Compare Ratios — Which month shows a greater percentage change 

from 2020 to 2021, [month A] or [month B]?

3. Estimate Gap — What is the difference between the profit in 2020 and 

the profit in 2021 for [month]?

4. Estimate Ratio — What is the ratio between the profit in 2020 and the 

profit in 2021 for [month]? (see example stimuli in Figure 12)

40



Figure 12: Sample question 

from the experiment. The 

participant is asked to esti­

mate the ratio between the 

profit in 2020 and the profit 

in 2021 for April. Note that 

the y-axis is truncated to 

start at 55.

3.4.2 Experiment stimuli and data generation

We generated visual stimuli using Vega-Altair28
https://altair-viz.github.io/index.

html

28 and hosted them on 

an online survey created via the Qualtrics platform. We framed our 

questions in the context of comparing profits between 2020 and 2021 

for the first six months of the year to simulate a real-world setting where 

grouped bar charts are used.

3.4.2.1 Data-generating distribution

Existing research has shown that data impacts task effectiveness, yet 

prior work on y-axis truncation either did not specify how their data was 

generated or used only normal distributions. To test if different data-

generating distributions have different impacts on y-axis truncations, 

we selected two distributions with bounded support between 0 and 

100:

1. We used a scaled Beta distribution with parameters 𝛼 = 16, 𝛽 = 6 

as an approximation for data that is roughly normally distributed. 

We thought it necessary to include this data-generating distribution 

since (approximately) normal distributions are among the most 

commonly seen distributions in the wild.29
0.0 0.2 0.4 0.6 0.8 1.0

x

Scaled Beta Distribution29
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2. We used a truncated Pareto distribution with parameters 𝑏 =
log4(5), 𝑐 = 5, scale = 20 to model real-life scenarios where we have 

outliers in the data.30

0 20 40 60 80 100

x

Truncated Pareto Distribution30

We sampled data using the Python packages numpy [63] and scipy [180].

3.4.2.2 Data relation

As detailed in Section  3.3.1 , we have four different kinds of data 

relations grouped into two categories: concordant and discordant data 

relations. For any data set, there are four potential judgment tasks that 

it could answer. The comparison tasks require two months to examine. 

These are selected by going through all ( 6
2 ) = 15 pairs of months, find­

ing the pairs that satisfy the data relation we want to test, and selecting 

the pair that has the minimum absolute difference between their gaps, 

i.e., the pair that has minimum |Δ𝐴 − Δ𝐵|. The estimation tasks require 

one month to examine, and we randomly selected either the month that 

has the biggest percentage change or the biggest difference between the 

two bars. We did not control for the distance between the two pairs of 

bars — they could be next to each other or separated by four other pairs 

of bars. We adjusted the ordering of bars such that for the two months 

for comparison, within each month, the left bar is always the shorter 

bar.

3.4.2.3 Type of truncation

As detailed in Section 3.3.2, there are three types of allowed truncation: 

No truncation, monotonic truncation, and non-monotonic truncation. 

The actual amount of truncation was randomly sampled from the interval 

of monotonic truncations and the interval of non-monotonic trunca­

tions, respectively (§ 3.3). This differs from prior work where the authors 

either do not specify how they chose the truncation value [129] or start 

the y-axis from fixed values [27].
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3.4.3 Experiment procedure

Figure  13: Overview of ex­

periment procedure. Partic­

ipants were first randomly 

assigned to one of four 

tasks, then to the same set 

of training stimuli in the 

same order, and then to the 

same set of 20 conditions 

but different testing stimuli. 

Observe that 2 × 4 × 3 × 2 =
48 ≠ 40 trials — this is be­

cause it is impossible to 

truncate non-monotonically 

for the two discordant data 

relations, thus resulting in 

2 × 4 × 3 × 2 − 2 × 2 × 1 × 2 =
48 − 8 = 40 trials.

• Introduction and Consent. Participants began by reading about 

the study goals and compensation. Participants were instructed to 

not rely on any rulers and to refrain from taking long breaks while 

answering the questions.

• Training. Participants were given 4 practice trials. All participants 

were assigned the same set of training stimuli, displayed to them in 

the same order. After answering, participants will see their responses 

displayed alongside the actual answers for the trial. For example, 

a participant assigned the task Estimate Ratio will see “You have 

entered […] as your answer. The actual ratio between the profit in 

2020 and the profit in 2021 for [month] is […]%.”

• Testing. Participants were given 42 testing trials, 2 of which were 

attention checks. The first attention check was inserted randomly 

into the first 20 trials, and the second attention check was inserted 

randomly into the remaining 20 trials. The attention check stimuli 

were the same for all participants.

• Demographics and optional written feedback. Participants were 

asked to provide demographic information on their age and gender. 

Participants were also asked to provide optional feedback on the strat­
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egy they used for their assigned perceptual task, as well as whether 

they followed the instructions in the survey.

3.4.4 Participants and Exclusion Criteria

We recruited participants in an IRB-approved study on Prolific.co 

who are between the ages of 18 to 65, have normal or corrected-to-

normal vision, speak fluent English, and reside in the United States. The 

study was distributed to a balanced sample of participants.

We excluded participants who failed to correctly answer both of the 

attention check questions for comparison tasks and participants who 

provided estimates that were more than 5 units away from the actual 

answer for estimation tasks. We also excluded one participant who 

answered “no” to the question in the feedback about whether they 

followed the instructions or not. Due to a data collection issue, we had 

two pairs of participants who were assigned to the same task and the 

same stimuli. We excluded the participants who started the survey later 

from our analysis.

In total, we collected data from 136 participants, and after excluding 

11 participants for failing the attention checks, 1 participant for not 

following the instructions, and 2 participants for data collection issues, 

we had a total of 122 participants for analysis. Successful participants 

were compensated with an average reward of $17.02 / hour, exceeding 

the US minimum wage. The median completion time was 17 minutes.

3.4.5 Analysis Approach

We used multi-level Bayesian regression to analyze our results. Specifi­

cally, we used logistic regression for the comparison tasks and hurdle 

log-normal regression for estimation tasks. The hurdle log-normal 

distribution is a modified log-normal distribution that allows zeros by 

modeling the probability of zero as a separate process. For computing 
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and presenting the results, we used the following R packages: brms [15], 

tidybayes [90], rstan [163], and tidyverse [190].

All of our models are random effects models. Due to the nature of the 

small sample size we collected for each task, we believe it is best to 

be conservative in our modeling approach, and thus adopted random 

effects to maximizing partial pooling of information with the amount of 

data we had [55].

Let PID[𝑖] denote the participant ID associated with the 𝑖-th observa­

tion. Let cut:dist:rel[𝑖] denote the combination of the type of truncation, 

data-generating distribution, and data relation for the 𝑖-th observation. 

For the two comparison tasks, let 𝑦 denote the binary dependent 

variable and 𝜋 denote the probability of success. Then, we have the 

following model:

𝑦 ∼ Bernoulli(𝜋)

logit(𝜋) = 𝛽 + 𝛽PID[𝑖] + 𝛽cut:dist:rel[𝑖]

For the two estimation tasks, let 𝑦𝑖 ≔ |response𝑖 − answer𝑖| denote 

the numerical response variable, i.e., 𝑦𝑖 is the absolute error for the 𝑖-

th observation. Let 𝜋 denote the probability of zero. Then, we have the 

following model:

𝑦 ∼ Hurdle Log-Normal(𝜇, 𝜎, 𝜋)

𝜇 = 𝛽̅ + 𝛽PID[𝑖] + 𝛽cut:dist:rel[𝑖]

logit(𝜋) = 𝛽̅ + 𝛽PID[𝑖] + 𝛽cut:dist:rel[𝑖]

See Appendix A.1.1 for details on brms formulae and prior.

3.5 Results

3.5.1 Data Preliminaries

Among the 122 participants, there were 58 female participants (47.5%), 

59 male participants (48.4%), and 5 (4%) non-binary participants. The 
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self-reported age of participants ranges from 20 to 60, with a median 

age of 32 and a mean age of 35.31. The average time for a participant to 

answer a question for each task, ordered by magnitude, is Compare Gaps 

(13.76) < Estimate Gap (13.86) < Compare Ratio (17.99) < Estimate 

Ratio (20.55).31average time in seconds.31

3.5.2 Gap

3.5.2.1 Compare Gap

Figure  14: Left: Posterior 

density, median, 66% and 

95% quantile interval of the 

probability of correctly an­

swering. Right: Expected dif­

ference in the means be­

tween different values of a 

variable. Pink ticks represent 

the percentage of correct re­

sponse answers.

The 32 participants performed well for Compare Gap (Fig. 14).

We found no significant difference in performance between the differ­

ent types of truncation: for concordant data relations, the difference 

between non-monotonic truncation and no truncation has a mean 

of 0.26% with 95% CI [−1.89%, 2.39%], and the difference between 

monotonic truncation and no truncation has a mean of 0.29% with CI 

[−1.83%, 2.41%]. For discordant data relations, the difference between 

monotonic truncation and no truncation has a mean of −0.99% with 

CI [−4.53%, 2.52%].
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We also found no significant difference in performance between a Beta 

distribution and a truncated Pareto distribution, given that the differ­

ence in the means between the two is 0.53% (CI [−1.25%, 2.38%]).

We did find a difference between performance for discordant data 

relations and concordant data relations: on average, concordant data 

relations lead to a higher probability of correctness compared to discor­

dant relations, with a difference of mean 5.88% (CI [8.46%, 3.41%]).

3.5.2.2 Estimate Gap

Figure  15: Left: Posterior 

density, median, 65% and 

95% quantile interval of ab­

solute error. Right: Expected 

difference in the means be­

tween different values of a 

variable.

The 31 participants performed fairly accurately for the task of Estimate 

Gap (Fig. 15): 52% of responses had an absolute error of 0, and the poste­

rior distributions show a high concentration of absolute error around 1.

For both concordant and discordant data relations, we found no signif­

icant difference in performance between monotonic truncation and no 

truncation: the difference in absolute error between no truncation and 

monotonic truncation has a mean of −0.05 (CI [−0.23, 0.12]) for con­

cordant relations and a mean of 0.09 (CI [−0.11, 0.29]) for discordant 

relations.
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Similarly, there is no significant difference between the two different 

kinds of data relations or the two different types of data-generating 

distributions. The difference between discordant and concordant data 

relations has a mean of −0.08 (CI [−0.22, 0.06]), and the difference 

between Pareto and Beta distributions has a mean of −0.14 (CI 

[−0.29, −0.01]).

However, where non-monotonic truncation is allowed (in concordant 

data relations), the difference in absolute error between non-monotonic 

truncation and no truncation has a mean of 0.635 (CI [0.371, 0.926]), 

suggesting that non-monotonic truncation causes a small exaggeration 

in people’s estimation of gaps between groups of bars.

3.5.3 Ratio

3.5.3.1 Compare Ratio

Figure  16: Left: Posterior 

density, median, 66% and 

95% quantile interval of 

the probability of correctly 

answering. Pink ticks rep­

resent the percentage of 

correct response answers. 

Right: Expected difference in 

the means between different 

values of a variable. Simi­

lar to our results for Compare 

Gap in Figure  14, the me­

dian of posterior predictions 

(represented by black dots) 

are closer together than the 

raw data (represented by 

pink ticks), which demon­

strates model shrinkage This 

will make estimates of dif­

ferences more conservative 

and is thus suitable for the 

sample size we’ve collected.

The 29 participants performed on average much worse inCompare 

Ratios than Compare Gaps (Fig. 16). For both concordant and discor­

dant relations, we found that monotonic truncations slightly improve 
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the probability of success compared to no truncation – for concordant 

data relations, the difference in probability of success between monot­

onic truncation and no truncation for concordant data relations has a 

mean of 2.89% (CI [−2.43%, 8.38%]) and for discordant data relations 

has a mean of 2.44% (CI [−3.18%, 8.19%]).

We also found that non-monotonic truncation decreases the probability 

of success compared to no truncation, with the difference between the 

two having a mean of −12.5% (CI [−19.5%, −5.47%]).

We did not find a significant difference in performance between differ­

ent kinds of data relations — between concordant and discordant 

relations, the difference in probability of success has a mean of 0.08% (CI 

[−3.51%, 3.65%]). We found a slightly higher probability of success in 

Pareto distributions compared to Beta distributions, with the difference 

between the two having a mean of 4.47% (CI [0.83%, 8.32%]).

3.5.3.2 Estimate Ratio

Figure  17: Left: Posterior 

density, median, 66% and 

95% quantile interval of 

the absolute error for task 

Estimate Ratio. Right: Ex­

pected difference in the 

means between different 

values of a variable.

Task: Estimate Ratio
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Previously, we saw a 13% decrease in the predicted probability of 

success between non-monotonic truncation and no truncation and a 3% 

increase between monotonic truncation and no truncation. Could this 

be due to how y-axis truncation alters the precision of the estimation of 

ratios (Fig. 17))?

We found that no truncation has a smaller absolute error compared 

to monotonic truncation for both concordant and discordant data rela­

tions – the difference in absolute error between the two is 0.42 (CI 

[−0.37, 1.35]) for concordant relations and 0.94 (CI [−0.02, 2.04]) for 

discordant relations. We also found that no truncation has a smaller 

absolute error compared to non-monotonic truncation — the difference 

in absolute error between the two is 0.99 (CI [−0.01, 2.22]). This implies 

that truncation, regardless of its monotonicity, is likely to bias the esti­

mate of percentage change upwards, but non-monotonic truncations 

have larger absolute errors compared to monotonic truncations.

For different data relations, we found that discordant data relations 

have a smaller absolute error compared to concordant data relations — 

the difference between the two has a mean of −0.53 (CI [−1.25, 0.05]).

We did not find much difference between the two kinds of data-gener­

ating distributions. The difference between Pareto and Beta in predicted 

absolute error has a mean of −0.22 (CI [−0.81, 0.29]).

3.5.4 Summary

At the end of Section 3.3.2, we proposed two hypothesis:

1. Monotonic truncation would not impact 𝐷 ↔ 𝑓( ) ↔ 𝑇
2. Non-monotonic truncation would adversely impact 𝐷 ↔ 𝑓( ) ↔ 𝑇

We found that for tasks that examine a quantity whose data relation 

unaffected by truncation (i.e., gap), truncation has little to no effect 

on user performance, regardless of whether it is monotonic or not. 
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Specifically, for Compare Gaps, there is essentially no difference in user 

performance between no truncation and monotonic truncation, as well 

as no truncation and non-monotonic truncation. For Estimate Gap, 

non-monotonic truncation leads to a larger estimated magnitude (as 

also seen in prior work [27,130,193,198]), but the degree of increase is 

small.

On the other hand, for tasks that examine a quantity whose data 

relation is affected by truncation (i.e., ratio), monotonic truncation has 

similar user performance as no truncation, but both are much better 

than non-monotonic truncation. Specifically, for Compare Ratios, 

monotonic truncation slightly improves the probability of success com­

pared to no truncation, while non-monotonic truncation decreases the 

probability of success. For Estimate Ratio, truncations (regardless of 

monotonicity) have larger absolute errors compared to no truncation, 

but non-monotonic truncation has a larger absolute error compared to 

monotonic truncation.

3.6 Discussion

3.6.1 Recommendations for Y-Axis Truncation

In a blog post [29] accompanying their paper [27], Correll categorize 

y-axis truncation recommendations into four groups: the Anathemists, 

the Line Chart Exceptionists, the Signalers, and the Libertines. We take 

a different approach and employ the 𝐷 ↔ 𝑉 ↔ 𝑇  model to categorize 

recommendations into three broad groups: those emphasizing the 𝐷 ↔

𝑉  correspondence, those emphasizing the 𝑉 ↔ 𝑇  correspondence, and 

those that focus on either 𝐷 or 𝑇.

3.6.1.1 𝐷 ↔ 𝑉  correspondence

Arguments emphasizing the 𝐷 ↔ 𝑉  correspondence are prominently 

featured in the bar vs line debate [6,17,43,97,162]. People have long 
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disagreed on whether the no truncation rule only applies to bar charts 

or includes line charts as well. Advocates of the “only bars” position 

argue that the correspondence between data and the visual encoding 

of bar charts is distorted by truncation. Since bar charts use either 

height/length [17,43,162,201] or size [6] to encode data, starting the y-

axis from a non-zero value disrupts the correspondence between bar 

height/length/size and the original data value. On the other hand, since 

line charts and dot charts use position/angle to encode information 

[6,17,162,198], it is not necessary to hold them to the zero-baseline rule 

because these encodings do not get distorted [17].

3.6.1.2 𝑉 ↔ 𝑇 correspondence

While previous arguments focus on how truncation affects the 𝐷 ↔

𝑉  correspondence differently for different visual encodings, other argu­

ments focus on how the decoding information in line charts and bar 

charts could be practically the same. For example, Skelton [162] and 

Kosara [97] argue that people decode line charts and bar charts both by 

the distance of the mark from the baseline , and thus a non-zero line 

chart poses a similar risk as a non-zero bar chart. This decoding argu­

ment is also empirically supported by Correll et al.‘s finding that there is 

no significant difference between bars and lines when participants are 

decoding charts into a measure of subjective trend strength [27,29].

Other people whose arguments emphasize the 𝑉 ↔ 𝑇  correspondence 

care about visual impression or graphical perception, which is opera­

tionalized by tasks 𝑇  in 𝐷 ↔ 𝑉 ↔ 𝑇. For example, Huff [79] argues that 

in a truncated graph, “nothing has been falsified – except the impression 

that it gives”, and thus suggests that all charts should begin their y-

axis from zero. Witt [193] reasons that “when the [perceived] visual size 

of the effect aligns with the actual size of the effect”, the reader exerts 
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less mental effort decoding information. Witt suggests setting the y-

axis range to 1.5 SDs because she found “improved sensitivity in effect 

size” when doing so. However, Witt did not explicitly state whether her 

recommendation applies to bar charts because her experiment task “did 

not permit measuring the spontaneous impression given by the graphs”, 

and this impression could be either the differences or the ratios between 

bars.

3.6.1.3 𝐷 or 𝑇

Other guidelines have proposed different exceptions for the no-trunca­

tion rule, focusing on either the nature of data 𝐷 or the reader’s task/

quantity of interest 𝑇. On the data side, a non-zero baseline is encour­

aged when it is meaningful or shows small but meaningful changes 

in the data [17,162]. On the task side, it depends on whether the visual­

ization is communicating absolute change or relative change [13,162]. 

On one hand, Brinton [13] suggests that time-series line charts do not 

need to include the zero baselines when the reader is interested in 

“the absolute amount of change rather than … the relative amount of 

change”. On the other hand, Skelton [162] argues that for comparisons 

between the relative rate of increase/decrease on the line chart, baseline 

zero is irrelevant, and for “communicating the actual rate of increase/

decrease …, baseline zero can be very important (and its absence poten­

tially misleading).”

3.6.1.4 Our Approach and Recommendation

In our paper, we proposed the 𝐷 ↔ 𝑉 ↔ 𝑇  model, defined and 

examined properties of truncations that are structure-preserving trans­

formations of the visual component of a 𝐷 ↔ 𝑉 ↔ 𝑇  correspondence, 

proposed hypotheses of the effects of such transitions, and designed ex­

periments to test our hypotheses. As such, our recommendations stem 
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from a rigorous theoretical and empirical basis. Combined with findings 

from prior studies [27,193,198], we propose the following suggestions 

that we believe may extend well beyond grouped bar charts:

When the designer has control over user tasks or knows with high 

certainty the tasks a visualization will be used for, and when the task 

examines quantities that are unaffected by truncation (e.g., Compare 

Gaps and Estimate Gap), the designer can truncate the axis to elicit 

the desired subjective perception of effect size or make the visuals more 

task-aligned, as recommended by previous work [27,193]. However, 

if the tasks examine quantities that are affected by truncation (e.g, 

Compare Ratios and Estimate Ratio), then we suggest performing 

monotonic truncations or no truncations to avoid creating visual rela­

tions that are contrary to data relations.

In other scenarios when the designer does not have control over user 

tasks or is uncertain about the tasks that visualizations will be used 

for, then fixed truncation in a static visualization, such as tested in this 

paper, is likely inappropriate. However, other approaches that use inter­

activity to gain the potential benefits of truncation without introducing 

deception [147] may be effective.

Ultimately, it is the designer who faces constraints [17] and shoulders 

the responsibility to determine the effect size they want to show [27], 

but we provide a clear, empirically-verified rule on the conditions under 

which a designer can justify their choice for the amount they truncate. 

Our recommendations highlight the importance of tasks, data relations 

(as revealed by the examination of structure-preserving transforma­

tions in our work) and subjective perception (as revealed by previous 

work [70,147,193,198]) to making an informed decision about when and 

how to truncate the y-axis.
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3.6.2 Limitations

Our research did not center on the cognitive aspect of graphical percep­

tion. We did not investigate the causes of deception, nor did we examine 

the relationship between inattention and deceptive visualizations. 

Additionally, we did not analyze how framing, priming, or anchoring 

impacts the graphical perception of bar charts.

There are many interesting directions as potential follow-ups to our 

work. A natural extension is to examine other tasks and see if we can 

offer structure-preserving transformations for those tasks. Additionally, 

we could investigate the feasibility of providing these transformations 

to tasks that involve the subjective perception of bar charts rather 

than numerical perception. A third extension is to impose a time limit 

on tasks and see if our results still hold while participants are more 

time-constrained. With more data, we could also characterize the 

Pareto-frontier of tradeoffs for different tasks. Finally, we could empiri­

cally investigate the just noticeable difference (JND) for the perception 

of percentage change and investigate its alignment with mathematical 

concepts of monotonicity.
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4 Applying Deep-feature-based Sim­

ilarity Metrics to Information Vi­

sualization

This chapter is based on work 

published at CHI 2025, with 

Angelos Chatzimparmpas, Emma 

Alexander, Matthew Kay, and Jes­

sica Hullman [113].

Supplemental materials can be 

found at https://osf.io/dj2ms/.

4.1 Introduction

The previous chapter demonstrated the value of modeling a specific 

visualization heuristic. Nevertheless, creating new models for every 

design rule is unscalable. The good news is that building computational 

models of visualization perception need not start from scratch; another 

approach is to test whether existing computational models from vision 

science transfer to the visualization domain. This chapter investigates 

deep-feature-based similarity metrics, originally developed for natural 

scenes, as proxies for human similarity judgments of information visu­

alizations.

Similarity is a fundamental construct in human cognition, underlying 

numerous mental processes, including categorization, reasoning, and 

decision-making  [119]. Human-perceived similarity has been studied 

extensively in psychology and cognitive science [99,149] and has been 

leveraged in applications such as image retrieval  [61] and human-in-

the-loop categorization [150,181] in recent years [148]. Recent studies in 

computer vision have shown that deep-feature-based similarity metrics 
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correlate well with perceptual judgments of image similarity  [207] 

and serve as effective loss functions for tasks like image super-resolu­

tion  [86] and style transfer  [51]. The success of these applications in 

computer vision raises an intriguing question: Can similar approaches be 

effectively applied to the domain of information visualization?

Judging visualization similarity is crucial for various applications, rang­

ing from visual search [194] and visualization recommendation [205] to 

automated design and sequencing [19,34]. Knowing whether a visual­

ization is robustly discriminable across a range of datasets, i.e., whether 

it consistently maintains clear visual distinctions across a range of 

datasets, is crucial for effective communication and design. The idea 

that perceived visual structure should correspond with structure in the 

underlying data is recurring in multiple works, such as in the principle 

of visual-data correspondence by Kindlmann and Scheidegger [96], in 

the principle of congruence by Tversky [174], in similar principles pro­

posed in multi-view visualization [142,143], and in the visual embedding 

model by Demiralp et al. [35]. However, such knowledge is challenging 

to obtain at design time and costly to evaluate empirically [179].

4.2 Background

4.2.1 Perceptual Similarity Metrics

Computer vision has long studied the problem of measuring the quality 

of an image for downstream tasks such as lossless compression. Due to 

the costly nature of running experiments to collect human data, signif­

icant research effort has been devoted to deriving an objective metric that 

can approximate human perception. For example, if two images appear 

similar to the human eye, then their “distance”, measured by this metric, 

should be close to 0.
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Traditional metrics, such as Manhattan ℒ︀1, Euclidean ℒ︀2, Mean 

Squared Error (MSE), and Peak-Signal-to-Noise-Ratio (PSNR), rely on 

point-wise pixel differences, which offers computational ease but poorly 

matches perceived visual quality [42,57,186]. Subsequently developed 

patch-based metrics rely on the hypothesis that the human visual 

system is highly adapted for extracting structural information. One such 

metric is Similarity Index Measure (SSIM) [186], which compares “local 

patterns of pixel intensities that have been normalized for luminance 

and contrast”. One popular extension of SSIM is Multi-Scale SSIM (MS-

SSIM) [187], which extends SSIM by evaluating image similarity at 

multiple scales, capturing both local and global structural information. 

Nevertheless, SSIM and MS-SSIM often do not capture the nuances of 

human vision when more structural ambiguity is present [154] and fall 

short for more complex downstream tasks, such as image generation 

and image synthesis.

More recently, researchers have leveraged deep neural networks (DNN) 

for tasks beyond classification to develop metrics such as LPIPS [207], 

PieAPP [139] and DISTS [37] that utilize deep features i.e., features 

obtained through deep-learning architectures trained on the ImageNet 

dataset [36]. One of the primary motivations for utilizing these deep-

feature-based metrics is that they can transform pixel representations 

to a space that is more perceptually uniform [37]. They have also demon­

strated excellent empirical performance for downstream tasks such 

as image super-resolution [86] and style transfer [51]. However, their 

application to the perceptual similarity of information visualization 

remains unexplored, perhaps due to the uncertainty about whether 

features learned from natural scenes can effectively transfer to the often 

58



abstract and stylistic domain of information visualization — a gap this 

work addresses.

4.2.1.1 Collecting Human Similarity Judgments

Regardless of the underlying mechanics, the usefulness of similarity 

metrics is ultimately determined by how well they align with human 

judgment. Traditional Image Quality Assessment (IQA) databases, such 

as LIVE [158], CSIQ [106], and TID2013 [137], collect Mean Opinion Scores 

by asking participants to provide subjective ratings for pairwise images 

on a specified numerical scale (e.g., Likert scales). More recent IQA data­

bases, such as BAPPS [207], use two-alternative forced choice (2AFC) 

experiments to collect similarity judgments on a dataset of images 

applied with low-level distortions. Beyond low-level perceptual simi­

larity, the THINGS database collected behavioral odd-one-out similarity 

judgments [66,67] on everyday objects to generate interpretable object 

dimensions predictive of behavior and similarity, and the NIGHTS 

dataset [47] collected 2AFC judgments on diffusion-synthesized images 

perturbed along various dimensions.

Aside from the computer vision/machine learning databases mentioned 

above, information visualization studies have also collected data on 

similarity judgments (albeit on a much smaller scale). Demiralp et al. 

[34] collected similarity judgment via five different tasks on different 

visual channels, such as color, size, and shape. Pandey et al. [129] 

asked participants to group scatterplot thumbnails and compared their 

results to scatterplot diagnostics (scagnostics). Ma et al. [114] collected 

similarity judgment on scatterplots and trained a deep neural network, 

ScatterNet, to learn features that capture the human perception of 

scatterplot similarity. Beyond scatterplots, Gogolou et al. [58] collected 

similarity perception of time-series plots by asking participants to select 
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among four options which time-series chart appears most similar to the 

reference chart. Others have collected judgments of visualization simi­

larity in the form of transition costs when moving from one visualization 

to the next in a sequence [80,95]. In this paper, we conduct conceptual 

replications of the experiments by Demiralp et al. [34] and Veras and 

Collins [179] (that uses Pandey et al.‘s data [129]).

4.2.2 Comparing Human and Machine Behavior

Figure  18: A general frame­

work for comparing two 

information-processing sys­

tems (e.g., humans vs. ma­

chines), inspired by the 

framework proposed by Su­

cholutsky et al. [165]. Frame­

work uses Demiralp et al.‘s 

experiment on the percep­

tion of shape similarity as 

one concrete example [34].

Given the remarkable performance of DNNs at image classification, 

research across different fields — computer vision, cognitive science, 

neural science, to name a few — has sought to answer whether DNNs 

are good models of the human visual system. To answer this question 

requires comparing DNNs to the human visual system. Existing research 

has done this both at the mechanistic level (i.e., comparing internal rep­

resentations) and functional/behavioral level (i.e., comparing outcomes). 

See Sucholutsky et al. [165] for an overview of comparing and aligning 

representations across different information processing systems.

4.2.2.1 Functional Similarity

At the outcome level (Fig. 18), much work has focused on comparing 

and modeling classification performance [148]. Researchers have found 

that small perturbations that are imperceptible to humans can dramat­

ically affect model classification decisions [59], and that texture and 
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local image features drive classifiers [5,53], whereas humans are more 

strongly influenced by Gestalt shape [4]. Beyond comparing classifica­

tion accuracies, other work [52] has looked at additional outcome 

measures such as trial-by-trial error consistency.

In information visualization, Haehn et al. [62] trained four different 

convolutional neural network (CNN) architectures on five different 

visualization tasks to reproduce Cleveland and McGill’s graphical per­

ception experiments [23]. They found that when compared to human 

performance baselines, CNNs are not “currently a good model for 

human graphical perception” — while CNNs performed better than 

humans in elementary perceptual tasks (e.g., estimating quantities 

from visual marks), humans significantly out-performed CNNs in visual 

relation tasks (e.g., comparing bar lengths). Yang et al. [200] trained 

DNNs on human correlation judgments in scatterplots across three studies 

and found that a subset of their trained DL architectures (e.g., VGG-19) 

has comparable accuracy to the best-performing regression analyses in 

prior research. The main difference between our work and Haehn et al. 

[62] is that we are not training network parameters on any domain-

specific dataset but instead rely on pre-trained ImageNet and Stylized 

ImageNet weights. The main difference between our work and Yang et 

al. [200] is that we utilize DL architectures that are trained on natural 

images for classification and not on human judgment. Our metrics 

are therefore information-visualization-domain-independent and can be 

applied directly to any pair of visual stimuli,32 … so long as their spatial dimen­

sions exceed 64 × 64. Details in 

Section 4.3.

32 whereas the trained 

weights and architectures of Haehn et al. [62] and Yang et al. [200] may 

face challenges in generalizing to contexts beyond their specific training 

domains.
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4.2.2.2 Representational Similarity

At the internal representation level (Fig.  18), numerous techniques 

exist, and the most popular one is Representational Similarity Analysis 

(RSA), a multivariate technique introduced by Kriegeskorte et al.  [99] 

RSA compares different representations of the same set of stimuli, such 

as neural activity patterns, computational model outputs, and behav­

ioral data, by computing similarity matrices for each representation and 

then comparing these matrices to assess how well different representa­

tions align with each other. Using RSA, Khaligh-Razavi and Kriegesko­

rte [91] compared the representational geometry of object recognition 

in the human brain with that of various computer vision models, and 

they found that a deep convolutional network performed best in both 

categorization and explaining inferior temporal cortex representations. 

For more on calculating similarity in psychological space, see Roads and 

Love [149] for an overview.

4.2.2.3 Texture vs Shape

Most DNN models that perform well on Brain-Score  [157] and other 

prediction metrics do not rely on global shape when classifying objects, 

contrary to the fundamental conclusion from psychological research 

that humans largely rely on shape when identifying objects [12]. DNNs

33
… such as the CORnet-S 

model [102], one of the best mod­

els of human vision

33  largely classify objects based on texture and local shape features [188].

Prior work  [53] showed that ML architectures can learn shape-

based representations when trained on Stylized ImageNet, a version 

of ImageNet where images have their visual appearances transformed 

by applying artistic styles. ML architectures trained on the Stylized 

ImageNet have better object detection performance and robustness 

towards a wide range of image distortions. To the best of our knowledge, 

existing deep-feature-based similarity metrics have not examined the 
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performance of deep features extracted from networks trained on styl­

ized images. We investigate whether the robust performance of ML 

architectures trained on Stylized ImageNet can transfer to the domain 

of information visualization, where humans tend to make judgments 

based on shape by extending the existing implementation of deep-

feature-based similarity metrics, with details in .

4.3 Research Goals and Experiment Overview

Our ultimate goal is to assess the benefits and limitations of deep-fea­

ture-based perceptual similarity metrics for information visualization. 

For this goal, we conceptually replicated two experiments:

1. Veras and Collins [179] (using data from Pandey et al. [129])

2. Demiralp et al. [34]

Both studies provide high-quality, crowd-sourced human similarity 

judgments gathered on stimuli with varying visualization complexity. 

Together, these studies cover both holistic similarity judgments of 

data visualizations and fine-grained perceptual comparisons of visual 

encodings.

Our replication experiments follow a consistent procedure across both 

studies: assign pairwise distances between stimuli from the original 

studies using deep-feature-based similarity metrics, analyze the results 

using the same procedures as the original papers, and compare our 

results to the analyzed human judgment results in the original studies 

(Fig. 18). Due to the inability of deep-feature-based similarity metrics 

(specifically AlexNet) to process images with dimensions smaller than 

63 × 63, we generated new stimuli of size 224 × 224 when replicating 

Demiralp et al. [34] in Section 4.6.
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4.4 Implementing Deep-Feature-Based Percep­

tual Similarity Metrics

Figure  19: Diagram showing 

how the deep-feature-based 

perceptual similarity metric 

calculates “perceptual dis­

tance”, using VGG16 as the DL 

network ℱ︀.

We implement deep-feature-based perceptual similarity metrics that 

use ML architectures and three pre-trained weights. Our implementa­

tion primarily follows the implementations of Zhang et al. [207] and 

Kumar et al. [103]. We focus our attention on supervised models trained 

on the ImageNet-1k dataset [36], which contains 1,281,167 training 

images, 50,000 validation images, and 100,000 test images.

Given two images 𝑥, 𝑦 ∈ ℝ𝐻×𝑊×𝐶 , where 𝐻, 𝑊, 𝐶 correspond to 

height width, and channel, and a network ℱ︀, the “perceptual” distance 

between 𝑥 and 𝑦 is the weighted sum of squared differences between 

feature activations of 𝑥 and 𝑦 across multiple layers and spatial posi­

tions. Formally, it is defined as

𝑑(𝑥，𝑦) = ∑
𝑙∈ℒ︀

1
𝐻𝑙𝑊 𝑙

∑
ℎ,𝑤

‖
𝑤𝑙 ⊙ (𝑥𝑙̂

ℎ,𝑤 − 𝑦𝑙̂
ℎ,𝑤)‖

2

2
(3)

where ℒ︀ is the set of layers in network ℱ︀  from which features are 

extracted34
the set of extraction layers ℒ︀ is ar­

chitecture-specific; details of ℒ︀ in

34 , 𝑥𝑙̂, 𝑦𝑙̂ ∈ ℝ𝐻𝑙×𝑊𝑙×𝐶𝑙  are the unit-normalized35

… at the channel dimension35

 deep feature 

maps extracted by ℱ︀  at layer 𝑙, and vector 𝑤𝑙 ∈ ℝ𝐶𝑙  is a channel-wise 
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scaling vector for the difference between unit-normalized feature maps 

𝑥𝑙̂ and 𝑦𝑙̂ at spatial location (ℎ, 𝑤).

Using out-of-the-box pre-trained weights from ImageNet or Stylized 

ImageNet corresponds to 𝑤𝑙 = 𝟏𝐶𝑙
∀𝑙 ∈ ℒ︀, where 𝟏𝐶𝑙

 is a vector of ones 

with length 𝐶𝑙, the number of channels at layer 𝑙. In other words, we 

use the extracted deep features without any scaling or linear calibration. 

Using LPIPS (version 0.1)36 i.e., “lin” in Zhang et al. [207]36 corresponds to using ImageNet pre-trained 

weights scaled by parameters 𝑤𝑙 learned from BAPPS [207], a dataset of 

16K patches derived by applying exclusively low-level distortions to the 

MIT-Adobe 5k dataset [16] for training and the RAISE1k data [31] for val­

idation. In other words, 𝑤𝑙, 𝑙 ∈ ℒ︀ constitute a “perceptual calibration” 

of a few parameters in an existing feature space [207]. Zhang et al. 

[207] showed that LPIPS achieve better performance than traditional 

metrics (e.g., 𝐿2, SSIM [187]) and correlates well with human similarity 

judgments.

Our selection of DNN architectures is motivated by both theoretical 

considerations and empirical evidence from computer vision and prior 

work on training and predicting human similarity judgments [200]. 

We build upon Zhang et al.‘s [207] finding that deep features from 

CNNs trained on natural images correlate strongly with human percep­

tual judgments. Our architectural choices span from SqueezeNet [81] 

and AlexNet [101] to more complex Residual Nets [65] and Efficient 

Nets [170], selected to systematically investigate how different levels of 

hierarchical feature extraction affect visualization similarity judgments. 

This range of architectures, covering ImageNet-1K classification accura­

cies from 56.522% (AlexNet) to 83.444% (EfficientNet B5), allows us 

to test whether improved natural image classification correlates with 

better visualization similarity assessment.
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While newer architectures like Vision Transformers [39] exist, we 

prioritized CNNs for their architectural flexibility and relevance to 

our context: (1) CNNs allow processing of different input sizes, unlike 

Vision Transformers which require fixed input dimensions; (2) CNNs 

provide scale-invariant feature detection through their hierarchical 

structure; and (3) CNNs enable direct comparability with validated 

perceptual similarity metrics like LPIPS [207]. This flexibility is particu­

larly important as our implementation builds on LPIPS, which has been 

rigorously validated against human perceptual judgments using the 

Berkeley-Adobe Perceptual Patch Similarity (BAPPS) dataset at 64 × 64 

resolution. Importantly, our approach is architecture-agnostic and can 

be readily extended to any CNN architecture that provides hierarchical 

feature maps, enabling future comparisons to additional architectures.

Table 1: Network Architec­

tures and Weights
Network Architecture Weight

AlexNet [101] ImageNet, Stylized ImageNet, LPIPS

VGG16 [161] ImageNet, Stylized ImageNet, LPIPS

SqueezeNet [81] ImageNet, LPIPS

ResNet18 [65] ImageNet

ResNet50 [65] Imageet, Stylized ImageNet

EfficientNet B0 [170] ImageNet

EfficientNet B5 [170] ImageNet

We use pytorch  [132], torchvision weights,37https://pytorch.org/vision/stable/

models.html

37  and Zhang et al.‘s 

implementation of LPIPS  [207] at https://github.com/richzhang/

PerceptualSimilarity. We use the following R packages for comput­

ing and presenting our results: reticulate  [176], tidyverse  [190], 

ggplot2 [191], aricode [21], MatrixCorrelation [82], ggtext [192], and 

ggpubr [88].
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4.4.1 Pre-processing

We follow the same image pre-processing steps of Zhang et al. [207]38 Namely, we convert the input 

stimuli into sRGB color space, 

resize them to 64 × 64 × 3, and 

normalize them by the same 

mean and standard deviation 

coefficients used by Zhang et 

al.  [207], which are the same 

mean and standard deviation for 

ImageNet-1K except adjusted for 

inputs ranging from [−1, 1] instead 

of [0, 1].

38 

This approach differs from the standard 224 × 224 × 3 resolution that 

ImageNet-1K is typically trained on. For completeness, we have also 

run the same experiments using the standard resolution with details 

provided in . While the overall trend remains similar, using the standard 

resolution leads to slightly worse performance than with a lower reso­

lution of 64 × 64 × 3. This finding suggests that the lower resolution 

may be more suitable for our specific task. By choosing a smaller size, 

we focus on the low-level aspects of perceptual similarity to mitigate the 

effect of “differing respects of similarity” [119] that may be influenced 

by high-level semantics [207]. Furthermore, the lower resolution yields 

significant improvements in computational efficiency, most notably 

reducing the computing time for VGG16 from approximately three hours 

to merely 30 minutes.39 Experiments were conducted on a 

Dell XPS 15 (2019) with Intel Core 

i7-8750H @ 2.20GHz, 16GB RAM, 

NVIDIA GeForce GTX 1050 Ti with 

Max-Q Design, running Microsoft 

Windows 11 Pro.

39

Prior research has shown that pre-processing images by transforming 

them into different color spaces yielded different image classification 

results [60]. We verify that all images in ImageNet-1K and BAPPS are in 

sRGB space, and we transform all input images into sRGB format before 

processing.

4.5 Replicating Veras and Collins [179]

4.5.1 Overview of Original Paper

Veras and Collins [179] investigated the application of a well-estab­

lished computer vision metric, the Multi-Scale Structural Similarity 

Index (MS-SSIM) [187], to assess the discriminability of a data visualiza­

tion across a variety of datasets. In this context, discriminability refers 

to “the average perceptual distance between the corresponding visual­

izations” for a collection of datasets [179]. Their research proposed using 
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perceptual similarity metrics to evaluate and rank competing visual en­

codings based on their discriminability, thereby informing visualization 

selection for specific data distributions.

Figure  20: Screenshot ob­

tained from the supplemen­

tary materials of Pandey 

et al.  [129] showing Par­

ticipant 1′s final screen af­

ter completing the naming 

phase, with group descrip­

tions and their correspond­

ing easiness and confidence 

scores (separated by pipe 

characters).

Veras and Collins first used gradient descent to optimize MS-SSIM para­

meters using stimuli from a study of scatterplot similarity judgments by 

Pandey et al. [129] With this tuned MS-SSIM, they calculated pairwise 

distances between scatterplots and derived grouping labels using hier­

archical clustering. To validate their approach, they compared their 

group labels against the consensus group labels from human similarity 

judgments in Pandey et al.‘s original study [129].

4.5.1.1 Data, Visual Stimuli, Task

Veras and Collins [179] based their research on data from Pandey et al.‘s 

study [129], which investigated the subjective perception of similarity in 

scatterplots. Pandey et al. [129] conducted a study with 18 participants 

from scientific backgrounds, asking them to group similar scatterplot 

thumbnails and provide confidence and easiness ratings for their group­

ings (see Fig. 20). The participants were asked to group a total of 247 
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scatterplots. These human-generated groupings served as a benchmark 

for Veras and Collins  [179] to validate the performance of their tuned 

MS-SSIM. Data from Pandey et al. is provided at https://github.com/

nyuvis/scatter-plot-similarity.

4.5.1.2 Similarity Measure

Given that different participants might group the same pair of scatter­

plots into two different groups, Pandey et al. [129] calculated the 

consensus distance between plots 𝑖 and 𝑗 as follows:

𝑑𝑖,𝑗 = 1
𝑁 ∑

𝑁

𝑘=1
(1 −

𝑐𝑖,𝑗

min(𝑐𝑖, 𝑐𝑗)
)

𝑘

where 𝑁  is the number of participants, 𝑐𝑖,𝑗  is the number of clusters that 

contain both plots 𝑖 and 𝑗, and 𝑐𝑖 and 𝑐𝑗  are the number of clusters that 

contain the plots 𝑖 and 𝑗 respectively. The authors allowed participants 

to assign the same plot to multiple groups. These consensus distances 

formed a consensus perceptual distance matrix which was later clustered 

using hierarchical clustering to form groupings.

Veras and Collins [179] conceptually replicated Pandey et al.‘s exper­

iment [129] by using an alternative similarity measure to approximate 

the perceptual distance between scatterplots. They used the Multiscale-

Structural Similarity Index (MS-SSIM) [187], an extension of the Struc­

tural Similarity Index (SSIM) [186] where the contrast and structural 

similarities are computed at 𝐾  image scales. For image pair 𝑋, 𝑌 , MS-

SSIM is defined as

MS-SSIM(𝑋, 𝑌) = 𝑙(𝑥, 𝑦)𝛼Π𝐾
𝑖=1𝑐(𝑥𝑖, 𝑦𝑖)

𝛽𝑖𝑠(𝑥𝑖, 𝑦𝑖)
𝛾𝑖

where 𝑙(⋅) is the luminance similarity function, 𝑐(⋅) is the contrast simi­

larity function, and 𝑠(⋅) is the structural similarity function. Veras and 

Collins set 𝛼 = 1, 𝛽𝑖 = 𝛾𝑖 = 𝑤𝑖 for 𝑖 ∈ [𝐾], where 𝐾 = 5 is the number 
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of scales. The weights 𝑤𝑖 can be interpreted as the relative importance 

of each image at scale 𝑖 in determining similarity. Veras and Collins [179] 

employed an iterative process to adjust the scale weights 𝑤1, 𝑤2, …, 𝑤5 

in order to minimize the discrepancy between the similarity scores 

calculated by MS-SSIM and a set of empirical human judgments on 

scatterplots.

4.5.1.3 Performance Evaluation

Veras and Collins used pairwise distances calculated by fine-tuned MS-

SSIM to construct clustering labels for the scatterplots and compared 

these clustering labels against empirical judgments using four estab­

lished cluster quality measures40Cluster quality measures are tra­

ditionally used to qualify the 

agreement between two indepen­

dent label assignments on the 

same dataset.

40  — adjusted mutual information (AMI), 

normalized mutual information (NMI), Rand index (RI), and adjusted 

Rand index (ARI). Based on information theory, NMI and AMI quantify 

the shared information between two clusterings, with NMI scaling 

mutual information to [0, 1], while AMI correcting for chance. They 

are robust to differences in cluster numbers and sizes. RI measures 

the percentage of correct decisions made by the clustering algorithm, 

considering all possible pairs of points, while ARI adjusts RI for chance, 

providing a more reliable comparison between clusterings. All measures 

except RI range from 0 (random clustering) to 1 (perfect clustering 

relative to the ground truth).

4.5.2 Implementation

We extend Veras and Collins’ approach [179] by replacing MS-SSIM with 

deep-feature-based similarity metrics. One key difference between our 

approach and theirs is that while we exclusively rely on pre-trained 

ImageNet and Stylized ImageNet weights, Veras and Collins learned 

scaling weights for MS-SSIM using the scatterplots specific to their 
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study. As such, their learned metric might not transfer well to different 

visualization types or domains.

For each ML network (Table  1), we calculate (247
2 ) = 30, 381 pairwise 

distances between all scatterplots and turn these pairwise distances 

into 247 × 247 distance matrices. For a baseline comparison, we also 

calculate pairwise distances using Mean Squared Error (MSE), a popular 

pixel-based metric. We then apply hierarchical clustering with Ward’s 

agglomeration strategy to compute the clusters for each distance 

matrix, using even-height tree cuts to yield 20 clusters — matching 

the number used by Pandey et al. [129] To evaluate performance, we 

calculate clustering quality measures between our labels and the labels 

obtained by Pandey et al. [129] We also compare our results to the results 

obtained by Veras and Collins [179]41 … represented by  in Figure 2141 and the baseline MSE results. 42

… represented by  in Figure 2142

4.5.3 Our Results

We find that our top-performing architectures (  EfficientNet B0,  

  AlexNet, and   SqueezeNet) achieve comparable (if not superior) 

results to those achieved by gradient-descent-tuned MS-SSIM ( ), and 

far superior results to those achieved by MSE, the point-wise pixel dif­

ference metric. This outcome demonstrates robust performance across 

different CNN architectures and is particularly noteworthy as it relies 

purely on transfer learning with no training on the existing set of scat­

terplots.

Comparing between architectures, we find that  SqueezeNet (LPIPS) 

generally outperforms all the other networks.43   SqueezeNet (LPIPS) appear 

most frequently in the top-3 per­

forming similarity metric back­

ends for all clustering quality 

measures.

43 Except for RI, the 

best-performing ML networks,  EfficientNet B0,  AlexNet, and 

 SqueezeNet (LPIPS) outperform the gradient-descent-tuned MS-

SSIM results ( ) obtained in Veras and Collins [179].
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Figure  21: Black dia­

monds represent Veras and 

Collins’ [179] results us­

ing gradient-descent-tuned 

MS-SSIM. Crosses repre­

sent results using Mean 

Squared Error (MSE). Points 

are offset for clarity.

Put differently, the clustering labels using only ImageNet pre-trained 

weights match human labels better than Veras and Collins’ approach, 

which used parameters optimized for these scatterplots. Contrary to ini­

tial expectations, we find that incorporating stylized ImageNet weights 

does not consistently lead to performance improvements. For details, 

see the full set of clustered scatterplots, their labels (both from Pandey 

et al. [129] and from using  SqueezeNet (LPIPS), and the table of all 

clustering performance measures (Table 4) in Appendix A.2.4.

4.5.4 Ablation Study

To systematically analyze the factors contributing to the effectiveness 

of deep-feature-based similarity metrics, we conducted a series of 

ablation studies. The studies examine (1) the relative importance of 

network architecture versus learned weights, (2) the impact of different 

feature extraction layers on clustering quality, and (3) the role of super­

vised learning and dataset complexity in feature learning, comparing 

ImageNet-1K against simpler datasets.
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4.5.4.1 Robustness Check — Random Weights

We initialize the same architectures with random weights to test whether 

our results stem from ImageNet pre-trained weights and assess if the 

resulting distance matrices and clustering labels still match empirical 

judgments. We repeat the process ten times and calculate the mean and 

95% non-parametric bootstrap confidence interval (CI) for each archi­

tecture (Fig. 22).

Figure  22: Black dia­

monds represent Veras and 

Collins’ [179] results us­

ing gradient-descent-tuned 

MS-SSIM. Crosses repre­

sent results using MSE. 

Dots show means of 10 

trials. Lines indicate 95% 

confidence intervals (CIs) 

from non-parametric boot­

strap. Points and CIs are 

slightly offset for clarity.

We find that when using randomly initialized weights, all network ar­

chitectures consistently under-perform the results of the same networks 

that use ImageNet pre-trained weights (Fig. 21). In fact, the performance 

across network architectures is clustered around the performance of 

MSE, the pixel-based metric. These findings suggest that the clustering 

performance of deep-feature-based similarity metrics is largely attrib­

utable to weights trained on ImageNet.

4.5.4.2 Impact of Each Feature Extraction Layer

To identify which feature extraction layers contributed most to the clus­

tering quality measures, we analyze the “perceptual distance” extracted 
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from each individual layer 𝑙 ∈ ℒ︀, rather than summing across layers as 

in Equation 3. We also examine the effect of each layer by computing 

distances using all layers except layer 𝑙 ∈ ℒ︀. We focus our analysis on 

the top-performing network architectures for each clustering quality 

measure.

Figure  23: Dashed lines 

(- - -) represent Veras 

and Collins’ results us­

ing gradient-descent-tuned 

MS-SSIM. (a) Clustering 

quality measures for  

AlexNet,  AlexNet (LPIPS), 

 EfficientNet B0,  

SqueezeNet, and  SqueezeNet 

(LPIPS) calculated using per­

ceptual distance at each 

layer 𝑙 ∈ ℒ︀. (b) Cluster­

ing quality measures for  

AlexNet,  AlexNet (LPIPS), 

 EfficientNet B0,  

SqueezeNet, and  SqueezeNet 

(LPIPS) calculated using all 

layers except layer 𝑙 ∈ ℒ︀.

(a) (b)

Our analysis shows that across all examined neural network backbones, 

performance around layers 3 or 4 reaches performance comparable to 

those reported by Veras and Collins (Fig. 23a). The best per-layer perfor­

mance is usually the last or second-to-last layer.

From Figure 23b, the performance appears relatively stable, with no spe­

cific layer significantly decreasing or increasing performance. The LPIPS 

version of AlexNet and SqueezeNet (i.e., ImageNet pre-trained weights 

+ linear calibration,  AlexNet (L) and  SqueezeNet (L)) in general 

does not improve performance on top of the existing performance of 

 AlexNet and  SqueezeNet. These findings suggest that: (1) the 

linear calibration added by LPIPS provides limited value for scatterplot 

similarity; (2) while no single layer appears to dominate performance, 

excluding the first layer slightly improves performance; and (3) using 
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only the last layer might be sufficient and could offer computational 

efficiency gains. These results align with prior observations [37,51] and 

show that later layers encode shape and structure information that 

better matches human similarity judgments.

4.5.4.3 Impact of Training Objective and Training 

Dataset

We compared models pre-trained using different frameworks: super­

vised learning (ImageNet-1K and CIFAR-10 [100]) and self-supervised 

learning (SimCLR on STL-10 [26]). Pre-trained weights were sourced 

from established repositories (see ).

Figure  24:   Resnet18 

and   ResNet50 perfor­

mance. Black diamonds rep­

resent Veras and Collins’ 

[179] results using gra­

dient-descent-tuned MS-

SSIM. Crosses represent re­

sults using MSE. Points are 

dodged for clarity.

Figure 24 reveals a clear performance hierarchy: ImageNet-trained mod­

els performed best across all clustering metrics (  ResNet50 slightly 

outperforming  ResNet18), followed by ▲ CIFAR-10-trained models, 

while SimCLR achieved similar results to ▲  CIFAR-10 but underper­

formed compared to ImageNet. This gap could be due to differences in 

both the learning framework and dataset (STL-10 vs. ImageNet-1K).
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We also observe an interesting pattern where   ResNet50 trained 

on ▲  CIFAR-10 performs similarly to the MSE baseline. This poor 

performance likely stems from the mismatch between   ResNet50′s 

deep architecture — designed for complex, ImageNet-like datasets — 

and CIFAR-10′s low-resolution (32 × 32) images. With limited input 

complexity propagating through 50 layers, the network might default 

to learning shallow, pixel-level features rather than developing rich 

semantic representations. This demonstrates how dataset complexity 

and the learning framework impact representation quality and, in turn, 

downstream performance.

4.5.5 Discussion of Veras and Collins

Our replication of Veras and Collins’ study [179] yields compelling 

results: without any training or fine-tuning on the stimuli, the best-per­

forming deep-feature-based similarity metrics outperform gradient-

descent-tuned MS-SSIM, a traditional computer vision metric, on three 

out of four clustering quality measures by an average of 14.04% in 

aligning clustering labels to human labels of scatterplot. This is partic­

ularly noteworthy given that MS-SSIM’s performance was specifically 

tuned on the scatterplots, while our deep learning models relied solely 

on pre-trained ImageNet weights. The ablation studies (§ 4.5.4) suggest 

that (1) perceptual losses extracted at later stages are generally better 

(§ 4.5.4.2) and (2) high-quality visual representations require both an 

appropriate learning framework and a sufficiently rich training dataset. 

The lower performance of CIFAR10-trained models (§ 4.5.4.3), despite 

using supervised learning, emphasizes that dataset characteristics (res­

olution, class diversity, sample complexity) may be as important as 

the choice of learning framework. These results provide evidence for 

effective transfer learning from large-scale natural image datasets to 
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data visualizations that utilize spatial encodings, suggesting that the 

features learned by neural networks on datasets such as ImageNet-1K 

may capture some fundamental aspects of visual perception that extend 

beyond the domain of natural images.

4.6 Replicating Demiralp et al. [34]

4.6.1 Overview of Original Paper

Demiralp et al. [34] introduced the concept of perceptual kernels,fig. 25 Figure 25: Palettes that maximize 

perceptual discriminability for color, 

shape, and size generated by Demiralp 

et al. [34], using the perceptual kernels 

from the triplet matching task.

 

which are distance matrices derived from aggregate perceptual judg­

ments. Perceptual kernels encode perceptual differences in a reusable 

form that is directly applicable to visualization evaluation and auto­

mated design. For example, one can construct palettes that maximize 

perceptual discriminability, as shown in Figure 25.

The authors conducted two sets of crowd-sourced experiments, one to 

estimate the perceptual kernels color, shape, and size, and one to estimate 

perceptual kernels for the pairwise combinations (i.e., color-shape, color-

size, shape-size). Each experiment used five different judgment types. 

They found that the triplet matching task, the task that asks participants 

to select between a pair of options that is most similar to the reference 

image, exhibits the least inter-subject variance, produces results that are 

less sensitive to subject count, and enables the most accurate prediction 

of bivariate kernels from univariate inputs [34].

4.6.1.1 Data and Visual Stimuli

In their first experiment, Demiralp et al. [34] used the default color 

and shape palettes from Tableau, each of which contained ten distinct 

values. For size, they used a palette consisting of ten circles with linearly 

increasing area. In the second experiment, Demiralp et al. [34] selected 

four values from each palette and performed a cross product, resulting 

in 4 × 4 = 16 distinct values for each pairwise combination of color, 
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shape, and size. Their source code, experiment interface, and data are at 

https://github.com/uwdata/perceptual-kernels.

4.6.1.2 Tasks

Demiralp et al. elicited similarity judgments using five different tasks:

1. Pairwise rating on a 5-point scale (L5) pre­

sents participants with a pair of stimuli and 

asks them to rate the similarity between these 

two stimuli on a 5-point Likert scale.44These are actually 6-point Likert 

items (including 0), but we follow 

the naming scheme from the orig­

inal work.

44

2. Pairwise rating on a 9-point scale (L9) pre­

sents participants with a pair of stimuli and 

asks them to rate the similarity between these 

two stimuli on a 9-point Likert scale.45Likewise, these are 10-point Likert 

items (including 0).

45

3. Triplet ranking with matching (Tm) pre­

sents participants with three stimuli, one of 

which is the reference, and asks participants 

to select among the two remaining options 

which one is most similar to the reference.

4. Triplet ranking with discrimination (Td) 

asks participants to select the odd stimuli out 

of a triplet of stimuli. This task is otherwise 

known as the odd-one-out task.

5. Spatial arrangement (Sa) presents partici­

pants with all stimuli and asks them to 

arrange them on a 2D plane.

A total of 6 visual variables × 5 judgment types = 30 jobs were run on 

Amazon Mechanical Turk, with each job completed by 20 Turkers for 

600 distinct subjects [34].

4.6.2 Implementation

We replicate parts of Demiralp et al.‘s [34] experiments using deep-

feature-based similarity metrics (Table 1) to generate 10 × 10 and 16 ×

16 distance matrices. For a baseline comparison, we also calculate pair­

wise distances using Mean Squared Error (MSE), a popular pixel-based 
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metric. Because LAB color space is “perceptually uniform” [22], meaning 

numerical distances between colors match human perception of those 

differences, we compute MSE in LAB rather than sRGB space for visual 

channels that involve color. Following Demiralp et al.’s approach, we 

normalize each matrix to span the range [0, 1].

4.6.2.1 Data and Visual Stimuli

Demiralp et al.‘s experiments used stimuli of size 36 × 36, which is too 

small for certain deep-feature-based similarity metrics to operate on. 

Since these stimuli consist of elementary visual channels (single colors, 

shapes, and sizes) rather than complex data visualizations, we do not 

expect human perceptual judgments to be affected by increasing the 

stimulus size. Therefore, we generated 10 (16 for size-color) PNG images 

in RGB color space of size 224 × 224 × 3 for each visual channel.

4.6.2.2 Performance Evaluation

Demiralp et al. [34] compared the degree of compatibility between the 

five judgment tasks by calculating Spearman’s rank correlation coef

ficient on pairwise distances for the same visual channel. Spearman’s 

rank correlation coefficient, otherwise known as Spearman’s 𝜌, is 

defined as the Pearson correlation coefficient between the variables’ 

ranks and assesses how well the relationship between two variables can 

be described using a monotonic function. Spearman correlation ranges 

between −1 and 1, with 1 indicating perfect rank correlation and −1 

indicating perfectly opposite ranks. This metric has also been used to 

evaluate the performance of computer vision similarity metrics, such as 

DISTS [37], on Image Quality Assessment datasets.

4.6.3 Results

For each of the four visual channels — color, size, shape, and size-color 

— we analyze the best-performing46

… which is the one that achieves 

the highest average Spearman 

rank correlation coefficient when 

compared to Demiralp et al.‘s per­

ceptual kernels across their five 

judgment tasks.

46

 DL network. For comparison, we 
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show the perceptual kernel most correlated with the distance matrix of 

the best-performing DL network. The complete set of distance matrices 

is available in the supplementary material.

4.6.3.1 Color

AlexNet (LPIPS) outperforms other DL networks. Distance matrices 

from deep-feature-based similarity metrics show the highest rank cor­

relation with the perceptual kernel from Td and the lowest with Sa 

(Fig. 26 (a)).

AlexNet (LPIPS) demonstrates good overall performance in measur­

ing relative color distances, but fails to replicate certain human percep­

tual patterns. For example, humans judge yellow to be more similar to 

green than teal, but AlexNet (LPIPS) “sees” yellow and teal as about 

equidistant from green.

Figure  26: (a) Spearman’s 

rank correlation between 

distance matrices and Demi­

ralp et al.‘s [34] percep­

tual kernels (dashed: MSE-

based distance matrices), 

(b) AlexNet (LPIPS) distance 

matrix, (c) Demiralp et al.’s 

Td perceptual kernel.

The baseline MSE performances demonstrate the highest rank correla­

tion with Sa, which makes sense given that MSE, a pixel-level metric, 

is directly measuring color differences in a perceptually uniform color 

space. This also suggests that Sa might be a better task to capture the 

non-linear aspects of human color perception. None of the pre-trained 

networks outperform the MSE baseline in Sa.
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4.6.3.2 Size

AlexNet (LPIPS) outperforms other DL networks. Distance matrices 

from deep-feature-based similarity metrics and MSE show the highest 

rank correlation with the perceptual kernel from Sa and lowest with Td 

(Fig. 27 (a)).

Figure  27: (a) Spearman’s 

rank correlation between 

distance matrices and Demi­

ralp et al.‘s [34] percep­

tual kernels (dashed: MSE-

based distance matrices), 

(b) AlexNet (LPIPS) distance 

matrix, (c) Demiralp et al.’s 

Sa perceptual kernel.

Most DL networks achieve almost perfect rank correlation with Sa 

(Fig. 27 (a)) while MSE achieves around 0.7, suggesting these metrics 

capture more fundamental aspects of human size perception than pixel-

level differences.

4.6.3.3 Shape

VGG16 (LPIPS) outperforms other DL networks. Distance matrices from 

deep-feature-based similarity metrics show the highest rank correla­

tion with the perceptual kernel from Tm and lowest with Sa (Fig. 28 (a)). 

Stylized ImageNet weights weakly improve the correlation for VGG16 

and ResNet50 but not AlexNet.
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Figure  28: (a) Spearman’s 

rank correlation between 

distance matrices and Demi­

ralp et al.‘s [34] perceptual 

kernels (dashed: MSE-based 

distance matrices), (b) VGG16 

(LPIPS) distance matrix, (c) 

Demiralp et al.’s Tm percep­

tual kernel.

All MSE performances show a negative correlation, with Sa having the 

most negative correlation. Compared to MSE performances, the modest 

positive associations from CNNs show they are learning something, but 

there’s still a large gap in capturing human shape perception. Specifi­

cally, all correlation coefficients are weak (i.e., ∈ [−0.25, 0.5]) compared 

to prior results for color (§  4.6.3.1 Fig.  26) and size (§  4.6.3.2 Fig.  27), 

where excluding Sa, rank correlations are around 0.75. Examining the 

distance matrix and perceptual kernel closely (Fig. 28 (b), (c)) reveals 

that, unlike humans, deep-feature-based perceptual similarity metrics 

do not view similarity as rotation-invariant In other words, while 

humans may judge + and , □ and ◇ to be similar, as they are 

rotated variants of each other, VGG16 (LPIPS), the best-performing DL 

network, “sees” them as different. We speculate why this is the case in 

Section 4.6.5.

4.6.3.4 Size-color

AlexNet outperforms other DL networks. Distance matrices from deep-

feature-based similarity metrics show the highest rank correlation with 

the perceptual kernel from Tm and the lowest with Sa (Fig. 29 (a)).
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Figure  29: (a) Spearman’s 

rank correlation between 

distance matrices and Demi­

ralp et al.‘s [34] percep­

tual kernels (dashed: MSE-

based distance matrices), 

(b) Demiralp et al.’s Tm per­

ceptual kernel, (c) AlexNet 

distance matrix, (d) Demiralp 

et al.‘s Sa perceptual kernel.

Interestingly, perceptual distances obtained via Sa (Fig. 29 (d)) demon­

strate a clear hierarchy — circles are most similar to those sharing the 

same color, followed by those with similar sizes, and then those with 

related colors (i.e., blue to teal, red to orange). In contrast, similarity 

judgments elicited through Tm (Fig. 29 (b)) reveal more localized simi­

larity clusters, possibly due to the absence of context and its implied 

constraints when using Tm to elicit similarity judgments. This suggests 

a potential need to reconsider Demiralp et al.‘s advice to favor triplet 

matching (Tm) judgments [34], especially when collecting visual vari­

ables that encode multiple visual channels simultaneously.

This hierarchy of “color before size” is not captured by either MSE or 

deep-feature-based similarity metrics (Fig. 29 (c)), and using ImageNet 

pre-trained weights in general does not improve correlation much 

against simple pixel-based MSE baseline.

4.6.4 Robustness Check – Random Weights

Similar to Section 4.5.4.1, we initialize the same architectures with ran­

dom weights to determine to what extent ImageNet pre-trained weights 

can explain our results. We repeat the process of calculating distance 

matrices and Spearman’s rank correlation coefficients with perceptual 

kernels ten times and present the 95% non-parametric bootstrap CIs 
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for Spearman’s rank correlation coefficient. For each visual channel, we 

focus on the best-performing DL architecture and present the average 

distance matrix47

All distance matrices can be found 

in the supplementary material at 

https://osf.io/dj2ms/.

47

 that achieves the highest average Spearman correla­

tion coefficient across all repetitions and all five judgment tasks. For 

direct comparison, we also present the perceptual kernel with which the 

average distance matrix has the highest Spearman correlation.

4.6.4.1 Color

Correlation results with random weights (Fig. 30 (a)) are only slightly 

worse than those with ImageNet pre-trained weights (Fig.  26 (a)) in 

Section 4.6.3.1, suggesting that existing deep-feature-based similarity 

metrics may not effectively capture the perception of color similarity.

Figure  30: (a) Spearman’s 

rank correlations between 

random-weight architec­

tures’ distance matrices and 

perceptual kernels (95% 

bootstrap CI; dashed: MSE-

based distance matrices), 

(b) Random AlexNet’s av­

erage distance matrix, (c) 

Demiralp et al.‘s Tm percep­

tual kernel.

4.6.4.2 Size

The correlation results for size (Fig.  31 (a)), except for AlexNet and 

SqueezeNet, are now around 75%, compared to perfect rank correlations 

for almost all networks (Fig. 27 (a)).
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Figure  31: (a) Spearman’s 

rank correlations between 

random-weight architec­

tures’ distance matrices and 

perceptual kernels (95% 

bootstrap CI; dashed: MSE-

based distance matrices), 

(b) Random AlexNet’s av­

erage distance matrix, (c) 

Demiralp et al.‘s Sa percep­

tual kernel.

This suggests that deep-feature-based similarity metrics are learning 

something about size, but it is unclear to what extent this is attributable 

to ImageNet pre-trained weights or the functional form of deep-

feature-based similarity metrics (Eq. 3) that relies on taking Euclidean 

differences between deep feature activations across spatial locations. 

For all tasks except Sa, using randomly initialized weights result in 

about similar rank correlation performance as using MSE (except for 

AlexNet and SqueezeNet).

4.6.4.3 Shape

Across all DL architectures, the performance is weakly negatively corre­

lated to all perceptual kernels obtained via different tasks (Fig. 32 (a)) 

and is worse than the previous correlation results (Fig.  28  (a)) in 

Section 4.6.3.3.
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Figure  32: (a) Spearman’s 

rank correlations between 

random-weight architec­

tures’ distance matrices and 

perceptual kernels (95% 

bootstrap CI; dashed: MSE-

based distance matrices), 

(b) Random AlexNet’s av­

erage distance matrix, (c) 

Demiralp et al.‘s Td percep­

tual kernel.

The performance when using randomly initialized weights is very 

similar to that of using MSE. Given the existing functional form of 

deep-feature-based similarity metrics (Eq. 3) and its reliance on taking 

Euclidean differences between deep feature activations spatially, this 

result suggests that some transfer learning is happening in Figure  28, 

but not to the degree that it captures what humans perceive as shape 

similarity. We also suspect that glyph shape similarity judgments are 

not entirely perceptual but may also depend on context/concept — 

consider this triplet difference example: (×, □, ○ ). One could choose 

○ as the odd one out, since the other shapes have angles and circles do 

not have angles; or choose × as the odd one out, since both □ and ○ can 

be drawn on a page without lifting the pen off the page.

4.6.4.4 Size-color

Again, we observe similar trends — the rank correlation results 

(Fig.  33  (a)) are slightly worse compared to the rank correlation 

results (Fig. 29 (a)) in Section 4.6.3.4 when using ImageNet pre-trained 

weights. For all tasks, using randomly initialized weights result in rank 

correlations about the same as MSE.
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Figure  33: (a) Spearman’s 

rank correlations between 

random-weight architec­

tures’ distance matrices and 

perceptual kernels (95% 

bootstrap CI; dashed: MSE-

based distance matrices), 

(b) Random AlexNet’s av­

erage distance matrix, (c) 

Demiralp et al.‘s Tm percep­

tual kernel.

Across the examined visual channels, the best-performing architecture, 

when using randomly initialized weight, is always AlexNet. We suspect 

that the simpler and shallower architecture and the larger filter size in 

the earlier layers (11 × 11, 5 × 5 instead of 3 × 3) of AlexNet might 

“preserve” more of the raw visual information, which explains its close 

to 0.5 rank correlation with Sa for visual channels related to spatial 

information (size and size-color).

4.6.5 Discussion of Demiralp et al.

Although deep-feature-based similarity metrics achieve positive 

(Fig.  26, Fig.  29), if not perfect (Fig.  27), rank correlation for several 

visual variables, the comparison against baseline MSE performances 

and robustness check (§ 4.6.4) reveals that it is unclear whether such 

performance can be entirely attributed to pre-trained ImageNet or Styl­

ized ImageNet weights.

We suspect the decent correlation in the robustness check stems 

from both the functional form of deep-feature-based similarity met­

rics (Eq. 3) and Demiralp et al.‘s [34] choice of visual stimuli. Deep-fea­

ture-based similarity metrics, as we implemented, calculate Euclidean 

differences between deep feature activations and for simple visual stimuli 

without complex patterns or textures, the feature map difference pri­
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marily reflects how well the stimuli spatially align/structurally correspond. 

For example, with rotated shape stimuli (e.g.,  and +), the feature 

map differences remain almost identical whether using pre-trained 

ImageNet or random weights, given the same DL architecture.

Across all five similarity judgment tasks (L5, L9, Tm, Td, and Sa), Sa 

shows the least correlation with deep-feature-based similarity metrics 

for all visual channels except size, and has the least average rank corre­

lation with all other perceptual kernels of the same visual channel 

(Demiralp et al. [34]). We suspect this occurs because participants see 

the most visual stimuli simultaneously (all 10/16 of them), and therefore 

face more global, hierarchical constraints when judging their similarities. In 

contrast, pairwise rating tasks (L5, L9) and triplet judgment tasks (Td, 

Tm) only require focusing on the local relationships between 2–3 stimuli 

at a time. This provides one way to explain the Sa perceptual kernel 

for size-color (Fig. 29), where participants judge similarity first by color, 

then by size within each same-color group.

Our replication of Demiralp et al. [34]‘s experiment demonstrates that 

deep-feature-based similarity metrics currently do not approximate the 

perceptual distance between visual encodings such as color and shape. 

Specifically, these metrics are not rotation-invariant (§  4.6.3.3) and do 

not capture the precedence effect of certain visual channels over others 

in similarity judgments (§  4.6.3.4). Finally, while we explored using 

Stylized ImageNet weights, we cannot conclude definitively whether 

this approach improves performance, suggesting the need for further 

research.
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4.7 Discussion

4.7.1 Key Findings

1. Effectiveness for complex visualizations: Our replication of Veras 

and Collins’ study [179] demonstrates that deep-feature-based sim­

ilarity metrics can outperform traditional computer vision metrics 

(e.g., MS-SSIM) in aligning with human clustering judgments of 

scatterplot similarity. We highlight the fact that MS-SSIM parame­

ters are optimized on the domain data (i.e., scatterplots) while 

deep-feature-based similarity metrics only rely on weights trained 

on natural images and are therefore completely domain-free. This 

implies that transfer learning from natural image domains to visual­

izations is feasible and that ImageNet pre-trained weights capture 

fundamental visual features that generalize across diverse visual 

domains. This could be good in practice by significantly reducing the 

effort required to develop and train models from scratch for each new 

set of domain-specific visualizations.

2. Limitations for abstract visual encodings: In replicating Demiralp 

et al.‘s work [34], we find that deep-feature-based metrics struggle 

to capture human perceptual similarities for basic visual channels 

like color and glyph shape, but perform well when assessing size. 

We hypothesize that part of the reason for this poor performance 

is because judgments of color and glyph shape similarity are not 

purely perceptual that is, they also rely on high-level semantics and/

or concepts. For example, different cultural associations with color 

hues [84] may lead people to judge the similarity of color between the 

same triplet differently. In terms of context/concept, see the example 

in Section 4.6.4.3.

3. Architecture and weight sensitivity: Our results show that the per­

formance of deep-feature-based metrics does not vary significantly 

across different neural network architectures (Fig. 21) but does vary 

across different pre-trained weights of varying complexity (e.g., CI­

FAR-10 vs ImageNet-1K in Fig. 24). The impact of stylizing ImageNet 

is less clear.

In summary, our findings suggest a potential for deep-feature-based 

similarity metrics in tasks involving visualizations that exhibit texture 

89



or pattern-like features (e.g., scatterplots) and highlight a need for 

caution when applying these metrics to primitive visualization glyphs 

or elements.

4.7.2 Limitation and Future Work

While deep-feature-based similarity metrics offer a promising solution 

for approximating similarity perception in information visualization, 

future work should explore the generalizability of deep-feature-based 

similarity metrics, focusing on:

1. Perceptual vs. conceptual similarity: Our current approach focuses 

on low-level perceptual similarity and does not account for higher-

level conceptual or semantic similarities [129] that may be important 

in visualization interpretation.

2. Visualizations are multi-modal and relational: Our study primar­

ily focuses on static, visual elements. An interesting direction for 

future work is to investigate how these metrics can be extended to 

handle different types of visualizations and their encoded visual re­

lations [45,62,92], diverse user groups, or multimodal visualizations 

that incorporate text, interactivity, or other non-visual elements.

3. Benchmark development: Deep-feature-based similarity met­

rics vary widely in their architectures  [103,207], training/tuning 

datasets  [37], feature extraction layers  [135], and evaluation ap­

proaches [165]. Comprehensive benchmarks are needed to standard­

ize the evaluation and comparison of these metrics across domains.

4. Explore more DL architectures, learning frameworks, and train

ing datasets: While this work explores five architectures (trained for 

image classification), future work can investigate Vision Transform­

ers (ViT) [178], alternative learning frameworks (e.g., self-supervised 

learning), and low-bit quantization. However, adapting ViT presents 

a fundamental challenge because the Transformer architecture 

relies on fixed-size sequences of patches and positional encodings. 

For example, the ViT-B/16 model processes 224 × 224 images into 

196 patches (14 × 14), while our 64 × 64 resolution yields only 

16 patches (4 × 4). This significant mismatch in sequence lengths 

makes it impractical to transfer pre-trained ViT weights to our deep-
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feature-based similarity metric without developing novel positional 

encoding mappings — an algorithmic challenge beyond this paper’s 

scope.

5. Replication scope and inherited design choices: By replicating 

prior studies, our work inherits their insights and methodological 

constraints in comparing human and machine behavior. While we 

show deep-feature-based metrics can fit into existing frameworks 

(as shown in Fig.  18), we are limited by these studies’ choices in 

stimulus presentation, task design, and inference procedures. Future 

research should validate these metrics through new experimental 

designs that systematically vary how human similarity judgments 

are elicited, representations are inferred, and human-machine be­

haviors are compared.

4.7.3 Similarity, Constraints, and Inferred Representa­

tion

Examining perceptual kernels from size-color (§  4.6.3.4) reveals that 

different similarity judgment tasks likely impose different constraints on 

participants. These different constraints are then encoded in different 

outcome variables and translated into different inferred representa­

tions. Beyond traditional tasks such as triplet matching and triplet dif­

ference, there are also quadruplet matching [58], octet matching [150], 

and the lineup task [14]. Beyond the contextual constraints imposed by 

different similarity judgment tasks, human cognitive limitations also 

play a crucial role — just as Hosseinpour et al. [75] demonstrated that 

increasing the number of frames in a small multiples visualization leads 

to a linear decline in accuracy, the complexity of similarity judgments 

may also tax our limited cognitive processing capacity.

Moreover, different visualization tasks may require different similarity 

models. Existing research has predominantly modeled similarity via a 

geometric model [172]. Such models assume minimality, symmetry, and 

triangle inequality. However, violations of all these assumptions have 
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been empirically observed  [174]. Further research is needed to under­

stand how different judgment tasks affect behavioral outcomes, how 

task constraints influence representation inference, and how different 

similarity models perform across visualization contexts.

4.7.4 Potential Applications and Broader Implications

While not yet a replacement for human testing, these metrics show 

promise for both pre- and post-experimental applications. For instance, 

they could help researchers narrow visualization design spaces before 

human studies by providing initial estimates of regions likely to be 

perceived as similar or dissimilar. They could also enable systematic 

comparison and evaluation of designs, such as complementing qualita­

tive findings from human studies by quantifying how similar human-

recreated charts are against the original charts they were shown [140].

This work contributes to the broader discussion about the role of 

computational models in understanding and automating aspects of 

visualization design and evaluation  [35]. While our results show 

promise, they also highlight the complexity of human visual perception 

and the challenges in creating truly generalizable models. As the 

field progresses, interdisciplinary collaboration between visualization 

researchers, cognitive scientists, and machine learning experts will be 

crucial to developing more perceptually aligned computational models 

for visualization analysis and design.
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5 Towards A Compositional Theory 

of Visualization Perception

5.1 Introduction This chapter is based on work 

submitted to IEEE VIS 2026, with 

Remco Chang, Eugene Wu, Alex 

Kale, and Matthew Kay.

All supplemental materials are 

available on OSF at https://osf.io/

prtfq/.

The preceding chapters each model a specific aspect of visualization 

perception; this chapter asks whether there is a more general decompo­

sition. It proposes visual decoding operators — composable perceptual 

primitives with estimable error profiles — and tests whether operators 

characterized on one set of charts and tasks can predict performance on 

structurally different ones.

Visualization research has a long tradition of decomposition: breaking 

the problem of understanding charts into smaller, nameable parts. 

Rankings order visual channels by perceptual effectiveness  [23,115]. 

Task taxonomies classify what viewers accomplish with a chart [2,108]. 

Cognitive frameworks describe the stages of comprehension  [98,136]. 

Each provides a useful organizational vocabulary, and together they 

have shaped design guidelines, recommendation systems, and teaching 

practices  [121]. Nevertheless, the units that these decompositions pro­

duce share a common limitation: they do not capture enough internal 

structure to predict what will happen in situations not yet tested. This 
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implies that every new display, task, or viewing condition requires a new 

experiment, an approach that does not scale.

Why is generalization so difficult? We argue that the problem lies in 

the unit of analysis itself. Consider how existing decompositions carve 

the space. Rankings fix a task (e.g., judge a ratio) and vary the visual 

channel, producing an ordering over channels  [23]. Task taxonomies 

classify what viewers accomplish with a chart (e.g., retrieve value, find 

extremum) but say nothing about which encoding supports each task or 

with what accuracy [2]. In both cases, the unit is bound to one side of the 

visualization × task pairing: channels are properties of the visualization; 

task categories are properties of the analysis goal. Findings obtained 

under one pairing do not transfer to the other dimension. Knowing 

that position outperforms angle for ratio judgments does not tell us 

how either channel performs for trend estimation. Knowing that a task 

is classified as “retrieve value” does not tell us how accurately a viewer 

retrieves it from a bar chart versus a heatmap.

What would a more useful unit of analysis look like? It would need to 

be chart-agnostic, appearing across different chart types. It would need 

to carry quantitative error profiles in perceptual units, so that predictions 

for untested conditions can be computed rather than read off ordinal 

comparisons that specify direction but not magnitude. And it would 

need to be composable: complex tasks expressed as sequences of opera­

tions whose error accumulates traceably, rather than evaluated as visual 

features where individual sources of error remain confounded.

In this chapter, I propose such a unit of analysis: the visual decoding 

operator. Operators are perceptual primitives, ranging from projecting 

from a point to an axis, to locating a curve’s peak, to judging the steepest 

slope. Each operator is modeled as a function with estimable bias and 
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variance, and a given operator48 e.g., project from a known posi­

tion to a curve

48 appears whether the chart is a Cumula­

tive Distribution Function (CDF) or a scatterplot and whether the task 

is looking up a single value along a curve or estimating the mean of a 

cluster of points. Operators are parameterized in a perceptually uniform 

space (e.g. visual angle) so they generalize across display contexts. And 

because they compose, complex tasks can be built from simpler opera­

tions, each carrying a quantified error.

Three things must hold for this approach to deliver on the generalization 

problem. First, operators must be defined precisely enough that their 

parameters (bias and variance) can be estimated in isolation, without 

confounding from other operations in the same task. Second, the output 

of one operator must serve as valid input to the next, so that error 

propagation through a composed sequence is tractable rather than ad 

hoc. Third, the resulting predictions must actually account for empirical 

behavior on tasks the operators were not fit to.

Whether all three hold is an empirical question, and we provide an ex­

istence proof based on two stages that use structurally different visual­

ization designs and tasks, each decomposable into separable operators. 

First, using Probability Density Function (PDF) and CDF charts, we 

design tasks that isolate individual operators and characterize their bias 

and variance through hierarchical modeling (§ 5.4). A surprising finding 

is that when a task admits multiple operators (e.g., median estimation 

on a PDF can use both peak detection and area bisection), a sensor fusion 

model that weights operators by their reliability outperforms a simple 

mixture model, suggesting that viewers integrate rather than select 

between available perceptual strategies. We then show generalizability 

by composing learned operators to predict performance on Moritz et 

al.‘s [120] scatterplot mean-estimation task (§ 5.5), a task whose chart 
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type, dimensions, and analytic goal all differ from the conditions used to learn 

the operators. Operator composition captures observed response bias 

and variance with no parameters fit to the observed response data, effectively 

predicting out-of-sample performance on a new visualization×task 

pair based on the results of the first study. Five alternative prediction 

approaches fail in distinguishable ways.

The predictive and explanatory power of our visual decoding operators 

presents new opportunities for automated reasoning about visualiza­

tion design. For example, using quantified operator-specific errors such 

as those we report in this study as a proxy for the likely cognitive effort 

required to decode a visualization, a new class of recommendation 

systems could optimize for designs that match a user’s tolerance for 

cognitive load. We discuss implications for reshaping design patterns 

in tools for data interaction as well as the new body of empirical work 

required to estimate a library of decoding operators.

5.2 Background and Related Work

5.2.1 Theories and Models of Visualization Comprehen­

sion

Rankings of visual channels  [7,23,64,94] decompose the design space 

into an ordered list of encodings, providing easy-to-access heuristics 

for visualization recommendation. Task taxonomies such as Amar et 

al. [2] decompose analytic activity into categories49e.g., Retrieve Value, Find Ex­

tremum, Correlate

49  that describe what a 

viewer can accomplish with a chart. Cognitive frameworks decompose 

the comprehension process itself into named stages  [71,126,136,160]. 

Each of these traditions contributes a useful organizational vocabulary 

for describing visualization comprehension.

However, the units these decompositions produce share a common 

property: they are categorical or ordinal. Rankings reduce experiment 
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outcomes to a single scalar, collapsing over variance in responses 

and masking differences across individuals and contexts [33]. Task 

taxonomies classify what a viewer does but say nothing about how 

accurately or with what bias they do it. Cognitive stage models name the 

processes involved but remain specified at a conceptual level, without 

operationalizing them into units whose parameters can be estimated 

from data.

A separate line of work has pursued more operational forms of 

decomposition. Gillan and Lewis’s Mixed-Arithmetic Perceptual (MA-

P) model [56] predicts that graph comprehension time scales linearly in 

the number of cognitive components used. Peebles and Cheng [133,134] 

implemented process models of graph reading in the ACT-R/PM cogni­

tive architecture, simulating the sequence of perceptual, cognitive, and 

motor operations a viewer executes to predict both response latency 

and eye fixation patterns. These computational models produce testable 

quantitative predictions, but their target is response time, not the per­

ceptual output itself.50 e.g., the estimate a viewer pro­

duces and the errors that arise 

from the visual encoding

50 Wu and Chang [195] decompose the visualization 

design process into functional transformations and visual encodings, 

showing that design tasks can be described as compositions of opera­

tions. Nevertheless, their decomposition applies to the encoding stage, 

not the subsequent interpretation by a human viewer. More recently, 

Huang and Nobre  [77] use large language models to decompose visu­

alization tasks into sequences of analytic subtasks drawn from estab­

lished task taxonomies [2], validated against expert reasoning patterns. 

Their subtask units, such as “Retrieve Value” or “Filter”, describe what 

the viewer needs to accomplish at each step, but do not characterize 

the perceptual operations that execute each step or the error signatures 

those operations produce.
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A few empirical studies have moved toward quantitative models of 

specific perceptual operations: Talbot et al. [168] developed an empirical 

model of slope ratio comparison that captures aspect-ratio-dependent 

bias, characterizing a specific visual judgment with estimable parame­

ters rather than an ordinal ranking. What remains missing is a frame­

work that treats such characterized operations as composable units 

whose error propagates traceably through multi-step tasks.

5.2.2 Error Attribution in Visualization Experiments

Observed error in a visualization experiment is rarely attributable to a 

single source. A participant’s response reflects not only their perceptual 

judgment but also the elicitation method used to collect it, the study 

design that framed the task, and individual differences in visualization 

literacy, domain knowledge, and task interpretation. Each of these 

stages can introduce error, and without a way to separate these sources, 

the perceptual signal of interest remains confounded with measure­

ment artifacts.

The elicitation method is one well-documented source of error. Since 

Heer and Bostock [69] demonstrated that graphical perception experi­

ments could be successfully conducted online, crowdsourced studies 

have become the norm, and researchers have developed a range of inter

active response formats, from clicking directly on the perceived centroid 

of the stimuli  [74] to dragging response probes  [197]. The choice of 

elicitation format is not neutral: numeric entry produces rounding be­

haviors [23,73], and sketching may be confounded with drawing ability 

and task interpretation alongside perceptual judgments [123,141].

Other sources of error operate upstream of the response. Nobre et 

al.  [123] found that participants who misread visualizations failed 

at distinct cognitive stages, such as misreading channels, confusing 
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labels with values, or failing to translate questions into visual queries. 

Sarma et al. [155] argue complementarily that aspects of study design 

frequently treated as incidental, such as onboarding procedures, tutori­

als, and training phases, can interact with individual-level factors such 

as visualization literacy in ways that are difficult to separate from the 

perceptual signal itself.

To build componential models that predict the perceptual output of in­

dividual visual operations, we need an approach that both decomposes 

tasks into separable operators and explicitly controls for non-perceptual 

error sources. Section 5.3 introduces the decomposition framework, and 

Section 5.4.1 details how our experiment design addresses the sources 

of error identified above.

5.3 A Model For Visual Operators

Figure  34: An illustrative 

example of different ways 

tasks can be set up to elicit 

a response. We use elicita­

tion method 3 (details in Sec­

tion 5.4.1).

Given the following cumulative distribution plot, what is the median? 
Original Question

0.00

0.25

0.50

0.75

1.00

-4 -2 0 2 4 6
x

y

When y = 0.5 intersects the curve, what is the value of x?
Translation of original  question into a specific visual task
Median is the value of x when y = 0.5.
Domain knowledge needed to translate original question into visual task

Enter your answer:

Elicitation Method 1

−0.2

Elicitation Method 3Elicitation Method 2

Consider this scenario: you ask a participant to identify the median of a 

cumulative distribution function (CDF).51 The mathematical definition is 

𝑦 = Pr(𝑋 ≤ 𝑥).

51 A typical visualization study 

might elicit estimates of this value by showing participants different 
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CDFs and asking them to report the medians using different elicitation 

methods (Fig. 34). Researchers then calculate the error and variance in 

participants’ ability to identify medians from CDFs. As a starting point, 

assume the participant’s response is drawn from some distribution:

response ∼ 𝒩︀(true value + bias, standard deviation) (4)

But this treats the task as monolithic — it does not distinguish where 

error enters. Instead, our task instructions (§  5.4.1.1) decompose CDF 

median identification into three distinct steps that follow from the task 

definition itself (Fig. 35): ① locate 𝑦 = 0.5 on the Y-Axis, ② perform a 

horizontal visual scan, projecting horizontally from 𝑦 = 0.5 to where it 

intersects the CDF curve ( ProjToCurve ), then ③ project vertically from 

the curve intersection to the X-Axis ( ProjToAxisX ). Given that the 

label “0.5” is aligned and next to its position on the y axis, ① is trivial. 

The core challenge then becomes measuring the error in the horizontal 

projection (②) and vertical projection (③).

Figure 35: Diagram explain­

ing the task decomposition 

process using median iden­

tification on CDF as a con­

crete example.

Q: When y = 0.5 intersects the curve, what is the value of x?
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Before we can specify these operators formally, we need to establish 

what space we measure error in. To create a model that generalizes across 

across viewing context, from desktop screens to museum installations, 

we need to measure error in a standardized, viewing-context-independent 

space. We choose to measure error in visual angle space which is the 

angle a distance subtends at the eye. Visual angles are typically used 

in vision science research [117] and allow us to approximate the percep­

tion of physical distances regardless of viewing conditions. Values are 
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transformed from data space to physical space, and then to visual angle 

space 52 measured in degrees52 through

visual angle = 2 × tan−1(
physical size

2 × distance to screen) × 180
𝜋 (5)

To calculate the visual angle of on-screen stimuli, which requires know­

ing the viewing distance (Eq. 5), we implemented the “virtual chinrest” 

method proposed by Li et al.  [109]. This browser-based method mea­

sures a participant’s viewing distance by two calibration tasks: 1) a 

blind spot task, where participants find their physiological blind spot to 

establish their distance from the screen, and 2) an object scaling task, 

where they match a digital rectangle to a physical object of known size 

(like a credit card) to find the monitor’s pixels-per-centimeter ratio. We 

reimplemented these tasks on the reVISit platform [30,38], following its 

open-source version.53 https://github.com/QishengLi/

virtual_chinrest

53 In the paper we will denote visual angle transfor­

mations as:

va (𝑑; context)

Where 𝑑 is a value in data space and context includes all participant- 

and context-specific parameters needed to transform a value from data 

space to visual angle, including distance to screen, pixels-per-centime­

ter, and data units-per-pixel.54 For simplicity we typically omit 

context and write vaX (⋅) or 

vaY (⋅) to refer to the context-spe­

cific visual angle transformation 

along the 𝑥 or 𝑦 axes.

54

With visual angle space defined, we denote the true value in this space 

as 𝜃 and rewrite the two core operators (②, ③) in the median-finding 

decomposition as:

ProjToCurve ( 𝜃 ) ∼ 𝒩︀( 𝜃 + 𝛽curve , 𝜎curve )

true value in visual angle space

bias for ProjToCurve

standard deviation for ProjToCurve

ProjToAxisX (𝜃) ∼ 𝒩︀(𝜃 + 𝛽axis, 𝜎axis)

Decomposing the task into visual operators become
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response = vaY
−1[ProjToAxisX (ProjToCurve ( vaY(0.5) , vaX(𝑑𝑋) ), vaY(𝑑𝑌 ) )]

visual angle of 𝑦 = 0.5

visual angle of distance to curve

visual angle of distance to axis

… where vaY (⋅)−1 is the inverse visual angle function that transforms a 

value in visual angle space back to data values along the y-axis, given 

relevant context-specific parameters.

Ultimately, we aim to demonstrate that under this modeling approach, 

we can decompose tasks into and generate estimates of individual 

decoding operators (§ 5.4), combine different operators (§ 5.4.2.4), and 

finally generate predictions for new experimental conditions and ques­

tions that the existing set of operators are not trained on (§ 5.5).

Figure 36: A horseshoe dia­

gram  [177] of this paper’s 

approach to modeling.
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5.4 Building Operators

In the following section, we detail our experimental approach for 

addressing two methodological challenges: 1) ensuring participants 

perform the intended visual operator(s) to minimize the effects of 

the identifiability problem and 2) obtaining measurements in online 

crowd-sourced studies, such as the physical distance to the screen and 

participants’ responses as outcomes of visual decoding operators.
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5.4.1 Experiment Design

5.4.1.1 Tasks, Instructions, and Training

We use both probability density function (PDF) charts and cumulative 

distribution function (CDF) charts, focusing on median and mode iden­

tifications. We selected these statistics because the process of reading 

median and mode can be decomposed into separable visual operators, 

as demonstrated in Section 5.3.

A challenge in prior work is that tasks often require participants to 

already understand statistical concepts. Errors in such tasks may reflect 

misunderstanding of definitions rather than imprecision in perception. 

Thus, we avoided directly asking for statistical measures and instead 

decomposed abstract tasks into concrete graphical operations (Tab. 2). 

More concretely, rather than asking for “the median”, our instructions 

specify the exact graphical components and actions required (effec

tively, the visual operators to use). For example, when eliciting 

median estimates from a CDF, we instruct participants to position a red 

dot where 𝑦 = 0.5 intersects the CDF curve.

Table 2: Tasks and their rep­

resentative instructions used 

during experiment.

Task Experiment Instruction

PDF Mode

HighestPoint

“Drag the slider to move the ball along the curve 

to the highest point (where y is greatest)”

PDF Median

BisectArea

“Drag the sider to move the ball along the curve 

until a hypothetical vertical line through it di

vides the area into two equal halves.”

CDF Mode

MaxSlope

“Drag the slider to move the ball along the curve 

until it rests where the curve crosses y=0.5”

CDF Median

ProjToCurve

ProjToAxisX , Proj­

ToAxisY

“Drag the slider to move the ball along the curve 

until it rests where the curve crosses y = 0.5”

“Drag the sliders such that the two balls on the 

x-axis and y-axis match the red dot.”
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To further minimize confounding factors such as instruction misunder­

standing, we provided screen recordings of intended behavior and 

training trials for each task. This approach allows us to attribute errors 

to the visual operators themselves rather than to task comprehension. 

Given our precise characterization of the error due to visual operators, 

future experiments should be able to precisely measure the additional 

error due to participants incorrectly translating the task to those opera­

tors (due to lack of prior knowledge or visualization literacy).

5.4.1.2 Stimuli and Apparatus

We used the skewed generalized 𝑡 distribution [171] as our data-gener­

ating distribution for its ability to independently control skewness, 

kurtosis, and scale (details in Appendix A.3.3). Parameters of the SGT 

distribution were sampled such that the target statistics (i.e., median 

and mode) vary in the ranges of 𝑥 ∈ [−5, 5], 𝑦 ∈ [0, 1]. Stimuli data 

were generated using stidlib-js  [164] and rendered with D3  [11] at 

dimensions of 600 px × 450 px (details in Appendix A.3.2).

To minimize potential confounds, we implemented a custom elicitation 

interface with several key design features. We used a slider with no 

default starting position to prevent anchoring effects. The slider was po­

sitioned away from the chart axes to prevent participants from directly 

aligning the slider position with axis values, encouraging them to focus 

on the red dot annotation that appears on the curve itself. Participants 

first clicked anywhere on the slider to initialize it (a), which displayed a 

red dot annotation on the curve at the corresponding position (b). They 

could then control the red dot’s position by dragging the slider or using 

left and right arrow keys (c).

1.0

−0.2

1.0

5−5 0
0.0

−1.2

(a) users click on un-initialized 
sliders ...

(b) ... to initialize it.

(c) dragging the slider ...

5−5 0
0.0

... moves the dot 
along the curve

 We chose this slider-based approach over 

alternatives, such as direct clicking on the curve, because it eliminated 

ambiguity about the source of error while constraining participants to 
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perform the specific visual operators under investigation. We used the 

ReVISit platform [30,38] to elicit responses from participants55 See example interface at https://

gleaming-dolphin-799fda.netlify.

app/vis-decode-slider/

55.

5.4.1.3 Experiment Procedure and Participants

After consenting on the experiment website, participants first per­

formed calibration tasks to measure screen-to-pixel ratio and eye-to-

screen distance. The experiment consisted of five blocks, one for each 

task. For each task, participants first viewed instructional screens and 

a short video clip explaining the task, completed two training trials 

with fixed stimuli across participants, and then performed ten testing 

trials with randomized stimuli, resulting in a total of 5 × (10 + 2) = 60 

trials per participant. Finally, participants provided demographic infor­

mation and optional text feedback on their strategies and the clarity of 

instructions.

Figure 38: Diagram of exper­

iment procedure. The study 

used a within-subjects de­

sign.
HighestPoint

PDF Mode
BisectArea

PDF Median

MaxSlope

CDF Mode
ProjToCurve

CDF Median

ProjToAxisX
ProjToAxisY

Distance 
Calibration

Demographics
Survey

We recruited 16 participants in an IRB-approved study (STU00223203) 

on Prolific.co who are between the ages of 18 and 65, have normal 

or corrected-to-normal vision, speak fluent English, and reside in the 

United States. The study was distributed to a balanced sample of partic­

ipants. We paid each participant $4.86 for completing the experiment, 

with a potential bonus of up to $1.50 depending on the participants’ 

precision. The experiment took on average 18.6 minutes to finish, result­

ing in an hourly wage of $20.51 / hr, exceeding the US federal minimum 

wage.
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5.4.1.4 Analysis Approach

We use multi-level Bayesian regression to analyze our results. Specifi­

cally, we fit models using values transformed from physical space (cm) 

into visual angle space, unless otherwise specified. We excluded partic­

ipants with Pearson correlation < 0.5 to the actual answer or have eye-

to-screen distance < 20 cm, as typical participants showed correlations 

> 0.95 and maintained the expected viewing distance of approximately 

50 cm. We fit five Bayesian hierarchical mixed effects models, with all 

parameters achieving bulk effective sample size (Bulk_ESS) and tail 

effective sample size (Tail_ESS) values ranging from 1976 to 19940. 

We assess convergence using the Gelman-Rubin diagnostic (𝑅̂ = 1.00 

for all population-level parameters). We assess all model fits using 

posterior predictive checks following the recommendations of Säilynoja 

et al. [152].

5.4.2 Results

We characterize five operators across four tasks: projection operators 

( ProjToCurve , ProjToAxisX , ProjToAxisY ) from CDF median 

identification (§  5.4.2.1), HighestPoint from PDF mode (§  5.4.2.2), 

MaxSlope from CDF mode (§ 5.4.2.3), and BisectArea from PDF median 

(§ 5.4.2.4).

5.4.2.1 Projection Operators

ProjToCurve then ProjToAxisX , i.e., median identification on a CDF 

(Fig.  35), involves projecting from 𝑦 = 0.5 to its intersection on the 

CDF curve and then projecting from that intersection to the 𝑥-axis. 

We model all projection-related operators as Normal distributions over 

values parameterized in visual angle on the respective axis. For all pro­

jection tasks, we hypothesize that the variance of the operator’s output 
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increases with the visual angle distance between the projection start 

point and end point.

The following model is for ProjToAxisX for a particular participant 𝑗:

ProjToAxisX ( 𝜃𝑋 , 𝜃𝑌 ) ∼ 𝒩︀( 𝜃𝑋 +𝛽𝑗 , 𝜎𝑗)

visual angle of true value

ProjToAxisX operator returns a Normal distribution centered at the 

true value plus a participant-specific bias 𝛽𝑗 , capturing whether partic­

ipant 𝑗 systematically over- or under-estimates the projected position. 

The observation-specific standard deviation 𝜎𝑗  captures how much the 

participant’s responses spread for a given trial:

𝜎𝑗 = 𝛼𝑗 ⋅ 𝜃𝑌

The standard deviation scales multiplicatively with how far the point 

must be projected, i.e., the visual angle distance to 𝑥-axis, 𝜃𝑌 , where 

𝛼𝑗  acts as a scaling parameter for participant 𝑗. We compared additive 

and multiplicative scaling relationships on pilot data; the multiplicative 

specification yielded better posterior predictive calibration and is used 

throughout. The models for ProjToCurve and ProjToAxisY are defined 

similarly as the model above. Details of the full hierarchical specifica­

tions56

… which model population means 

and standard deviations of 𝛽𝑗  and 

𝛼𝑗

56

 are in Appendix A.3.

Figure 39: Plots for (a) Proj­

ToCurve , (b) ProjToAxisX , 

and (c) ProjToAxisY : error 

vs. distance between start 

and end points of projection, 

where points show observed 

errors with blue bands rep­

resenting 50%, 80%, and 

95% posterior predictive in­

tervals, marginalizing over 

participants.

-0.2

0.0

0.2

0.4

2.5 5.0 7.5
Distance to X-Axis

(b) Project to X-axis

Er
ro

r

-0.2

0.0

0.2

0.4

4 6 8 10
Distance to Y-Axis

(c) Project to Y-axis

Er
ro

r

-0.2

0.0

0.2

0.4

4 6 8
Distance to Y-Axis

(a) Project to Curve

Er
ro

r

Figure  39 shows observed errors plotted against projection distance 

for all three projection operators, with posterior predictive intervals 

marginalizing over participants. In all three cases, the spread of errors 

increases with distance, consistent with the multiplicative scaling spec­
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ification. The posterior predictive intervals cover the observed data well, 

with most points falling within the 95% interval.

Figure  40: Posterior pre­

dictive checks for Proj­

ToCurve . (a) KDE density 

overlay plot with 100 poste­

rior draws. (b) PIT-ECDF Cal­

ibration plot.
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We assess model fit using two standard posterior predictive checks 

(Fig. 40). In the density overlay (Fig. 40 (a)), the dark line shows the ob­

served distribution of responses and each lighter line is a density drawn 

from the model’s posterior predictive distribution. If the model is ade­

quate, the observed density should fall among the predicted densities in 

location, spread, and shape. The PIT-ECDF plot (Fig. 40 (b)) transforms 

each observation by its posterior predictive CDF and plots the resulting 

empirical CDF against a uniform reference. Adequate calibration means 

the empirical CDF falls within the simultaneous confidence envelope. 

For ProjToCurve , both diagnostics indicate adequate fit. Analogous 

checks for the remaining operators appear in Appendix A.3.4.

5.4.2.2 Highest Point Operator

HighestPoint ,

Q: Where is the highest 
point on the curve? 

0.00

0.25

0.50

0.75

1.00

-5.0 -2.5 0.0 2.5 5.0

true value

 i.e., mode identification on a PDF, asks participants to 

identify the highest point on the curve. While participants generally 

demonstrated high precision with this task, the distribution of errors 

exhibits a heavy tail (§ A.3.4.1.2). To capture this pattern effectively, we 

model the operator as returning the true value in visual angle 𝜃 minus a 

non-negative error term 𝜀:

HighestPointY (𝜃) = 𝜃 − 𝜀

The error term follows a Weibull participant-specific distribution:
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𝜀 ∼ Weibull(𝜆𝑗 , 𝑘𝑗)

where 𝜆𝑗 > 0 and 𝑘𝑗 > 0 are the scale and shape parameters for partic­

ipant 𝑗 respectively. The Weibull distribution generalizes the Exponen­

tial distribution through an additional shape parameter, allowing the 

rate of tail decay to vary. We selected it over other heavy-tailed candi­

dates based on leave-one-out cross-validation (§ A.3).

Figure  42: Posterior predic­

tive error distributions for 

HighestPointY applied to 

an example stimulus. The 

top-left panel shows the 

stimulus curve with the true 

peak marked. The bottom-

left panel shows the marginal 

predictive distribution of er­

ror along the x-axis, and 

the top-right panel shows 

the corresponding distribu­

tion along the y-axis ( High­

estPointY ).
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When the curve is relatively flat near the peak, even small errors 

along the 𝑦-axis can correspond to large displacements along the 𝑥

-axis (Fig.  42). We derive a model57 … more specifically, we derive the 

distribution of 𝑥 axis errors by 

transforming the distribution of 𝑦 

axis errors through the inverse of 

the stimulus curve.

57 for 𝑥-axis error from the 𝑦-axis 

error through the geometry of the stimulus curve. In Section 5.4.2.4 we 

provide an alternative model for x-axis error for HighestPoint using a 

Normal distribution for tractability within the sensor fusion framework.

5.4.2.3 Max Slope Operator

MaxSlope ,

Q: Where is the slope the 
steepest on the curve? 
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 i.e., mode identification on a CDF, requires judging the point 

on the curve whose tangent has the maximum slope. We express slope 

in visual angle space by deriving the mapping between Δ𝑥/Δ𝑦 in data 

space and visual angle space. Similar to HighestPointY , we model the 

109



MaxSlope operator as returning the true value minus a non-negative 

error term 𝜀:

MaxSlope (𝜃) = 𝜃 − 𝜀

Because the true answer is the maximum slope on the curve, any 

other response necessarily has a smaller value. Participants thus tend 

to underestimate the maximum slope, and the distribution of errors is 

asymmetric with a heavy tail. We thus model this error 𝜀 using a Weibull 

distribution, selected over other heavy-tailed candidates via leave-one-

out cross-validation (see Appendix A.3):

𝜀 ∼ Weibull(𝜆𝑗 , 𝑘𝑗)

where 𝜆𝑗 > 0 and 𝑘𝑗 > 0 are the scale and shape parameters for partic­

ipant 𝑗 respectively.

Figure  44: (a) Posterior 

retrodictive density of par­

ticipants’ errors overlaid with 

density of observed errors, 

plotted on top of strip plot 

of observed errors for MaxS­

lope . (b) PIT-ECDF Calibra­

tion plot.
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5.4.2.4 Bisect Area Operator
Q: Where is the vertical 
line that splits area under 
the curve into two halves?  
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 In pilots, we observed non-uniform errors, and posited that due to 

the difficulty of the task, participants may use two different operators 

to accomplish this task. For unimodal distributions like those in our 

experiment, when the distribution is symmetric the mode and median 

are equal and one can use the low-error HighestPointX operator. Even 

if skewness is low, the mode may still be a good approximation of the 

median considering the low perceptual error of HighestPointX . As 

described in Section  5.4.2.2, 𝑥-axis error is derived from 𝑦-axis error 

through the stimulus curve’s geometry and approximated as Normal:
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HighestPointX (𝜃) ∼ 𝒩︀(𝜃 + 𝛽HP
𝑗 .𝜎HP

𝑗 )

When skewness is high, one may have to resort to a higher-error 

BisectArea operator, visually estimating the point that divides the 

region into two equal-area halves.

BisectArea (𝜃) ∼ 𝒩︀(𝜃 + 𝛽BA
𝑗 , 𝜎BA

𝑗 )

But how precisely do people select when to use which operator? One 

natural hypothesis is that participants probabilistically select between 

the two operators on each trial (a mixture model). However, posterior 

predictive checks of a mixture model do not adequately capture the 

observed response distribution (see Appendix A.3).

Alternatively, prior work [160] and our own observation suggests that 

an anchoring-and-adjustment process could be at work: perhaps partici­

pants first identify the mode of the PDF (anchoring), then adjust based 

on the skewness of the distribution. We model this by combining esti­

mates from both operators using inverse mean squared error weighting, a 

technique commonly used in sensor fusion [41] for giving more weight 

to more reliable sensors [184]. Specifically, we assume that for the com­

bined operator, which we dub BAHP , participants’ selections follow a 

weighted mean of the other two operators:

BAHP (𝜃median, 𝜃mode) = 𝑤 ⋅ BisectArea (𝜃median)

+(1 − 𝑤) ⋅ HighestPointX (𝜃mode)

how much a person weights one operators versus another in their estimate

BisectArea targets the median directly, so its mean squared error (MSE) 

reflects only its own bias and variance:

MSE(BisectArea) = (𝛽BA
𝑗 )

2
+ (𝜎BA

𝑗 )
2

HighestPointX targets the mode, so its MSE relative to the median 

includes the error caused by using the mode to approximate the median:
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MSE(HighestPointX) = (𝜃mode − 𝜃median + 𝛽HP
𝑗 )

2
+ (𝜎HP

𝑗 )
2

Note that 𝛽HP
𝑗  and 𝜎HP

𝑗  are not re-estimated, as they are already learned 

from Section  5.4.2.2. The last step is to combine these two estimates 

using inverse-MSE weighting to define 𝑤:

𝑤 = MSE(BisectArea)−1

MSE(BisectArea)−1 + MSE(HighestPointX)−1

Modeling HighestPointX as drawn from a Normal distribution allows 

for a closed-form likelihood function within the sensor fusion frame­

work, simplifying modeling. Importantly, posterior predictive checks 

for a Gaussian fit to the HighestPointX data (Appendix A.3.4.1.3) still 

indicate a reasonable model fit, suggesting this simplification retains 

adequate descriptive power for its role in the combined model

Figure 46: Posterior density, 

50%, 85% and 95% quantile 

interval of signed error of 

BAHP overlaid on observed 

signed error from partici­

pants.
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This adaptive weighting between operators appears to better capture 

the observed pattern of responses compared to the simple mixture 

model, as confirmed by our posterior predictive checks (see Figure 58 

in Appendix). While the mixture model failed to account for the sys­

tematic change in variance of participants’ judgments across different 

skewness conditions, the weighted average model successfully captures 

this change, providing a superior fit to the empirical data. The sensor 

fusion model also provides a more cognitively plausible explanation 
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for participants’ behavior — when the median and mode are close, 

participants tend to rely more heavily on their estimate of the mode 

( HighestPointX operator), which is more precise and has smaller 

variance (Fig. 46). However, as the distribution becomes more skewed 

and the distance between median and mode increases, participants can 

no longer effectively use the mode as a heuristic. In these cases, they 

increasingly incorporate the BisectArea operator, which requires area 

judgment and is thus less precise.

5.5 Applying Learned Operators

Figure  47: Overview of 

the cross-task generaliza­

tion approach. Left: the Pro­

jToAxisY operator is mea­

sured by asking participants 

to project a dot to the 

y-axis on a 600×450 px 

chart. Right: the same opera­

tor, without refitting, is com­

posed under candidate aver­

aging strategies to predict 

mean-estimation responses 

on Moritz et al.’s  [120] 500 

× 200 px scatterplot task. All 

composition and prediction 

occurs in the perceptually-

uniform visual angle space 

(center).
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ProjToAxis(...) mean(ProjToAxis(...))

MEASURED on one task ... ... PREDICTED on another 
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To demonstrate the capabilities of our framework, we re-implemented 

experiment 2 from Moritz et al. [120], which asked participants to esti- 

mate the mean 𝑦-value of a scatterplot containing 60 data points under 

varying display conditions. This task requires participants to compose 

multiple perceptual operations — projecting individual points then 

aggregating across them — making it a natural test case for our operator 

framework. As an overview, we first re-administer ProjToAxisY task 

from our first study to a new set of participants, deriving decoding 

operators for each. We then use these per-participant operators to gen­

erate predictions under three pre-registered composition strategies for 

a mean estimation task, and evaluate which strategy best accounts for 
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empirical performance. Our analysis plan is pre-registered at https://osf.

io/wkvbe/.

5.5.1 Moritz et al. Experiment 2

Moritz et al. [120] investigated what they term variability overweighting: 

the hypothesis that when estimating the average of a time series, 

viewers’ judgments are systematically pulled toward regions of higher 

variability. In their second experiment (𝑁 = 420), they manipulate the 

mark type between subjects, comparing line graphs to two point-based 

encodings: points equally spaced along the 𝑥-axis (point) and points 

equally spaced along the arc of the line (pointArc).

The experiment used a mixed design. Between subjects, participants 

were randomly assigned to one of three graph types. Within-subjects 

factors were 2 variability levels (0 vs 0.4) × 2 variability positions (upper 

vs lower half of the chart) × 12 random seeds (i.e. stimuli datasets) =

48 trials per participant. Stimuli were synthetic time series of 60 data 

points generated from geometric Brownian motion, with noise linearly 

interpolated as a function of the base value. Each participant estimated 

the average of 48 graphs by adjusting a draggable horizontal line.

5.5.2 Our Experiment Design

5.5.2.1 Tasks, Instructions, and Training

We first follow Section  5.4.2.1 to learn ProjToAxis , and then follow 

the mean estimation setup in Moritz et al. [120]. We added two training 

tasks for the Moritz experiment to familiarize participants with the 

different task interface and instructions.

5.5.2.2 Stimuli and Apparatus

We reused the experiment interface for ProjToAxis from the first exper­

iment, and now use uniform random sampling from [0, 200] × [0, 500] 

to place the dot to be projected to the 𝑥 and 𝑦-axis. For the second part of 
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the experiment, we followed Moritz et al.‘s experiment 2 stimuli design 

and utilized the exact same stimuli obtained from their code repository

58
https://osf.io/aupbk/58. We include only the point and pointArc conditions from Moritz 

et al., omitting the line condition.59 Example interface at https://

gleaming-dolphin-799fda.netlify.

app/vis-decode-retrieve-value/

59 Our current operator vocabulary 

includes projection operators for dot-to-axis mappings but not for line-

to-value extraction, which would require an additional decomposition 

step (e.g., line to point) that is outside the scope of this work.

5.5.2.3 Experiment Procedure and Participants

Similar to the first experiment (§ 5.4.1.3), participants first consent, then 

perform calibration tasks. The first part of the experiment is a short 

video clip explaining the ProjToAxis task, two training trials with fixed 

stimuli across participants, then ten testing trials with randomized 

stimuli. Then the participant is randomly assigned to one of two condi­

tions, point or pointArc, and each condition has two fixed training 

trials and 48 testing trials, presented to them in random order. In total, 

each participant performed 10 + 48 = 58 trials. Finally, participants 

provided demographic information and optional text feedback on their 

strategies and the clarity of instructions

Similar to the first experiment, we recruited 20 participants in an IRB-

approved study60
STU0022320360 on Prolific.co who are between the ages of 18 and 

65, have normal or corrected-to-normal vision, speak fluent English, 

and reside in the United States. The study was distributed to a gender-

balanced sample of participants. We paid each participant $3.10 for 

completing the experiment, with a potential bonus of up to $2.90 

depending on the participants’ precision. The experiment took on aver­

age 20.5 minutes to finish, resulting in an hourly wage of $17.56 / hr, 

exceeding the US federal minimum wage.
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5.5.3 Analysis Approach

Similar to Section  5.4.1.4, we used multi-level Bayesian regression to 

analyze our results. We fit Bayesian hierarchical mixed effects model on 

data from part 1 for ProjToAxisY , with all parameters achieving bulk ef­

fective sample size (Bulk_ESS) and tail effective sample size (Tail_ESS) 

values ranging from 2981 to 7981. We utilized the same set of R packages 

as Section 5.4.1.4, with the addition of jsonlite [125] and purrr [189].

5.5.3.1 Hypothesized Strategies

Each trial presents 60 points (𝑥𝑖, 𝑦𝑖), 𝑖 ∈ [60] where the participant 

estimates the mean 𝑦-value, which we denote 𝜇𝑌̂ . We posit strategies 

for mean estimation composed of projection operations and mental 

averaging. Our strategies vary along two dimensions: projection path 

(project-once vs. project-twice) and aggregation rule (mean, median, 

sensor-fusion), yielding six candidate strategies.61Our pre-registered analysis speci­

fied three strategies (project-once 

× mean, project-once × median, 

project-twice × sensor-fusion). 

During analysis, we recognized 

these three span a partial crossing 

of two orthogonal design factors, 

projection path and aggregation 

rule, and completed the full 2 × 3 

factorial to avoid selectively pair­

ing projection paths with aggre­

gation strategies. No data-depen­

dent decisions guided which cells 

to add; the posterior prediction 

pipeline is deterministic given the 

learned operator and the compo­

sition rule.

61

Projection paths. We consider two possible projection paths:

1. Project-once. The participant projects each point directly to the 𝑦-

axis then takes an average:

𝜇̂𝑌 = vaY
−1[Average(ProjToAxisY (vaY (𝑦𝑖), vaX (𝑥𝑖)))]

where Average represents one of the aggregation rules (detailed 

below). As each projection traverses a horizontal distance of vaX (𝑥𝑖), 

points farther from the 𝑦-axis incur more noise. This may not be a 

plausible account, motivating our second projection path.

2. Project-twice. Instead of projecting each point all the way to the 𝑦-

axis, the participant first projects each point to an imagined vertical 

reference line at the midpoint (in this case, 𝑥 = 60):

𝜃𝑖̂ = ProjToAxisY (vaY (𝑦𝑖), vaX (|𝑥𝑖 − 60|))

The participant then averages the projected points and projects that 

average from the midpoint to the 𝑦-axis:

𝜇̂𝑌 = vaY
−1[ProjToAxisY (Average(𝜃𝑖̂), vaX (60))]
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This account may be more plausible if participants visually estimate 

the mean around the center of the data along both axes rather than 

at one edge.

Aggregation rules. Given internally-estimated visual angles 𝜃𝑖̂ for each 

𝑦-value 𝑦𝑖,𝑖∈[60] (from either projection path), we consider three possi­

ble definitions of the perceptual Average operation:

1. Mean: Average (𝜃𝑖̂) = mean𝑖∈[60](𝜃𝑖̂)
2. Median: Average (𝜃𝑖̂) = median𝑖∈[60](𝜃𝑖̂)
3. Weighted mean: Average (𝜃𝑖̂) = ∑𝑖∈[60] 𝑤𝑖𝜃𝑖̂, where 𝑤𝑖 =

MSE(𝜃𝑖̂)
−1

∑
𝑘∈[60]MSE(𝜃̂

𝑘)
−1

 weights each point by the inverse MSE of the Proj­

ToAxisY operation that produced it.

5.5.4 Results

5.5.4.1 Part 1: ProjToAxisY Operator Generalizes Across 

Participant Groups
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Figure 48: Error vs. distance between 

start and end points of projection 

for ProjToAxisY , measured in 

radian units, where points show ob­

served errors with blue bands repre­

senting 50%, 80%, and 95% posterior 

predictive intervals, marginalizing over 

participants.

For the first part of the experiment, we fit the same model as in 

Section  5.4.2.1 and obtained a similar trend to Figure  39 (c): error 

increases with the visual angle distance between the point and the 𝑦

-axis (Figure 48; posterior predictive checks in Appendix A.3.5.1). This 

provides preliminary evidence that our model is capturing a trend that 

generalizes across participant pools.

5.5.4.2 Part 2: Comparing Composition Strategies

The model fitted in Section  5.5.4.1 gives us posterior distributions for 

the parameters of each participant’s ProjToAxisY operator. Using these 

parameters, we can generate a predictive distribution for how each par­

ticipant would respond if they had used each combination of projection 

path × aggregation rule on each mean-estimation trial in part 2 (Moritz et 

al. [120] experiment 2). We emphasize that these posterior predictions 

are generated entirely from operators learned on the ProjToAxisY task 
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on charts with a different size and aspect ratio, then re-composed under 

each prospective aggregation strategy to create predictions. No parame

ters are fit to the mean-estimation data (Fig. 49).

Figure 49: Cross-task poste­

rior predictive density over­

lay plot, each with 100 

draws, faceted by variabil­

ity upper/lower vs. variability 

0/0.4 experiment conditions. 

Point intervals indicate the 

mean and 68% quantile in­

terval (approximately ± 1 SD) 

for observed responses and 

model predictions respec­

tively.
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Figure  49 shows posterior predictive density overlays for all three 

strategies for project-twice, faceted by variability conditions. The 

project-twice mean strategy (Fig. 49 left) captures both the central ten­

dency and spread of observed responses across all four conditions. The 

median strategy (Fig. 49 middle) matches observed bias but produces 

prediction intervals that are too wide. The weighted-mean strategy 

(Fig. 49, right) shows a similar pattern. We defer posterior predictive 

density overlays for the project-once strategies to Appendix A.3.5.2, as 

these produced substantially narrower prediction intervals that failed 

to match observed responses.

5.5.4.3 Implications

That the project-twice mean strategy can capture bias and variance on a 

structurally different task, where five alternatives fail, has two implica­

tions. First, it provides evidence that individually-measured operators 

can generalize through composition to predict performance on unseen 

charts with a different size and aspect ratio, without refitting. Together 

with the operator-level results in Section 5.4.2, this constitutes an exis­

tence proof that visual decoding operators can be measured in isolation, 

composed under candidate strategies, and evaluated against held-out 

task performance. The strategy comparison also allows us to rule 
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out some prospective perceptual aggregation functions: e.g., it seems 

unlikely people are mentally calculating medians here.

5.6 Discussion

Together, Section  5.4 and Section  5.5 establish that operators can be 

isolated, parameterized, and composed to predict task performance on 

unseen display conditions. Below, we consider how operators provide 

a compositional interface for formalizing graphical perception knowl­

edge and enabling a new class of design tools (§  5.6.1), what kind of 

theoretical contribution this represents within existing frameworks for 

model evaluation (§ 5.6.2), and what empirical work is needed to build 

out an operator library (§ 5.6.4).

5.6.1 A Compositional Interface to Formalize Graphical 

Perception Knowledge

The visualization community has developed effective domain-specific 

languages to author visualizations (e.g., Vega-Lite [156]), and increas­

ingly, to run experiments (e.g., ReVISit  [30,38]). What we lack is a 

corresponding formal language for specifying how people interpret visu­

alizations, one that can express a decoding procedure as a composition 

of measurable operations rather than as a verbal description or a ranked 

list. Visual decoding operators are a step toward filling this gap.

Consider what existing approaches provide. Ranking-based frame­

works decompose visualizations into channels, and order them by 

effectiveness, determined by the tasks. While useful for pruning design 

spaces, an ordinal ranking is a coarse data structure. It tells a recommen­

dation system that position is more effective than angle under certain 

scenarios, but not how much more effective, under what viewing condi­

tions, or for which tasks. When Zeng et al.  [206] incorporated results 

from previous graphical perceptual studies into Draco [121], they found 

119



that individual papers could dominate or cancel each other’s influence 

in unpredictable ways. This is not because the prior studies were flawed, 

but because a constraint system built on ordinal preferences has no 

principled mechanism for resolving contradictions across studies. This 

instability is predicted by known results in social choice theory: no 

procedure for aggregating ordinal preferences can guarantee consistent 

outcomes across all inputs  [3]. Rankings are structurally lossy — they 

discard the magnitude, context-dependence, and uncertainty of the un­

derlying perceptual measurements, and systems built on this interface, 

however sophisticated their constraint solvers, inherit that loss.

One might hope that large vision-language models (VLMs) could bypass 

this problem by learning to interpret visualizations directly from data 

or learn visual design preferences [182]. Recent evidence suggests oth­

erwise on two fronts. First, VLMs lack fundamental visual processing 

capabilities: they fail to solve tasks that three-year-old children could 

solve effortlessly  [18], such as counting line intersections, detecting 

overlapping circles, and tracking colored paths  [145]. Second, VLMs 

appear to be heavily influenced by textual priors: VLMs report visual 

illusions in images that contain none [175], and can correctly answer vi­

sualization questions without the visualization being shown at all [110]. 

These limitations suggest that VLMs do not yet offer a shortcut to the 

prediction problem identified above.

Operators provide a different kind of interface. Because operators are 

parameterized by perceptual units62here visual angle, but we hope 

by other perceptual units in the 

future, such as values in perceptu­

ally-uniform color spaces.

62  rather than screen pixels, they gen­

eralize across display context. And because operators are composable, 

complex tasks can be expressed as sequences of operations, each 

carrying a quantified cost. This composability opens several practical 

applications in visualization design. For instance, operators can serve as 
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cost functions in a query planner: given a dataset and an analytic goal, 

the planner enumerates candidate visualization designs, decomposes 

each into its operator sequence, and predicts a user’s likely decoding 

path by balancing the cognitive cost of each operation against its 

expected informational gain. This differs from current ranking-based 

recommendation systems, in that the predicted error distribution tells 

the designer not just which option is better but by how much and with 

what uncertainty. The error measurements in this paper provide initial 

cost estimates; a fuller library (§ 5.6.4) would expand the space of tasks 

and chart types over which such a system can reason.

5.6.2 Toward Algorithmic-Level Theories of Visualiza­

tion Interpretation

Visual decoding operators specify how a person extracts a piece of infor­

mation from a chart: which visual features serve as input, what trans­

formation is applied, and what error distribution results. This is what 

distinguishes the framework from a behavioral summary. A behavioral 

summary records that viewers underestimate means in scatterplots 

with high variability; an operator account specifies the projection and 

averaging operations that produce the underestimate, predicts its mag­

nitude, and identifies which component to revise when the prediction 

fails.

This distinction maps onto a well-known framework for evaluating 

models of information-processing systems. Marr [116] proposed three 

levels of analysis: the computational level,63 i.e., what problem is the system solv

ing?

63 the algorithmic level,

64

i.e., what procedures does it use?64

 and the implementational level.65

i.e., how is it physically realized?65

 Most modeling work in visualiza­

tion operates at the computational level — we have extensive catalogs 

of tasks and methods for measuring their aggregate error  [40], and 

recent models simulate observable behavior such as eye scan paths [159] 
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or leverage LLMs to predict task outcomes  [183]. These approaches 

describe what the system does, or predict what it will do, but not how. 

Visual decoding operators engage at the algorithmic level: they specify 

the sequence of transformations a viewer executes and the error each 

transformation introduces.

The value of this level of description extends beyond taxonomy. Wich­

mann and Geirhos [188] argued that model evaluation is multidimen­

sional: a good model should both predict and explain. Our cross-task 

results in Section 5.5 demonstrate prediction, in that operators learned 

on one task generate calibrated posterior predictive distributions for a 

structurally different task. The sensor fusion finding in Section 5.4.2.4 

demonstrates explanation, in that the weighted combination of High­

estPointX and BisectArea not only fits the data better than a mixture 

model but provides a mechanistic account of why variance changes 

with skewness, an account that a purely descriptive model would not 

generate.

Van Rooij et al. [151] have argued that psychology and its adjacent fields 

remain dominated by what they term naive empiricism: accumulating 

experimental results without theoretical infrastructure to organize 

them into explanatory models. The visualization community faces a 

version of the same challenge. Verbal theories in graphical perception 

often provide post-hoc accounts of empirical patterns that appear ex­

planatory but lack the computational structure to generate quantitative 

predictions for new conditions. The operator framework is one response 

to this challenge: it provides units whose predictions are falsifiable at 

the component level, so that when a composed prediction fails, the 

failure points to which operator needs revision rather than leaving an 

undifferentiated residual.
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5.6.3 Perceptual Proxies and the Problem of Identifica­

tion

This chapter is not the only research attempt to move beyond static 

rankings. A related but different line of work [85,124,199,202] explores 

“perceptual proxies”, heuristic visual shortcuts such as shape outlines or 

centers of mass  [124], that approximate how the visual system might 

extract quantitative information. The shared methodology between 

these works typically proceeds by 1) examining a data fact/signal of 

interest for the visual system to decode,66 … such as correlation66 2) coming up with a list 

of pre-defined decoding heuristics, inspired by works in vision science 

and psychology, and 3) checking the compatibility of those proxies with 

observed behavior when study participants are asked to judge the data 

fact/signal of interest.

While promising, this approach faces a fundamental problem of identi­

fication: we cannot always know from behavioral outcomes alone which 

feature a participant actually used, because different features/heuristics 

often predict the same patterns of behavior in a given experiment.  67 To truly get at that question we 

need data of a more granular 

modality, e.g., eye-tracking data 

or neural imaging.

67 

In other words, the mapping between a participant’s response (e.g., 

correlation estimate) and a visual feature (e.g., center of mass, shape of 

bounding box) is rarely one-to-one. This ambiguity makes it difficult to 

build generative models that can generalize across individuals, contexts, 

and tasks.

We do not claim to fully resolve the problem of identification. Rather 

than inferring possible visual operators, we constrain the space of pos­

sible visual operators by design. Our instructions prescribe the visual 

operations to perform, ample training, and an elicitation interface 

(§  5.4.1.1). The cost of this approach is that we do not have a way to 
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capture how viewers spontaneously decompose tasks, which we return 

to in Chapter 6.

5.6.4 Limitations and Future Work

Our experiments use explicit task instructions to isolate individual 

operators, leaving open whether people spontaneously decompose vi­

sualization tasks the same way when uninstructed. Future work could 

collect open-ended responses and test whether composed operator 

predictions produce posterior predictive distributions consistent with 

uninstructed behavior. If no composition fits, the operator set is incom­

plete or the decomposition is wrong; both outcomes are informative. 

Eye-tracking could provide complementary evidence: if uninstructed 

participants exhibit the predicted fixation sequence, this would support 

the decomposition itself, though not the error parameters of individual 

operators.

We characterized five operators across four tasks and demonstrated 

cross-task generalization on one additional task, but these five need not 

be definitive. If alternative operators better predict performance for the 

same tasks, or capture judgments we did not test, they should replace or 

supplement ours — the constraint is that each must be independently 

parameterizable and composable, not that it must match our deriva­

tion. Existing empirical work already suggests extensions: for example, 

Talbot et al.‘s findings on aspect-ratio-dependent bias could refine the 

slope operator or motivate a new one [168].

Once operator-level error is established as a perceptual baseline, re­

maining error can be more readily attributed to non-perceptual sources 

such as task mistranslation, training effects, or elicitation artifacts. 

Building the operator library that the design applications in Section 5.6.1 

require is itself a substantial empirical program, one that demands new 
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experiments designed to isolate operations we have not yet character­

ized, across chart × task types we have not yet tested. The experiments 

required to populate such a library constitute a research program com­

parable in scope to the channel-ranking studies that followed Cleveland 

and McGill [23], reframed around reusable primitives whose composi­

tions generate predictions beyond the conditions they were measured 

in.
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6 General Discussions

6.1 How Should We Do Empirical Visualization 

Research?

One consistent lesson across the three chapters is that the choice of 

unit of analysis determines what one can see. Chapter  3 shows that 

formalizing y-axis truncation in terms of structure-preserving transfor­

mations reveals task-dependent effects that previous heuristics don’t 

explicitly capture. Chapter 4 shows that the task used to elicit similarity 

judgments shapes the inferred similarity representation itself.68that is, the spatial arrangement 

task produces a global hierarchy 

(i.e., color before size) that pair­

wise and triplet tasks do not

68  Chap­

ter 5 shows that decomposing tasks into visual operators is feasible and 

reveals that a precision-weighted sensor fusion approach better models 

how users integrate different operators than a probabilistic selection 

approach.

In Chapter 5, I mentioned that the idea of “decomposition” is not alien 

to the field. In fact, while revisiting Cleveland and McGill’s lesser known 

works, I found this paragraph in their 1987 work [24]:

One person’s elementary particle can be another’s complex system. 

For most of the field of chemistry, the molecule is the elementary 

particle, but the particle physicist sees the molecule as made up of 

a large number of more basic constituents.

126



The elementary codes […] are one collection of elementary particles 

of graphical perception. Their virtue is that they can be manipulated 

by the maker of a graph.69 This is the original emphasis.69 However, from the viewpoint of vision 

theory they are not so elementary. The textons of Julesz (1981) are 

a more fundamental set of elementary particles of vision theory. 

The important point is that, like a chemist manipulating molecules 

to good purpose, the graph maker can manipulate the elementary 

codes to make better graphs.

The purpose of this dissertation is not to discredit the ranking of visual 

channels approach. In fact, just like we (sometimes) lie to children70
Credits to Michael for pointing 

me to this concept; see more 

at https://en.wikipedia.org/wiki/

Lie-to-children.

70 to 

help slowly introduce more complex concepts to them, we need ranking 

as it serves as a good first pass approximation for pedagogy and practical 

design guidance. But based on the amount of follow-up works that 

extend this approach,71 … including extending it to on­

line crowd-sourced studies  [69], 

to correlation visualizations that 

don’t nicely fit in individual visual 

channels  [64], to specific popula­

tions such as older and younger 

adults  [107,127], and to different 

tasks and data distributions  [94] 

than the original ones used by 

Cleveland and McGill [23].

71 I find it only natural to question whether this 

approach is capturing enough internal structure of how people perceive 

visualizations that allows for generalization.

While I see the attractiveness of the ranking approach for practical 

purposes, I find it limiting that the field has adopted it as the dominant 

structure for reasoning about visualization perception. This categorical 

mode of reasoning produces a research program that functions like a 

giant design table whose cells enumerate every combination of data, 

encoding (channel or glyph), and task, and whose implicit aim is simply 

to fill them in — one study at a time, with no principled account of why 

one should fill a particular cell except for the sake of completing the 

table. But consider a thought experiment. Is the purpose of academic 

linguistics to teach people how to write better English prose? If not, why 

should the purpose of visualization research be about graph construc­

tion?
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I believe the way that we’ve always done experimental evaluation is 

committing at least one class of category error by measuring the wrong 

things in the wrong ways, and thus resulting in a bunch of seemingly 

contradictory and non-interoperable results. This doctoral thesis serves 

at the very least a feasibility proof that we can do better.

As a field we should re-consider what a good unit of analysis is, and 

what properties do we want in such a unit of analysis. In Chapter  5, I 

have proposed three potential properties and demonstrated how visual 

decoding operators satisfy them: chart-agnostic, carrying quantitative 

profiles in perceptual units, and composable. I do not claim these are the 

only desirable properties; if we consider the ranking approach, elemen­

tary visual codes or visual channels are somewhat chart-agnostic, but 

they are not composable and not measured in perceptual units. In fact, the 

measurements obtained via particular tasks (such as the compare ratio 

task in Cleveland and McGill  [23]) are always going to be conditional 

on that task, and as such tasks are not as generalizable as we think they 

are. 72The field does not even agree 

on what we mean by “task”; see 

Pandey et al. [128]

72  This can partially be seen in the results of Chapter 4.

At the very least, there needs to be more discussion about the properties 

that a good unit of analysis should possess, and whether these proper­

ties form trade-offs. Once we are clearer about the properties we want, 

the work is to search for a unit of analysis that has them, rather than 

defaulting to filling in the cells of a design tensor.73

Another side rant: at the begin­

ning of my doctoral program, 

someone once told me that their 

approach to research is that they 

have very strong skills in math, 

and so they wield this skill like a 

hammer and try to find nails for 

this hammer to work on. But what 

if there aren’t nails? What if there 

are only screws? Filling the design 

table for the sake of filling the de­

sign table feels like hitting screws 

with hammers to me.s

73

On measurement: we should, at a minimum, perform checks that we are 

modeling what we intend to, and be transparent about the steps we took 

to ensure it. Related points have been better argued by Sarma et al. [155], 

so interested readers should go read that paper instead. The problem of 

identification is a hard one, but that does not mean we should sweep it 

under the rug and pretend it is not there.
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6.2 What’s Next?

6.2.1 Toward a Library of Operators

The visual decoding operators introduced in Chapter  5 are demon­

strated on a handful of operators74 that is, projection to axis, projec­

tion to curve, peak detection, area 

bisection

74 across three chart types.75

PDF, CDF, and scatterplot — all 

three are cartesian graphs

75

 While 

this constitutes an existence proof, ultimately the practical value of this 

approach depends on whether it can scale to a comprehensive library of 

operators covering a broader range of chart types, tasks, and perceptual 

operations. Several open questions bear on this scaling challenge.

How many operators are there? The current set was identified by 

decomposing specific visualization tasks into constituent perceptual 

steps. But the space of possible tasks and chart types is large, and it is 

unclear whether the operator vocabulary is finite and enumerable or 

open-ended. Identifying the right granularity, finding operators that are 

fine-grained enough to be reusable across contexts but coarse-grained 

enough to be independently characterizable, is an important next-step 

empirical question.

How should new operators be discovered? The current approach relies 

on top-down task decomposition by the researcher. An alternative is 

bottom-up discovery from behavioral data: if viewers’ response patterns 

on a new task are not well predicted by existing operator compositions, 

the residual structure may reveal a missing operator. Eye-tracking data 

could also inform operator discovery, since distinct operators should 

correspond to distinct gaze patterns.

How can this be combined with VLMs?76 i.e., vision language models76 While frontier VLMs do well 

on aggregate Chart-QA leaderboards, they perform badly on a small, 

well-defined set of conditional pathologies.77 See this blog post.77 With a library of visual 

decoding operators that gives good coverage, multimodal LLMs can 

break questions into combinations of perceptual primitives and reason­
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ing operators that correspond to operators, thus allowing predictions 

that compose, which can then be part of a chain-of-thought reasoning 

process.

6.2.2 Attention, Salience, and the Tools to Capture 

Them

Across the visualization literature, attention and salience are fre­

quently invoked and measured, yet discussions about the constructs 

themselves are rare.78Given the amount of debate going 

on in psychology, ranging from 

papers that claim we know what 

attention is [196] and papers that 

claim that we don’t know what 

attention is [72], I think the ques­

tions of “what is attention” and 

“how is it different than salience” 

are hardly settled.

78  The two terms are routinely conflated: salience 

typically denotes bottom-up, stimulus-driven conspicuity,79

e.g., the feature contrasts in color, 

luminance, orientation, and size 

that classical saliency models pre­

dict [83]

79

 whereas 

attention to a chart is typically treated as top-down, shaped by the task, 

by learned conventions for reading axes and legends, and by expecta­

tions about where information lives. Simply borrowing a bottom-up 

saliency model to explain where a reader looks therefore risks poor con­

struct validity: it predicts what would pop out of an unfamiliar image, 

not what a person who knows they are reading a scatterplot actually 

samples.

The problem compounds because salience in practice is often defined by 

what attracts gaze and then used to explain gaze — a circularity that 

no quantity of additional data resolves. And gaze itself is only a proxy: 

eye tracking captures overt attention through fixation, but fixation and 

attention dissociate in both directions, since one can fixate without 

attending and attend covertly without fixating  [138]. A program that 

wants to treat attention or salience as part of a perceptual operator in 

the sense of Chapter 5 cannot do so until it has principled sense of what 

each is.

This makes the choice of measurement instrument more consequential 

than it first appears. The available tools are usually arranged along a sin­

gle frontier of cost against fidelity — from think-aloud and mouse-con­
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tingent proxies such as BubbleView [93], through in-browser webcam 

estimation [131], to remote consumer trackers, and finally to research-

grade systems at the precise and expensive end. It would be informative 

and interesting to characterize this tradeoff between equipment cost 

and fidelity of results.

6.2.3 Is Reading A Graph Similar to Reading a Para­

graph?

The title of Boger and Franconeri’s recent paper, “Reading a graph is 

like reading a paragraph” [8], is one I find myself returning to. I think 

this is partly because this title crystallizes a mantra that has circulated 

in the graph comprehension literature since Carpenter and Shah, and 

partly because it echoes the field’s earliest formal model: Pinker’s theory 

of graph comprehension [136], which proposed that viewers translate 

a graph’s marks into a sentence-like visual description interpreted 

through a learned graph schema.80 Pinker’s work draws heavily on 

propositional theories of visual 

representation and on schema 

theory.

80

Is reading a graph similar to reading a paragraph though? The results 

in Boger and Franconeri [8] make sense but what then would ensemble 

perception be? And is there something in between? When does serial 

processing turn into parallel processing and vice versa?

6.3 Limitations

Several limitations apply across the dissertation.

6.3.1 Scope of chart types

The models in this dissertation cover bar charts, scatterplots, PDF and 

CDF plots, lineup displays, and a set of basic visual encodings (color, 

shape, size). Many common and potentially more visually interesting 

chart types, such as heatmaps, node-link diagrams, maps, and polar 

coordinates, are unfortunately not addressed. Whether the operator 

framework extends to these chart types is plausible but remains to be 
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demonstrated. Some chart types may require operators not yet in the 

library (e.g., tracing a path through a node-link diagram, judging color 

intensity in a heatmap), while others may use the same operators in 

different configurations.

6.3.2 Ecological validity

All three chapters use controlled tasks with relatively simple stimuli. 

Real-world visualization use often involves richer contexts, including 

but not limited to multiple coordinated views, interactive exploration, 

domain expertise, time pressure, and annotation. Whether and how the 

models developed in this thesis extend to more naturalistic settings is 

an interesting open question.

6.3.3 Tasks and Subjectivity Embedded Within

This thesis rests on human-subject experiments, and measuring perfor­

mance at all requires operationalizing it through tasks, which are 

unavoidably somewhat arbitrary. Despite everything I argued above, I 

have come to see tasks as something of a necessary evil: empirical 

research cannot proceed without them. That said, tasks are subject to 

the same threat to construct validity I raised previously on attention and 

salience — we are rarely certain that the task we administer actually 

measures the construct we intend.81

Not to mention that the act of 

measuring might change what is 

being measured. Similar idea ap­

pears across disciplines, e.g., the 

Observer Effect, the Hawthorne 

Effect, Goodhart’s Law, to name a 

few.

81

 Related, it is impossible to know 

whether the way we decomposed the visualization comprehension 

process is the right one.82
This recalls the Platonic question 

of whether there is such a thing 

as a true chair — an ideal Form 

the instances only approximate. If 

we cannot know whether “true” 

operators exist in that sense, then 

perhaps the right question is not 

whether a decomposition is true 

but whether it is useful, and 

acknowledge the subjectivity em­

bedded within.

82

 Every hypothesis carries its own liabilities; the 

subjectivity in my choice of decomposition is one I am willing to accept.
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7 Conclusion

This dissertation developed computational models of visualization per­

ception across three studies. Chapter 3 introduced a formal model of 𝑦

-axis truncation that identifies task-dependent conditions under which 

truncation preserves or distorts data structure. Chapter  4 tested the 

transfer of deep-feature similarity metrics from natural images to infor­

mation visualization, finding that these computational proxies succeed 

for complex visualizations but fail for basic visual encodings. Chapter 5 

proposed visual decoding operators, composable perceptual primitives 

with quantifiable error profiles, and provided an existence proof that 

operators characterized on one set of charts and tasks compose to 

predict performance on structurally different ones.

Together, these studies demonstrate that computational models of vi­

sualization perception that generalize beyond the conditions they were fit 

in are both feasible and productive. They predict quantities that ordinal 

rankings and categorical taxonomies cannot, they expose mechanisms 

that simple accuracy measures obscure, and, in the case of visual decod­

ing operators, they generalize to contexts not used to fit them.
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Appendix

A.1 Chapter Three Related

A.1.1 brms formulae

For the two comparison tasks, the corresponding brms formula is

correct ~ 1 + (1 | pid) + (1 | rel:dist:cut), family = 

bernoulli.

For the two estimation tasks, the corresponding brms formula is

bf(diff ~ 1 + (1|pid) + (1|cut:rel:dist), hu ~ 1 + (1|pid) 

+ (1|cut:rel:dist)), family = hurdle_lognormal()

We used the following priors for all of our models:

• 𝛽̅ ∼ Normal(0, 1.5)
• 𝛽PID ∼ Normal(0, 𝜎PID)
• 𝛽cut:dist:rel ∼ Normal(0, 𝜎cut:dist:rel)
• 𝜎PID, 𝜎cut:dist:rel, 𝜎 ∼ Exponential(1.5)

A.1.2 Math calculations

For discordant data relation Δ𝐴 > Δ𝐵, Δ𝐴

𝐴1
< Δ𝐵

𝐵1
:

Proof. Suppose for contradiction that truncation 𝑡 > 0 is non-monot­

onic, i.e., 𝑡 reverses the data relation. This implies that
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Δ𝐴
𝐴1 − 𝑡 > Δ𝐵

𝐵1 − 𝑡

(Δ𝐵 − Δ𝐴)⏟
<0

𝑡 > Δ𝐵𝐴1 − Δ𝐴𝐵1⏟
>0

(given by data relation)

𝑡 < Δ𝐵𝐴1 − Δ𝐴𝐵1
Δ𝐵 − Δ𝐴⏟

<0

Since truncation can not be negative, we conclude that it is impossible 

to have a non-monotonic truncation on data relation Δ𝐴 > Δ𝐵, Δ𝐴

𝐴1
<

Δ𝐵

𝐵1
. ∎

Similarly, for discordant data relation Δ𝐴 < Δ𝐵, Δ𝐴

𝐴1
> Δ𝐵

𝐵1
:

Proof. Suppose for contradiction that truncation 𝑡 > 0 is non-monot­

onic, i.e., 𝑡 reverses the data relation. This implies that

Δ𝐴
𝐴1 − 𝑡 < Δ𝐵

𝐵1 − 𝑡

(Δ𝐵 − Δ𝐴)⏟
>0

𝑡 < Δ𝐵𝐴1 − Δ𝐴𝐵1⏟
<0

(given by data relation)

𝑡 < Δ𝐵𝐴1 − Δ𝐴𝐵1
Δ𝐵 − Δ𝐴⏟

<0

Since truncation can not be negative, we conclude that it is impossible 

to have a non-monotonic truncation on data relation Δ𝐴 < Δ𝐵, Δ𝐴

𝐴1
>

Δ𝐵

𝐵1
. ∎

A.2 Chapter Four Related

A.2.1 Neural Network Architectures and Extraction 

Points

We followed the implementation of Zhang et al. [207] when extracting 

deep features from AlexNet, SqueezeNet, and VGG16. We followed the 

implementation of Kumar et al. [103] when extracting deep features 

from ResNets and EfficientNets. See Cref{tab:extraction_points} for 
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details. Other works, such as Pihlgren et al. [135], have extracted four 

points for each network such that the chosen points represent “early, 

semi-early, middle, and late” layers in the convolutional layers. While 

Pihlgren et al.‘s approach offers a more systematic way to sample fea­

tures across network depth, we opted to align our extraction points with 

Zhang et al. [207] and Kumar et al. [103] to enable direct comparisons, 

though it’s worth noting that there is no broad consensus in the field 

regarding optimal feature extraction locations.

Table  3: Network archi­

tecture, feature extraction 

points, ImageNet top-1 accu­

racy, and model size

Network Archi­

tecture

Feature Extrac­

tion Points

Top-1 accuracy 

(%)

Model size (MB) Num of Parame­

ters

AlexNet 1st, 2nd, 3d, 4th, 

and 5th ReLU

56.522 233.1 61,100,840

VGG16 2nd, 4h, 7th, 

10th, and 13th 

ReLU

71.592 527.8 138,357,544

SqueezeNet 1st ReLU,

2nd, 4th, 5th, 

6th, 7th, and 8th 

Fire

58.178 4.7 1,235,496

ResNet18, 

ResNet50

1st Conv2d, 1st 

MaxPool2d,

2nd, 3rd, and 

4th Block Stack

69.758

76.13

44.7

97.8

11,689,512

25,557,032

EfficientNet 

B0, 

EfficientNet 

B5

1st Conv2d,

2nd, 3rd, 4th, 

and 6th MB­

Conv (mobile 

inverted bottle­

neck)

77.692

83.444

20.5

116.9

5,288,548

30,389,784
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A.2.2 Neural Network Weights

We obtained Stylized ImageNet weights from Geirhos et al. [53]. Stylized 

ImageNet is generated by AdaIn style transfer [78]83 … the code is available 

at https://github.com/rgeirhos/

Stylized-ImageNet

83. We utilize the 

Stylized ImageNet weights for AlexNet, VGG16, and ResNet50 trained 

by Geirhos et al. [53] at https://github.com/rgeirhos/texture-vs-shape/. 

For ResNet-50, Geirhos et al. [53] used the standard ResNet-50 archi­

tecture from PyTorch [132] (i.e., the torchvision.models.resnet50 

implementation). Geirhos et al. [53] used batch size of 256 and trained 

on Stylized ImageNet for 60 epochs with Stochastic Gradient Descent 

(torch.optim.SGD) using a momentum term of 0.5, weight decay 1e-4 

and a learning rate of 0.1 which was multiplied by a factor of 0.1 after 

20 and 40 epochs of training. For AlexNet and VGG16, they used model 

architectures from torchvision.models and trained the networks un­

der the identical circumstances as ResNet-50. Identical hyperparameter 

setting except for the learning rate — the learning rate for AlexNet was 

set to 0.001 and for VGG16 was 0.01 initially. Both learning rates were 

multiplied by 0.1 after 20 and 40 epochs of training (60 epochs in total).

We obtained CIFAR-10 weights [100] trained for ResNet18 and 

ResNet50 from https://github.com/huyvnphan/PyTorch_CIFAR10. We 

obtained the SimCLR weights [20] trained for ResNet18 and ResNet50 

from https://github.com/sthalles/SimCLR. We use the same feature ex­

traction points as specified in Table 3.

A.2.3 Pre-processing with Resolution 224 × 224

Similar to prior observations [103], we also found that using standard 

ImageNet resolution (224 × 224) yields slightly worse performance 

compared to a resolution of 64 × 64.
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Figure  50: Black dia­

monds represent Veras and 

Collins’ [179] results us­

ing gradient-descent-tuned 

MS-SSIM. Points are slightly 

offset for clarity. Results 

when replicating Pandey et 

al’s experiment using resolu­

tion 224 × 224 × 3.

A.2.4 Clustering of Scatterplots

Figure 51: Consensus clus­

tering of scatterplots from 

Pandey et al. [129].

Figure  52: Clustering labels 

of scatterplots from Pandey 

et al. [129] using SqueezeNet 

(LPIPS) as the backbone net­

work for the deep-feature-

based similarity metric.
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Table  4: Clustering quality 

measures obtained from 64 ×
64, highlighting the top three 

performing backbones for 

each measure.

Backbone RI ARI AMI NMI

Veras and Collins 0.90 0.20 0.35 0.51

Mean Squared Error 0.409 0.010 9.0579 0.178

AlexNet 0.8878905 0.2378972 0.4078301 0.5328779

AlexNet (Stylized ImageNet) 0.8517824 0.1814445 0.3521323 0.4876277

AlexNet (LPIPS) 0.8935190 0.2419678 0.3943937 0.5241815

VGG16 0.8688325 0.1978015 0.3345852 0.4622434

VGG16 (Stylized ImageNet) 0.8759751 0.2099710 0.3494193 0.4757726

VGG16 (LPIPS) 0.8363122 0.1822110 0.3643023 0.4839279

SqueezeNet 0.8917086 0.2286150 0.3841792 0.5179834

SqueezeNet (LPIPS) 0.8939479 0.2433410 0.4053757 0.5353521

EfficientNet B0 0.8833152 0.2424203 0.4153032 0.5400465

EfficientNet B5 0.8613278 0.1856533 0.3402646 0.4677815

ResNet 18 0.8375959 0.1617837 0.3518211 0.4793912

ResNet 50 0.8516507 0.1918074 0.3637146 0.4807449

ResNet 50 (Stylized ImageNet) 0.8531648 0.2176265 0.3707914 0.4893624

A.3 Chapter Six Related

A.3.1 Full Hierarchical Model Specifications

We follow the hierarchical notation system of Gelman and Hill  [54] 

and denote participants’ selection on the X-Axis and Y-Axis with 𝑥,̂ 𝑦 ̂

respectively and the true answer with 𝑥, 𝑦. Unless otherwise specified, 

standard deviation parameters (𝜎) follow 𝒩︀+(0, 1) and other parame­

ters follow 𝒩︀(0, 1) as (hyper-)prior distributions. The full model 

specifications are in the quarto and html files in supplemental materials 

hosted at https://osf.io/prtfq/.
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A.3.2 Screenshot of Experiment Interface

Figure  53: An example of 

the experiment interface. 

The generalized skewed-

𝑡 distribution is parame­

terized with 𝜇 = −1.1, 𝜎 =
0.7, 𝜆 = −0.1, 𝑝 = 4.6, 𝑞 = 31.7.

A.3.3 Skewed Generalized T Distribution

The skewed generalized 𝑡 distribution (SGT), introduced by Theodos­

siou  [171], is a univariate, unimodal distribution. We chose it as our 

data-generating distribution for its flexibility, minimal distributional 

parameters, and capacity to model a wider range of data characteristics 

than Gaussian, Laplace, and many other common distributions. Specif­

ically, the SGT allows independent control over skewness (asymmetry), 

kurtosis (tail heaviness), and scale, enabling us to generate distribu­

tions that range from highly symmetric to strongly skewed, and from 

light-tailed (platykurtic) to heavy-tailed (leptokurtic). This flexibility 

is crucial for testing human perception across diverse distributional 

shapes that participants might encounter in real-world data visualiza­

tion contexts.

The SGT probability density function is defined as
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𝑓SGT(𝑥;𝜇,𝜎,𝜆,𝑝,𝑞) =

𝑝

2𝜈𝜎𝑞
1
𝑝 𝐵( 1

𝑝
, 𝑞)[1 + |𝑥−𝜇|𝑝

𝑞(𝜈𝜎)𝑝(1+𝜆⋅ sign(𝑥−𝜇))𝑝 ]
𝑞+ 1

𝑝

where 𝜇 is mode, 𝜎 is scale, 𝜆 is skewness, and 𝑝 and 𝑞 are kurtosis 

parameters. 𝐵(⋅, ⋅) is the beta function and 𝜈 is a variance adjustment 

parameter, defined as

𝜈 =

(





𝑞
− 1

𝑝

[





(3𝜆2 + 1)
𝐵( 3

𝑝
, 𝑞 − 2

𝑝
)

𝐵( 1

𝑝
, 𝑞)

− 4𝜆2

(


𝐵( 2

𝑝
, 𝑞 − 1

𝑝
)

𝐵( 1

𝑝
, 𝑞)

)




2

]





)





−1
2

To ensure sufficient variation in the visualized data range of 

𝑥 ∈ [−5, 5], 𝑦 ∈ [0, 1], we sampled the values for the parameters 

as 𝜇 ∼ Uniform[−2, 2], 𝜎 ∼ Uniform[0.5, 2.5], 𝜆 ∼ 𝒩︀(0, 0.33), 𝑝 ∼

Uniform[2, 4] and 𝑞 ∼ Uniform[1, 50].

A.3.4 Additional Posterior Check Related Plots

A.3.4.1 Checks for Experiment 1

Following best practices, we plot and examine the posterior predictive 

check plots and the Probability Integral Transform-Empirical Cumula­

tive Distribution Function (PIT-ECDF) calibration plots. Throughout 

our results, posterior predictive draws recover the shape of the partic­

ipants’ responses. For details on how to interpret posterior predictive 

plots, refer to Gabry et al [50].
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A.3.4.1.1 Remaining Two Projection Operators

Figure  54: Plots for Proj­

ToAxisX and ProjToAxisY : 

(a), (c) Posterior predictive 

checks with 100 draws for 𝑥-

Axis and 𝑦-Axis respectively. 

(b), (d) PIT-ECDF calibration 

plot for 𝑥-Axis and 𝑦-Axis re­

spectively.
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A.3.4.1.2 Highest Point Y Operator

Figure  55: Plots for High­

estPointY : (a) Posterior 

predictive check with 100 

draws, (b) PIT-ECDF calibra­

tion.
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A.3.4.1.3 Gaussian model for HighestPointX

The mathematical model for modeling the signed error for the highest 

point task (§ 5.4.2.2) on the 𝑥-axis is as follows:

error𝑖 ∼ 𝒩︀(𝜇PID[𝑖], 𝜎2
PID[𝑖])

𝜇𝑗 ∼ 𝒩︀(𝜇, 𝜎2), 𝑗 ∈ [16]

𝜎𝑗 ∼ 𝒩︀(𝛼, 𝛽2), 𝑗 ∈ [16]

𝜇, 𝛼 ∼ 𝒩︀(0, 1)

𝜎, 𝛽 ∼ 𝒩︀+(0, 1)
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Note that the Gaussian model does not quite capture the response 

distribution, but the good PIC-ECDF performance tells us that it’s still 

a relatively good fit, and thus it works for the BisectArea operator in 

Section 5.4.2.4.

Figure 56: Plots for Highest­

PointX task for error on the 

𝑥-Axis, except here we are 

using a Normal distribution 

instead of a Laplace distrib­

ution to model: (a) PIT-ECDF 

calibration chart, (b) Poste­

rior predictive check with 

100 draws
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A.3.4.1.4 Max Slope Operator

Figure  57: Plots for MaxS­

lope : (a) Posterior pre­

dictive check with 100 

draws, (b) PIT-ECDF calibra­

tion plot.
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A.3.4.1.5 Bisect Area Operator

Figure  58: Plots for Bi­

sectArea . (a) Posterior 

predictive checks with 100 

draws, where the plot is 

faceted to have three parts, 

where the label indicates 

whether the sign of 𝜆, 

the skewness parameter, is 

negative, positive, or zero, 

and (b) PIT-ECDF calibra­

tion chart, where the plot is 

faceted to have three parts, 

where the label indicates 

whether the sign of 𝜆, the 

skewness parameter, is neg­

ative, positive, or zero. (a) 

and (b) demonstrate good 

fits
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A.3.5 Checks for Experiment 2

A.3.5.1 Part 1 – Project to Axis Y

Figure  59: Plots for Pro­

jToAxisY for Experiment 

2. (a) Posterior predictive 

checks with 100 draws for 

the 𝑦-Axis. (b) PIT-ECDF cal­

ibration plot for 𝑦-Axis.
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A.3.5.2 Part 2 – Project-Once

Note that the following are all plots generated using bayesplot [49].
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Figure 60: Predictions com­

posed under project-once 

strategy for (a) mean, (b) 

median, and (c) weighted.
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A.3.5.3 Part 2 – Project-Twice

Note that the following are all plots generated using bayesplot [49].
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Figure 61: Predictions com­

posed under project-twice 

strategy for (a) mean, (b) 

median, and (c) weighted.
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