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Abstract 

  
The advent of large foundation models like ChatGPT and the concept of artificial general 
intelligence have shifted the machine learning paradigm from “one model per task” to “one large 
model, many tasks.” On one hand, the prevalent LLM-based foundation models excel at many 
tasks that can be described by natural language, programming language, and mathematical 
language. On the other hand, they still struggle with tasks of other modalities, such as DNA data 
and continuous time-series data. This limitation has led researchers to pursue specialized 
foundation models for other data domains by transferring the techniques from LLM-based 
foundation models. This thesis is to look at the concept of foundation models with a focus on the 
track with less attention from the research community, which is about time series foundation 
models and their applications to scientific discoveries. Initial attempts of time series foundation 
models (TSFMs) have demonstrated superior efficacy across various benchmark datasets, 
outperforming traditional one-model-per-task approaches in forecasting tasks. While these models 
are pre-trained on hundreds of gigabytes of multi-domain time series data and achieve good 
performance on benchmarks, there still exist limitations and challenges to developing a better 
TSFM with more comprehensive abilities. Besides, their potential contribution to scientific 
discoveries remains largely unexplored. Particularly, questions persist regarding their ability to 



handle irregularly sampled scientific time series and their effectiveness in domain-specific 
downstream tasks such as variable star classification in astrophysics. 
        This thesis looks at the realm of time series foundation models from three perspectives. i) 
Starting from the oracle of foundation models, LLM-based foundation models, I study the adaptive 
batch size technique to improve the pre-training efficiency for large models. ii) I study better 
methodologies for each step in the time series foundation models' pipeline that contribute to 
developing a better time series foundation model. iii) I study time series foundation models' 
applications to accelerate scientific discoveries in astrophysics. 
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ABSTRACT

Time Series Foundation Models and Their Applications to Scientific Discoveries

Weijian Li

The advent of large foundation models like ChatGPT and the concept of artificial general

intelligence have shifted the machine learning paradigm from “one model per task” to “one large

model, many tasks.” On one hand, the prevalent LLM-based foundation models excel at many tasks

that can be described by natural language, programming language, and mathematical language.

On the other hand, they still struggle with tasks of other modalities, such as DNA data and

continuous time-series data. This limitation has led researchers to pursue specialized foundation

models for other data domains by transferring the techniques from LLM-based foundation models.

This thesis is to look at the concept of foundation models with a focus on the track with less

attention from the research community, which is about time series foundation models and their

applications to scientific discoveries. Initial attempts of time series foundation models (TSFMs)

have demonstrated superior efficacy across various benchmark datasets, outperforming traditional

one-model-per-task approaches in forecasting tasks. While these models are pre-trained on hundreds

of gigabytes of multi-domain time series data and achieve good performance on benchmarks, there

still exist limitations and challenges to developing a better TSFM with more comprehensive abilities.

Besides, their potential contribution to scientific discoveries remains largely unexplored. Particularly,

questions persist regarding their ability to handle irregularly sampled scientific time series and their

effectiveness in domain-specific downstream tasks such as variable star classification in astrophysics.
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This thesis looks at the realm of time series foundation models from three perspectives. i) Starting

from the oracle of foundation models, LLM-based foundation models, I study the adaptive batch size

technique to improve the pre-training efficiency for large models. ii) I study better methodologies

for each step in the time series foundation models’ pipeline that contribute to developing a better

time series foundation model. iii) I study time series foundation models’ applications to accelerate

scientific discoveries in astrophysics.
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each stacked block has optional external memory plugin functionalities for enhanced

predictions (section 3.3.4.3). These representations from all resolutions are then
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3.11 STanHop Block. (Left) Tandem Hopfield-Layer Blocks: TimeGSH and SeriesGSH.

Notably, in the GSHPooling block of SeriesGSH, the learnable query R⋆ is

initialized randomly and employed to store learned prototype patterns from temporal

representations extracted during training. (Right) Plug-and-Play and Tune-and-Play

Memory Plugins. 103

3.12 Visualization of Memory Plugin Scenarios Case 3 & 4. From Left to Right: MAE

against different noise levels with (1) ETTh1 + prediction horizon 336; (2) ETTh1

+ prediction horizon 168; (3) ETTm1 + prediction horizon 288; and (4) ETTm1 +

prediction horizon 96. The results show the robustness of PlugMemory against different
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mixing in CVML’s effectiveness. 123
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3.19 Workflow of the Hopformer framework. 129
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CHAPTER 1

Introduction

1.1. Overview

The emergence of ChatGPT (OpenAI, 2022; Achiam et al., 2023; Floridi and Chiriatti, 2020)

and other comparable models such as Claude fundamentally transformed the machine learning

landscape, introducing the concept of large foundation models and artificial general intelligence

(AGI). These models, built upon large language model architecture, support inputs and outputs

in the form of natural language, programming language, and mathematics language. Pre-trained

through next-token prediction on massive datasets encompassing natural language, programming

code, and mathematical formulae, these models can solve a diverse array of tasks expressed in the

supported languages, from writing essays and research reports to generating computer programs and

constructing mathematical proofs. This demonstration of emergent capabilities and signs of general

intelligence earned them the designation ”foundation models” (Bommasani et al., 2021). These

LLM-based foundation models represent a paradigm shift from the traditional one-model-one-task

approach to a revolutionary one-large-model-all-tasks framework.

On one hand, researchers keep working on the field of LLM-based foundation models from

the aspects pre-training and fine-tuning efficiency, benchmark performance, inference efficiency,

etc. On the other hand, despite their versatility, LLM-based foundation models exhibit limitations

when processing data types of other modalities such as DNA/RNA sequences and time series. This

has prompted researchers across scientific domains to develop specialized foundation models. In

biology, for example, researchers have created DNA foundation models (Ji et al., 2021; Zhou et al.,

2023, 2024) that learn underlying biological patterns from vast DNA datasets across species to

support various downstream genomic tasks.
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Time series prediction represents another extensively studied field with universal applications

across domains including meteorology, finance, public administration, business, and numerous

scientific disciplines. We define time series data as any real-valued data collected in temporal

sequence. However, LLM-based foundation models struggle with effectively modeling real-valued

time series (Tan et al., 2024) due to their tokenization mechanisms and the absence of time series

data in their training datasets.

Drawing inspiration from the foundation model concept, researchers have begun developing

specialized time series foundation models (Liu et al., 2024a; Woo et al., 2024b; Ansari et al., 2024a).

The rationale behind these specialized models is threefold: (1) although time series from different

domains are generated by distinct underlying processes, they share universal modeling characteristics

such as trend patterns and various seasonality types; (2) many domains face significant data

scarcity issues, for instance, a newly established retail location lacks historical data for immediate

customer traffic prediction, making zero-shot prediction capabilities invaluable; and (3) pre-training

on extensive, multi-domain time series data exposes models to rare patterns, enhancing their

representational learning capabilities.

Recent advancements have produced several notable time series foundation models. Chronos

begins with the T5 (Raffel et al., 2020) encoder-decoder language model architecture and is

pre-trained from scratch on substantial volumes of synthetic and real-world time series data. It

conceptualizes time series as a specialized language by quantizing real values at each time step

into a fixed-size dictionary during tokenization. MOIRAI employs an encoder-only transformer

architecture with a multi-frequency patch encoding tokenization method, mapping non-overlapping

segments of input time series to fixed-length embeddings. Additionally, MOIRAI directly models

multivariate time series through self-attention within each variable and cross-attention across

variables. Pretrained on approximately 350GB of real-world time series data from diverse domains,

both Chronos and MOIRAI demonstrate state-of-the-art zero-shot forecasting performance on
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previously unseen benchmark datasets, significantly outperforming task-specific models trained

specifically on those datasets.

However, there are limitations regarding the current attempts of time series foundation models.

The limitations are two-fold: i) For better TSFMs: The optimal pipeline for developing and

pre-training time series foundation models is still under-explored. Existing works are still centering

around the previous ”one-model-one-task” paradigm. Besides, existing time series foundation

models have limited abilities such as they lack the support to heterogeneous covariates. Our study

address this limitation by developing TSFM technologies from various aspects. ii) For applications

of TSFMs: Existing time series foundation models have yet to demonstrate transferability to

scientific domains. Our study addresses this critical gap by exploring their potential in astrophysics,

specifically analyzing the brightness observations (light curves) of celestial objects using Zwicky

Transient Facility (ZTF) (Masci et al., 2018) data. This dataset presents unique challenges: (1)

light curves are irregularly sampled with significant gaps due to observation constraints, including

a recurring six-month gap resulting from earth-sun positioning; (2) the extreme scale and growth

rate of astrophysical data make traditional machine learning approaches impractical due to high

computational costs, limited model capacity, and vulnerability to distribution shifts.

For the rest of the thesis, I talk about my work in improving the pre-training efficiency for

LLM-based foundation models in Chapter 2. Chapter 3 is about my work in studying different

aspects pipeline-wised and model-wised that contribute to better time series foundation models.

Chapter 4 is my work in studying the applications of time series foundation models to accelerate

scientific discoveries in astrophysics.

1.2. Preliminaries

LLM-based foundation models. In summary, their success hinges on three ingredients: self-

supervision training, scale, and efficient distributed training. self-supervision training: A modern

Large Language Model (LLM) couples the transformer architecture (Vaswani et al., 2017) with
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self-supervised next-token prediction. Concretely, a text sequence x1:T = (x1, . . . , xT ), consisting

of tokens, xi, is mapped to a stream of contextual embeddings via stacked multi-head self-attention

and feed-forward layers. The model is trained to maximize
∑T

t=1 log pθ(xt | x<t) (autoregressive)

or, in the masked-language variant, to predict randomly masked tokens. scale: Scaling laws

show that lowering the cross-entropy loss, and hence improving downstream performance, requires

increasing simultaneously (i) parameter count N , (ii) training tokens D, and (iii) compute C roughly

as C ∝ N1.3 and D ∝ N (Kaplan et al., 2020; Hoffmann et al., 2022). State-of-the-art LLMs

are pre-trained on hundreds of billions to trillions of tokens drawn from filtered Common Crawl

(Common Crawl, 2024) snapshots, Wikipedia, books corpora, news, forum data, GitHub code,

patents, and mathematical proofs. For instance, GPT-3 (175 B) used ≈ 300 B tokens; PaLM-2

and Gemini report O(1012) tokens; LLaMA-2 (70 B) trains on 2 T tokens with a 90/5/5 split

of web, code, and “refined” data (Touvron et al., 2023a). Data curation pipelines aggressively

deduplicate, remove low-quality text, and apply heuristic safe-guard filters. Training costs scale

super-linearly with size: GPT-3 consumed∼ 3× 1023 floating-point operations (FLOPs) or∼ 3,640

A100-GPU-days; LLaMA-2-70B requires ∼ 5 × 1023 FLOPs; state-of-the-art frontier models

surpass 1024 FLOPs, often realized on clusters of 2048–6144 NVIDIA A100/H100 or TPU v4 chips

interconnected by high-bandwidth networks. Energy budgets exceed 107 kWh, motivating research

on efficient training schedules, quantization, and sparsity. Because a single accelerator cannot

host billion-parameter models or the massive activation footprint of sequence lengths L ≥ 2, 048,

practitioners combine data parallelism (sharding data, replicating weight matrices across devices),

tensor/model parallelism (sharding weight matrices), and pipeline parallelism. efficient distributed

training: This is non-trivial: memory and time constraints force practitioners to combine data,

tensor, and pipeline parallelism while choosing batch sizes that maximize hardware utilization

without degrading statistical efficiency. Choosing the global batch size is delicate: very large

batches boost hardware utilization but reduce gradient noise, sometimes harming generalization.

Our adaptive batch-size schedule (chapter 2) formalises this trade-off by monitoring optimisation
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signals and resizing the batch on-the-fly, yielding faster convergence and provable non-convex

guarantees in fully-sharded data-parallel (FSDP) training.

Time-series prediction & time-series foundation models. Time-series (TS) data consist of

real-valued observations indexed by time and permeate climate science, finance, healthcare, and

astronomy. Classical forecasting pipelines train one specialized model per dataset, an approach

that struggles when labelled data are scarce or new patterns emerge. Inspired by LLMs, recent

time-series foundation models (TSFMs) such as Chronos (Ansari et al., 2024a) and MOIRAI (Liu

et al., 2024a) pre-train Transformers on hundreds of gigabytes of heterogeneous time series and

achieve state-of-the-art zero-shot and few-shot performance on specialized benchmark datasets.

Astrophysics: light curves and variable-star classification. Time-domain astrophysics studies

celestial objects whose brightness varies on timescales from minutes to decades. The Zwicky

Transient Facility (ZTF) operates a 47 deg2 camera at Palomar Observatory, California, surveying

the Northern sky in g, r, and i bands with cadences ranging from ∼3 nights (public survey) to

≲1h (high-cadence programs) (Bellm et al., 2018; Bellm, 2014; Graham et al., 2019; Masci et al.,

2018). Each night ZTF produces ∼1TB of raw images that are processed into light curves: irregular

time series {(ti, mi, σi)} of observation times, brightness (magnitudes), and uncertainties for every

detected source.

A key scientific population in these data are variable stars, whose luminosity changes due to

intrinsic stellar processes (e.g. pulsation) or extrinsic effects (eclipsing binaries). A large subset are

periodic variables such as RR Lyrae, Cepheids, δ Scuti, eclipsing binaries whose periods encode

stellar mass, radius, and evolution stage and serve as “standard candles” in cosmology. Reliable

classification of variables therefore underpins distance-ladder calibration, Galactic structure mapping,

and time-critical follow-up of rare transients. Traditionally, astronomers extract hand-crafted features

(periodograms, amplitude ratios, color indices) and train task-specific classifiers on survey-dependent

data. The explosive scale and heterogeneity of modern surveys now motivate foundation-model

approaches: pre-train on millions of unlabeled light curves, then transfer compact embeddings
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to downstream tasks such as variable-star taxonomy, distance estimation, or anomaly detection.

Chapter 4 operationalizes this agenda by introducing StarEmbed, a ZTF-based benchmark study that

proposes and evaluate a pipeline to utilize general-purpose time-series foundation models to achieve

state-of-the-art zero-shot periodic variable star classification performance, which demonstrates the

enormous potentials of adopting the foundation-model paradigm in this field to accelerate scientific

discoveries.

Pre-training, fine-tuning, few-shot learning and zero-shot inference. Both LLM and time-

series foundation-model pipelines follow a two-stage protocol. In the pre-training stage a model

θpre is trained in a self-supervised fashion on vast unlabeled corpora by next-token prediction for

text, masked-value or segment prediction for time series so that it learns general representations

of linguistic or temporal structure. Fine-tuning then adapts θpre to a specific downstream task T

by minimising the training loss on a much smaller, labeled or unlabeled dataset DT , producing θft.

Few-shot learning means the model is able to learn the task by a limited amount of labeled data. In

the era of LLMs and foundation models, few-shot learning could include (fine-tuning) or not include

(in-context learning) the updates of the model weights since the model also supports learning from

some examples in the prompt during inference without updating any model weights. Zero-shot

inference means that foundation models perform T without any weights updates and examples in

the prompt. In time-series foundation models, zero-shot inference appears as immediate forecasting

or classification on an unseen dataset without any model weights updates.
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CHAPTER 2

Improving Pre-Training Efficiency for Large Foundation Models

LLM-based (Large Language Model) foundation models derive their power from scale: billions

of parameters, trillions of training tokens, and petaflop-days of compute. Yet realizing this scale in

practice hinges on non-trivial optimization engineering. Foremost is the batch-size dilemma, larger

batches increase memory utilization but empirically harms generalization performance, whereas

smaller batches do the opposite. Besides, in consideration of the enormous data scale in the time

series domain and inspired by the scaling law (Kaplan et al., 2020), TSFMs of a much larger size

in the future are foreseeable. It is important to study methodologies to achieve good pre-training

efficiency. This chapter tackles this problem through our work (Lau et al., 2024a) on existing LLMs,

Adaptive Batch Size Schedules for Distributed Training of Language Models. We formalize batch

size as a dynamic control variable, develop a noise–efficiency principle for adjusting it on-the-fly,

and embed the algorithm in PyTorch Fully-Sharded Data Parallel so that data, tensor, and pipeline

parallelism co-exist seamlessly. Extensive experiments on models up to three billion parameters in

the LLaMA-2 family show consistent loss–compute gains over fixed or warm-up schedules, while

our non-convex convergence analysis provides the first theoretical guarantee for adaptive batching

with Adam.

2.1. Adaptive Batch Size Schedules for Distributed Training of Language Models with Data

and Model Parallelism

2.1.1. Introduction

Large-batch training (i.e., using large batch sizes) is arguably the current de facto training paradigm

for large language models, driven by recent advances and the availability of computational hardware



40

for deep learning. For instance, the open-weight model, Llama 3 405B (Llama Team, AI @ Meta,

2024), utilizes a batch size of 1024 sequences of length 4096, resulting in 4M tokens per batch.

Despite the efficient utilization of available hardware through parallelization, a major drawback of

large-batch training is the issue of “generalization gap” (see e.g., (LeCun et al., 2002))—where model

generalization performance deteriorates compared to small-batch training without heavy tuning of

other hyperparameters. See Figure 2.1 for a graphical illustration of the existence of generalization

gaps with different batch sizes when training a vanilla transformer with 61M parameters. Keskar

et al. (2017) argued that small-batch methods tend to converge to flat minima, leading to better

generalization. To close this generalization gap, several works (Hoffer et al., 2017; Smith et al.,

2018; Smith and Le, 2018) have proposed using large learning rates to offset the effect of large

batch sizes, recovering the generalization performance of using small batches. However, the training

of language (and vision) models based on the attention mechanism (Vaswani et al., 2017) and the

transformer architecture is notoriously unstable. Reducing training instability, including unwanted

loss spikes (see e.g., (Zhai et al., 2023; Wortsman et al., 2024)), demands significant tuning and

cautious hyperparameter selections, like using a small learning rate.
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Figure 2.1. Generalization gap in trans-
former pretraining.

Beyond using a large learning rate to balance the

intrinsic trade-off between training efficiency and gen-

eralization performance of large-batch training, Keskar

et al. (2017) also suggested the use of adaptive sampling

methods (Byrd et al., 2012; Friedlander and Schmidt,

2012). These methods are essentially adaptive batch

size schemes that progressively improve the accuracy of

the batch gradient approximation by gradually increas-

ing batch sizes throughout the model training process. This concept has been explored by De et al.

(2016, 2017) and Lau et al. (2024c), but their implementations are limited to the single-device

setting, where all data samples are implicitly assumed to reside on the same device. This limitation
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makes them unfit for data-parallel distributed training wherein data is spread across various workers

in a parallel system, potentially encompassing several network-connected nodes, thereby preventing

the scaling necessary to train large models. Beyond the single-device setting, Lau et al. (2024b)

have also extended such adaptive batch size schemes to local gradient methods for local batch sizes,

where model synchronization is performed every several gradient steps rather than every step.

Data parallelism (Krizhevsky et al., 2012), such as DistributedDataParallel (DDP) in

PyTorch (Li et al., 2020b) and counterparts in TensorFlow (Abadi et al., 2015) and JAX (Bradbury

et al., 2018; Frostig et al., 2018), is arguably the most popular paradigm for distributed training in

deep learning. In data parallelism (alone), each worker holds a local copy of the model parameters

(as well as gradient and optimizer states). The global input batch is divided into multiple minibatches

for each training step, so each worker performs forward and backward computations with a different

minibatch. After each training step, all GPUs perform an all-reduce collective communication to

synchronize gradients, followed by a global model parameter update. This ensures that all local

copies of the model remain identical after the parameter update steps. Adaptive batch size schemes

can be developed based on the approaches in (Byrd et al., 2012; Friedlander and Schmidt, 2012;

Bollapragada et al., 2018) for data-parallel settings, providing practical adaptive batch size schedules

in PyTorch DDP for training large-scale deep neural networks, which require data parallelism.

While these practical schemes open up the possibility of distributed training of larger models

with GPUs of lower memory, they are constrained by the inherent design of DDP—the need to

maintain a model replica at each worker. State-of-the-art large language models (LLMs) now consist

of billions or even hundreds of billions of parameters (e.g., Llama 3 405B (Llama Team, AI @

Meta, 2024)). Distributed training with only data parallelism thus unfortunately fails, as the memory

required to store such models well exceeds the available memory of a single GPU. Even worse,

access to expensive workstation-level GPUs with more memory is often limited to industrial labs,

whereas academic researchers and end-users often have to resort to less powerful consumer-level

GPUs or workstation-level GPUs with less memory.
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To alleviate this limitation inherent to data parallelism, more memory-efficient paradigms of

parallelism, such as model parallelism (Shoeybi et al., 2019), have been proposed. In model

parallelism, model parameters are sharded into various components and distributed to different

workers. In particular, PyTorch Fully Sharded Data Parallel (FSDP) (Zhao et al., 2023) is an

implementation of model parallelism in PyTorch (Paszke et al., 2019), marking the first native

feature in PyTorch that can support models with up to trillions of parameters without relying on

more sophisticated third-party libraries for model parallelism such as DeepSpeed (Rasley et al.,

2020), Megatron-LM (Shoeybi et al., 2019; Narayanan et al., 2021; Korthikanti et al., 2023), and

their combinations (Smith et al., 2022), which could be overwhelming to get started with and too

technical to modify for users’ specific needs. Moreover, PyTorch FSDP has been widely adopted

in the pretraining of various open-source language models such as OPT (Zhang et al., 2022a),

TinyLlama (Zhang et al., 2024a), OLMo (Groeneveld et al., 2024; Team OLMo et al., 2025), and

DRBX (The Mosaic Research Team, 2024).

However, even with data parallelism and model parallelism, LLM pretraining involving models

with up to hundreds of billions of parameters and trillions of tokens (e.g., Llama 3 405B (Llama Team,

AI @ Meta, 2024)), still incurs extensive costs (more than millions of US dollars per model) and

imposes a significant carbon footprint. Consequently, there is a pressing need for developing proper

and well-crafted training strategies. In this work, we focus on choosing dynamic batch size schedules,

which deserve more attention than they have, since, unlike other optimizer hyperparameters, batch

sizes also control training efficiency via memory utilization of GPUs, in addition to affecting model

generalization performance and training stability. The current practice of choosing batch sizes in

LLM pretraining, however, remains heuristic, in the sense that it usually involves either constant

large batch sizes or prespecified heuristic warmup schedules which could be very hard to design.

Contributions. In this work, we propose theoretically principled adaptive batch size schedules

based on the adaptive sampling method (Byrd et al., 2012) for pretraining large language models,

which are also generally applicable to training other deep neural networks. On the theoretical front,
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we establish a convergence guarantee for the proposed adaptive batch size schedules for Adam,

the de facto optimizer for pretraining language models. Various recent works have shown, both

empirically and theoretically, that Adam outperforms SGD in training attention-based language

models (Pan and Li, 2023; Kunstner et al., 2023, 2024; Zhang et al., 2024b). Our convergence

guarantee complements the existing results of adaptive batch size schedules for SGD (De et al.,

2016, 2017) and AdaGrad (Lau et al., 2024c). From a practical perspective, we develop a solution

of adaptive batch size schedules based on PyTorch FSDP, which are tailor-made for pretraining

LLMs with more than billions of parameters.

2.1.2. Related Work

Large-batch training of language models. Large-batch training has proven to be very successful

for different deep learning applications including computer vision (Goyal et al., 2017; Akiba et al.,

2017) and natural language processing (You et al., 2020; Liu et al., 2019; Puri et al., 2018). From

an empirical perspective, many open-source or open-weights models, such as OPT (Zhang et al.,

2022a), BLOOM (BigScience Workshop et al., 2022), Mistral 7B (Jiang et al., 2023), Baichuan 2

(Yang et al., 2023), Qwen (Bai et al., 2023; Yang et al., 2024), OLMo (Groeneveld et al., 2024; Team

OLMo et al., 2025), Gemma (Gemma Team, 2024; Gemma Team et al., 2024), Llama (Touvron et al.,

2023b; Llama Team, AI @ Meta, 2024) and DeepSeek (DeepSeek-AI et al., 2024a,b), revealed that

they were pretrained with large numbers of GPUs or TPUs (i.e., data-parallel sizes), hence naturally

making use of large-batch training. While using large batch sizes is now standard, the rationale for

choosing the magnitude of such large batch sizes is mostly based on hardware availability. Only

recently in the training of Stable LM 2 1.6B, Bellagente et al. (2024) clarified the selection of global

batch sizes, aiming to strike an optimal balance between minimizing training time and the extra

training tokens needed to reach the desired final training loss. Shallue et al. (2019) study the effects

of data parallelism by performing ablation studies on different batch sizes by training different

models on different datasets using different optimizers, finding no evidence that large batch sizes
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degrade generalization performance with careful hyperparameter search. From a more theoretical

perspective, McCandlish et al. (2018) develop a model for understanding the critical batch size

that determines the tradeoff between speed and efficiency of large-batch training. Kaplan et al.

(2020) further study the scaling law of the critical batch size as a power of the training loss only for

language models. However, in most of these works, benchmarking was performed with different

magnitudes of constant batch sizes, with the notable exception of McCandlish et al. (2018) which

provided a case study of dynamically varying the batch size with an adaptive batch size schedule,

but only using a simple model (CNN) and dataset (SVHN). The effect of adaptive batch sizes for

pretraining language models, to the best of our knowledge, remains elusive to the community.

Batch size schedules. Adaptive sampling methods (Byrd et al., 2012; Friedlander and Schmidt,

2012; Bollapragada et al., 2018), which adjust batch sizes based on gradient noise or gradient

approximation quality, are further explored in deep learning (De et al., 2016, 2017; Lau et al.,

2024c; Ostroukhov et al., 2024) but have not been applied to data parallelism with distributed

samplers. The development of adaptive batch size schedules for deep learning is not a novel concept,

featuring methodologies such as Big Batch SGD (De et al., 2016, 2017), CABS (Balles et al., 2017),

AdaBatch (Devarakonda et al., 2017), SimiGrad (Qin et al., 2021) and AdaScale SGD (Johnson et al.,

2020). Our work is also closely related to and motivated by the heuristic technique of batch size

warmup/batch ramp, which has been widely adopted in pretraining LLMs and even in reinforcement

learning (Hilton et al., 2023). Batch size warmup usually involves prespecified schedules of multiple

batch size stages starting from training with multiple increasing smaller batch sizes for small portions

of the total training tokens, followed by training with the remaining tokens using a large batch size.

For instance, GPT-3 (Brown et al., 2020) was pretrained by gradually increasing the batch size

linearly from a small value (32k tokens) to the full value (3.2M tokens) over the first 4–12 billion

tokens of training. Nemotron-4 (Parmar et al., 2024) was pretrained with a batch size schedule of

batch sizes 384–768–1152 sequences for 2.5%–2.5%–95% of the total number of training tokens.

Llama 3 405B (Llama Team, AI @ Meta, 2024) was trained using the following batch size schedule:
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an initial batch size of 4M tokens with a sequence length 4096 tokens for 252M tokens; a batch

size of 8M tokens with a sequence length of 8192 tokens for 2.87T tokens; a batch size of 16M

tokens for the remainder of a total of about 15T training tokens. Such a batch size recipe is found

to be able to stabilize training—few loss spikes were observed and it did not require interventions

to correct for model training divergence. Despite potentially improving training efficiency or data

parallelism, batch size warmup schedules remain heuristic and their impact on training is difficult to

grasp. Another related yet seemingly orthogonal technique is sequence length warmup (Li et al.,

2022; Jin et al., 2023), which progressively grows the sequence length throughout the pretraining

process. Note that the pretraining of Llama 3 405B employs both batch size warmup and sequence

length warmup.

2.1.3. Adaptive Batch Size Schedules with 2D Parallelism

We present the adaptive batch size schedules for data and model parallelism (termed 2D parallelism),

facilitating the scaling of pretraining for models with billions of parameters.

Notation. We define JnK := {1, . . . , n} for n ∈ N∗ := N \ {0}. We denote the inner product in

Rd by ⟨·, ·⟩ and its induced L2-norm by ∥ · ∥, and ∥·∥1 stands for the L1-norm. For a vector x ∈ Rd,

[x]j denotes its jth coordinate (j ∈ JdK). For a function f : Rd → R ∪ {±∞}, ∂jf denotes its

partial derivative with respect to its jth coordinate for j ∈ JdK. The ceiling function is denoted by

⌈·⌉. The disjoint union of sets S1, . . . ,SJ is denoted by
⊔

j∈{ J } Sj .

2.1.3.1. Vanilla Adaptive Batch Size Schedules. We consider the empirical risk minimization

problem in which we want to minimize the loss function L : Rd → R ∪ {±∞} in the form of a

finite-sum objective:

(2.1.1) minimize
w∈Rd

L(w) := 1
n

n∑
i=1

ℓ(w; zi),

where ℓ : Rd ×Z → R ∪ {±∞} is the individual loss function, and Dn := {zi}n
i=1 is the set of n

training samples. If ℓ(·; z) is continuously differentiable for any z ∈ Z , then the gradient of the loss
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function and its batch counterpart (i.e., the batch gradient) are given by

∇L(w) := 1
n

n∑
i=1
∇ℓ(w; zi) and ∇LB(w) := 1

b

∑
i∈B
∇ℓ(w; zi),

where the batch B ⊆ JnK is a subset of indices of data points sampled uniformly without replacement,

and b := |B| is the corresponding batch size. We write ℓi(w) := ℓ(w; zi) and ∇ℓi(w) := ∇ℓ(w; zi).

The batch gradient∇LB is used to approximate the full gradient∇L as the number of samples n is

prohibitively large.

Norm test. Falling into the family of adaptive sampling methods, the norm test (Byrd et al., 2012)

is motivated by measuring the quality of the approximation of the full gradient ∇L by the batch

gradient∇LB through the lens of approximation of a descent direction for the loss L. If ℓ(·; z) is also

convex, then −∇LB is a descent direction for L at w ∈ Rd if and only if ⟨LB(w),L(w)⟩ ⩾ 0, that is,

LB and L share the same direction at w. It can be shown that the above inner product condition

is equivalent to the norm condition: ∥∇LB(w)−∇L(w)∥ ⩽ η∥∇L(w)∥ for any η ∈ [0, 1). This

condition cannot be checked directly, since the number of samples n is in billions for LLMs and the

full gradient ∇L is unavailable. Instead, we have to resort to a batch approximation:

(2.1.2)
∥Vari∈B(∇ℓi(w))∥1

b
· n− b

n− 1 ⩽ η2∥∇LB(w)∥2,

where

Vari∈B(∇ℓi(w)) := 1
b− 1

∑
i∈B

(∇ℓi(w)−∇LB(w))2.

The adjustment factor (n− b)/(n− 1) is approximated by 1 as we take n→∞. Consequently, to

ensure that the batch gradient approximates the descent direction of the full objective L well, the

(approximate) norm test checks the following condition at each iteration k ∈ N∗:

(2.1.3)
∥Vari∈Bk

(∇ℓi(wk))∥1
bk

= 1
bk(bk − 1)

∑
i∈Bk

[
∥∇ℓi(wk)−∇LBk

(wk)∥2
]
⩽ η2∥∇LBk

(wk)∥2,
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and increases the next batch size bk+1 if the above inequality is not satisfied, using

bk+1 =
⌈
∥Vari∈Bk

(∇ℓi(wk))∥1
η2∥∇LBk

(wk)∥2

⌉
.

The condition can be viewed as an approximation of the following exact variance norm test in the

stochastic setting:

(2.1.4) Ek

[
∥∇LBk

(wk)−∇L(wk)∥2
]
⩽ η2∥∇L(wk)∥2,

i.e., the motivating norm condition holds in expectation. Here Ek := E[· | Fk] denotes the

conditional expectation with respect to the σ-algebra up to the current batch at iteration k, i.e.,

Fk := σ({w0,B0,B1, . . . ,Bk−1}). After the next batch size is determined, the training loop

continues with an optimizer step. The test implicitly makes a heuristic assumption that the next

batch of size bk+1 will satisfy the approximate norm test at the current iterate wk, but this is never

checked to streamline the training loop.

2.1.3.2. Adaptive Batch Size Schedules with Data Parallelism. To allow training with large

batch sizes with parallelized computations, a data-parallel extension of the norm test, which is

referred to as DDP-Norm, can be developed and can be implemented based on PyTorch DDP. A

special treatment of the norm test with data parallelism is necessary since data samples now reside in

different workers, but we need to compute the mean and the variance of all the per-sample gradients

in the norm test.

Specifically, at each iteration k, the global batch Bk is split across J workers with minibatches

(Bk,j)j∈JJK of equal size bk,J such that the global batch is the disjoint union of all minibatches,

i.e., Bk = ⊔
j∈JJK Bk,j . Notice that at each worker j ∈ JJK, the minibatch gradient can be

computed by∇LBk,j
(wk) = 1/bk,J

∑
i∈Bk,j

∇ℓi(wk). Since the minibatches have equal size and are

disjoint, applying the law of total expectation, the global batch gradient is equal to ∇LBk
(wk) =

1/J
∑J

j=1∇LBk,j
(wk). Note that the averages across workers are computed using all-reduce
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operations in PyTorch DDP. When minibatch sizes exceed the maximum memory of the workers, the

technique of gradient accumulation is applied to simulate larger global batch sizes.

It is worth noting that efficiently implementing the approximate norm test (2.1.3) in deep learning

libraries such as PyTorch (Paszke et al., 2019) is highly nontrivial, since per-sample gradients

∇ℓi(wk) are unavailable in the backward step of a standard training loop, but only the batch gradient

∇LBk
(wk) under a single-device setting or the minibatch gradient ∇LBk,j

(wk) at each worker j

under PyTorch DDP. If we were to implement the native approximate norm test (2.1.3), we would

have had to compute per-sample gradients in parallel using vectorized mappings and based on a

deep copy of the model, leading to undesirable memory and computational overheads. Thus, in

practical implementation under data parallelism, instead of the approximate norm test (2.1.3), we

propose to make use of the minibatch gradients of the workers to construct an estimator for the

gradient variance

V̂ari∈Bk
(∇ℓi(wk)) := 1

J

∑
j∈JJK

(
∇LBk,j

(wk)−∇LBk
(wk)

)2
,

leading to the following more efficient implementation:

(2.1.5)
1
bk

· 1
J

∑
j∈JJK

[∥∥∥∇LBk,j
(wk)−∇LBk

(wk)
∥∥∥2
]
⩽ η2∥∇LBk

(wk)∥2.

From now on, we refer the above alternative test as DDP-Norm. This implementation is much more

computationally efficient since the minibatch gradients ∇LBk,j
(wk) are already available at each

worker and the global batch gradient ∇LBk
(wk) can be computed using all-reduce operations. Note

however that this implementation requires an additional all-reduce operation every time to compute

the quantity on the left hand side of (2.1.5) and additional memory to store it.

2.1.3.3. Adaptive Batch Size Schedules with 2D Parallelism via PyTorch FSDP. To enable the

training of models with more than billions of parameters, model-parallel training presents a more

sophisticated paradigm of parallelism. It shards the parameters of models and allocates different
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shards to different workers. In essence, PyTorch FSDP (Zhao et al., 2023), which shares similarities

with ZeRO-3 (Rajbhandari et al., 2020; Ren et al., 2021) in DeepSpeed (Rasley et al., 2020),

operates by substituting the all-reduce operation in PyTorch DDP with all-gather and reduce-scatter

operations.

For the purpose of mathematical illustration, we focus particularly on the tensor parallelism

aspect of model parallelism. Coupled with data parallelism, it is established that each worker j

possesses its own set of sharded parameters Wj , j ∈ { J }, such that all the model parameters

are denoted by wk = (wk,j)j∈{ J }. Here, the sharded parameters on worker j are represented by

wk,j ∈ Wj . Consequently, to compute the microbatch gradient at worker j, the gradients of all

parameter shards must be resharded to obtain ∇LBk,j
(wk) = (∇LBk,j

(wk,1), . . . ,∇LBk,j
(wk,J)),

which can be efficiently implemented using the API of PyTorch FSDP. The implementation of

DDP-Norm based on PyTorch FSDP is referred to as FSDP-Norm.

2.1.4. Convergence Analysis

Complementary to the convergence results of the norm test for SGD (De et al., 2016, 2017) and

AdaGrad (Lau et al., 2024c), we derive convergence guarantees for Adam, acknowledging its

prevalence in training deep neural networks for both computer vision and, more recently, language

models. Adam (Kingma and Ba, 2015) employs the following update formula (with bias corrections

for mk and vk dropped):

(2.1.6)

(∀k ∈ N∗) mk = β1mk−1 +(1−β1)gk, vk = β2vk−1 +(1−β2)g2
k, wk+1 = wk−αmk⊙v

−1/2
k ,

where gk := ∇LBk
(wk), α > 0 is a constant learning rate, (mk)k∈N∗ and (vk)k∈N∗ are the sequences

of exponential weighted moving averages of the first two moments of the batch gradients respectively,

(β1, β2) ∈ (0,∞)2 are weighting parameters, ⊙ denotes the Hadamard product, and the power

operations are performed coordinate-wise. We omit the bias corrections of mk and vk to simplify
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the analysis, but note that it can be easily extended to incorporate bias corrections. We also consider

the more challenging scenario where v
−1/2
k instead of (v1/2

k + ε)−1 is used in the update, since the

denominator of the adaptive step sizes is no longer lower bounded away from 0. In our analysis, we

invoke the following assumptions.

Assumption 2.1.1 (L-Lipschitz smoothness). The loss function L is L-Lipschitz smooth (L > 0):

for any (u, v) ∈ Rd × Rd, we have ∥∇L(u)−∇L(v)∥ ⩽ L∥u− v∥.

Similarly to the analysis for AdaGrad (Lau et al., 2024c), we also require a coordinate-wise

version of the (exact variance) norm test to hold due to the use of adaptive step size.

Proposition 2.1.1. The coordinate-wise (exact variance) norm test with constant η ∈ (0, 1)

ensures that, for every iteration k ∈ JKK, the coordinate-wise batch gradient ∂iLBk
(wk) satisfies the

following coordinate-wise expected strong growth (E-SG) condition: for all i ∈ JdK, we have

Ek[(∂iLBk
(wk))2] ⩽ (1 + η2)(∂iL(wk))2.

Following closely a similar analysis to that in (Wang et al., 2023), we provide the following

convergence results of the norm test for Adam.

Theorem 2.1.1. Suppose that Assumption 2.1.1 holds. Let (wk)k∈N∗ be the Adam iterates

generated by (2.1.6), where the batch size bk := |Bk| is chosen such that the coordinate-wise

(exact variance) norm test with constant η ∈ (0, 1) is satisfied at each iteration k ∈ N∗. Then, if

0 < β1 ⩽
√

β2 − 8(1 + η2)(1 − β2)/β2
2 and β2 ∈ (0, 1), we have

∑K
k=1 E[∥∇L(wk)∥] ⩽ Õ(K),

where Õ hides any logarithmic factors.

The full statement of this theorem and its proofs, as well as more in-depth related discussions,

are deferred to Appendix A.1.2. The convergence results presented do not account for the decoupled

weight decay in AdamW (Loshchilov and Hutter, 2019), which is more commonly used as an

optimizer for language model pretraining. Furthermore, considerations such as learning rate

schedules and gradient clipping are not included in these findings. Extending the above convergence

guarantees to these settings is highly challenging and nontrivial and is left for future work.
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2.1.5. Experiments

To showcase the versatility and scalability of FSDP-Norm, we conduct experiments with various

families of decoder-only autoregressive language models at with different sizes and pretraining

datasets. These include MicroLlama 300M (Wang, 2024), TinyLlama 1.1B (Zhang et al., 2024a)

and OpenLlama 3B (Geng and Liu, 2023) on the C4 dataset (Raffel et al., 2020). The C4 dataset are

tokenized using the Llama 2 tokenizer (Touvron et al., 2023b) with a vocabulary size of 32,000.

Experiments are conducted on workstations equipped with 4 NVIDIA L40S GPUs (MicroLlama)

and 4 NVIDIA A100-SXM 80GB GPUs (TinyLlama and OpenLlama). The training of the latter

two models only feasible with PyTorch FSDP but not with PyTorch DDP using such hardware

configurations, even with mixed-precision training (bfloat16 is used). Our implementation utilizes

the PyTorch FSDP API in PyTorch 2.6.1 and is simplified through Lightning Fabric of Lightning

2.4 (Falcon and The PyTorch Lightning team, 2019). For the ease of training language models,

we also use LitGPT 0.5.3 (Lightning AI, 2023). Open-source implementation of DDP-Norm and

FSDP-Norm is available at https://github.com/timlautk/adaptive-batch-fsdp.

Training Specifications. Adhering to the pretraining configurations of open-source LLMs such

as TinyLlama (Zhang et al., 2024a) and OLMo (Groeneveld et al., 2024), our training specifications

include a linear warmup followed by a cosine decay learning rate schedule, and the AdamW optimizer

with weight decay and gradient clipping. The adaptive batch size schedule is set to a maximum

global batch size, above which the norm test is no longer performed, opting for fixed interval testing

over step-by-step (a test interval 1 is used, but longer interval entails reduced overheads brought

by the test). Efficiency dictates using the test in its original form rather than its coordinate-wise

variant, despite convergence guarantees. Given that batch sizes increase to the maximum possible

values in the early stages, we only pretrain our models for a number of samples that are sufficient to

display the behavior of our method, treating these experiments mainly as proofs of concept. Detailed

configurations are provided in Appendix A.1.3.

https://github.com/timlautk/adaptive-batch-fsdp
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2.1.5.1. MicroLlama 300M. We first pretrain MicroLlama with 300M trainable parameters on

the C4 dataset (Raffel et al., 2020) under the same sets of other hyperparameters in order to better

understand the effect of adaptive batch sizes. We compare with various constant batch size baselines

bk ∈ {2048, 4096, 8192} and a stagewise batch size schedule 2048-4096-8192 for 2.5-2.5-95% of

training tokens mimicking a popular batch size warmup for pretraining LLMs, and plot the results in

Figure 2.2. We apply DDP-Norm for this relatively small model to demonstrate the applicability of

the proposed schedules with PyTorch DDP. In Table 2.1, we report the total number of gradient steps

(step), average batch size (bsz.), wall-clock time (time; in hours), best training loss (loss) and best

validation loss (val loss; estimated by 100 iterations).
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Figure 2.2. Training loss, validation loss and batch size schedule for MicroLlama
300M

We observe from Figure 2.2 that with η = 0.2 or η = 0.275, our proposed DDP-Norm

outperforms the constant batch size baselines by a large margin in terms of validation loss.

Specifically, using the same number of training samples, from Table 2.1, our method achieves lower

validation losses when using similar number of steps (η = 0.2 versus bk = 8192), when we use

the number of steps as the criterion of measuring training efficiency. Our proposed schedule with

η = 0.2 performs slightly worse than the stagewise batch size schedule, but it is expected since the

latter has a smaller averaged batch size and takes a larger number of training steps. It is also worth
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noting that the design of the stagewise schedule is completely heuristic and might require lots of

tuning, e.g., the number of stages, values of batch sizes and their ratios.

scheme steps bsz. time loss val loss

η = 0.15 531 3770 9.31 3.764 3.811

η = 0.2 254 7878 8.85 4.699 4.720

η = 0.25 843 2373 10.30 3.313 3.361

η = 0.275 252 7965 8.84 4.669 4.677

bk = 2048 977 2048 11.18 4.976 5.005

bk = 4096 489 4096 9.66 5.722 5.741

bk = 8192 245 8192 8.48 6.183 6.192

2.5-2.5-95% 269 7439 8.78 4.594 4.604

Table 2.1. Results of MicroLlama 300M

We also observe that our method uses

smaller batches at early stages and larger

batches at later stages of training (e.g., η ∈

{0.2, 0.275}). This behavior has greater ben-

efits regarding training efficiency because a

larger batch size at each step means fewer

number of required steps for the whole train-

ing process. On the other hand, our method

greatly mitigates the side-effect of large-batch

training—higher validation loss at the end of

training—by starting from a small batch size

and adaptively increasing it. Thus, our method

enjoys both the good generalization performance of small batches and the high training efficiency of

large batches. More importantly, our method is able to automatically increase batch sizes whenever

it is necessary, to values that are completely adaptive to the training dynamics. Taking the adaptive

batch size schedules in Figure 2.2 as an example, it is almost impossible to hand-craft similar

schemes.

scheme steps bsz. time loss val loss

η = 0.05 261 7676 32.53 5.663 5.671
η = 0.075 267 7521 32.67 5.705 5.704
η = 0.08 270 7415 32.61 5.109 5.113
η = 0.085 274 7312 32.83 4.257 4.256
bk = 4096 489 4096 34.48 3.814 3.817
bk = 8192 245 8192 32.41 4.895 4.893

2.5-2.5-95% 269 7439 32.80 4.368 4.367

Table 2.2. Results of TinyLlama 1.1B
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2.1.5.2. TinyLlama 1.1B. We also pretrain TinyLlama 1.1B on the C4 dataset, which necessitates

the use of PyTorch FSDP and FSDP-Norm. From Figure 2.3 and table 2.2, similar conclusions can

be made. We observe that our proposed FSDP-Norm effectively narrows the generalization gap

between large and small batches, compared with constant batch sizes and with stagewise batch size

schedule baselines. Specifically, our method facilitates the adoption of larger batch sizes of 8192

during the later stages of training. For instance, our method with η = 0.085 achieves an averaged

batch size of 7312, yet it achieves validation loss closer to that of bk = 4096, compared to bk = 8192.

Our proposed method is also able to reduce the magnitude of potential loss spikes which are obvious

in using constant batch sizes.
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Figure 2.3. Training loss, validation loss and batch size schedule for TinyLlama 1.1B

2.1.5.3. OpenLlama 3B. We finally pretrain OpenLlama 3B on the C4 dataset, where a shorter

sequence length of 512 instead of 2048 is used due to constraint on compute resources. Again, we

observe similar phenomena to those of the smaller models, as revealed in Figure 2.4 and table 2.3.

Specifically, with η = 0.15, the proposed approach requires slightly longer training time and larger

number of training steps than the constant batch size 8192, while achieving a lower validation

loss. While using a constant batch size 4096 achieves an even lower validation loss, it requires

substantially more training steps and more than one hour of additional training time.

2.1.5.4. Further Discussions of Experimental Results.
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Figure 2.4. Training loss, validation loss and batch size schedule for OpenLlama 3B

scheme steps bsz. time loss val loss

η = 0.05 249 8045 19.54 4.943 4.935

η = 0.1 253 7926 19.73 5.026 5.031

η = 0.15 259 7726 19.59 4.549 4.554

bk = 4096 489 4096 20.75 3.934 3.956

bk = 8192 245 8192 19.53 5.113 5.104

2.5-2.5-95% 269 7439 19.59 4.776 4.781

Table 2.3. Results of OpenLlama 3B

The effect of η. The hyperparameter η in

the adaptive batch size schedules has the ef-

fect of controlling the probability of obtaining

a descent direction and hence increasing the

batch size. Obviously, choosing a right value

of η is vital for our method to succeed. Across

all three sets of experiments of different model

scales, we found that larger values of η gener-

ally lead to more gradual batch size increments,

but smaller values would allow full utilization of available compute resources at earlier stages of

training but might defeat the prupose of adaptive batch sizes. Note that η also varies with the base

learning rate α and the quality of the training datasets. In the series of works of adaptive sampling

methods (Byrd et al., 2012; Bollapragada et al., 2018; Bollapragada and Wild, 2023), there are

in-depth discussions on choosing the learning rate via some line-search procedures, which are

however usually infeasible when training large deep neural networks.

Scaling law of critical batch size. We conjecture that there are more general scaling laws of

the critical batch size (see e.g., (Kaplan et al., 2020; Su et al., 2024; Sclocchi and Wyart, 2024;

Zhang et al., 2025a)) in relation to η which controls gradient approximation quality and the scale of
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gradient noise. For most choices of η in the three sets of experiments, we choose η small enough

so that global batch sizes increase rapidly and reach the maximum possible values. However, in

Figure 2.2, when η = 0.15, the final batch size is around 3800, which might be the critical batch

size at this value of η. It is thus crucial to understand the notion of critical batch sizes through the

lens of gradient approximation quality and we leave this for future work.

2.1.6. Conclusion

We create an efficient PyTorch FSDP implementation of the norm test for large-scale distributed

training, focusing on hardware use and ease of development. Our implementation shows that adaptive

batch size schedules can pretrain Llama 2 language models with up to 3 billion parameters using

few GPUs (Touvron et al., 2023b). Furthermore, we provide convergence guarantees of the norm

test for Adam, suggesting that our proposed adaptive batch size schedules are not only practically

feasible, but also theoretically principled. Due to its generality, versatility, and scalability, we foresee

extensive use of the adaptive batch size schedules in pretraining large transformer models like vision

transformers (ViT) (Dosovitskiy et al., 2021) and autoregressive image models (Aim) (El-Nouby

et al., 2024). We emphasize our attention on a PyTorch FSDP approach due to its integration with

PyTorch. However, a more advanced implementation of the adaptive batch size schedules, using a

new version of PyTorch FSDP (FSDP2) and tensor parallelism via PyTorch DTensor (Distributed

Tensor), as well as availing of stronger computational hardware, will significantly enhance the

scalability of the method for training models exceeding 7B parameters with 2D, 3D or even 4D

parallelism. For further exploration, we refer readers to the torchtitan (Liang et al., 2025) and

lingua (Videau et al., 2024) repositories. Furthermore, while our current implementation is based

on PyTorch FSDP, but is readily extendable to other deep learning frameworks such as JAX (Bradbury

et al., 2018) with FSDP and/or GShard (Lepikhin et al., 2021).

Limitations. In this work, we are primarily concerned with model generalization performance

measured by validation loss without any evaluation on downstream benchmarks. The main reason
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for this is that we did not fully pretrain the models for sufficient number of tokens, implying that

these models will not be competitive on downstream benchmarks. However, we expect that models

fully pretrained with our proposed schedules will achieve very competitive performance on the

evaluation of downstream benchmarks. We also remark that we can also incorporate other paradigms

of parallelism such as pipeline and context parallelism with our proposed scheme, leading to 4D

parallelism (data, tensor, pipeline, context parallel) for large-scale pretraining. While not supported

in our current implementation, this can be achieved using the recent library picotron (Zhao and

Mom, 2025) or the more sophisticated library Megatron-LM (Shoeybi et al., 2019). We leave this

implementation for future work.
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CHAPTER 3

Improving Time Series Modeling Pipeline & Time Series Foundation Models

Turning torrents of time series into scientific insights demands more than a model architecture.

It requires an end-to-end pipeline that spans data ingestion, data pre-processing, hyperparameter

optimization, modeling, and downstream task applications. This chapter is about our contributions

in various aspects of this pipeline. RDAS (Li and Liu, 2025), a C++ raw-data engine, streams and

pre-processes unstructured event sequences up to nanosecond resolution into structured time series

of any resolution, making large-scale time-series corpora practical for time series foundation-model

pre-training. For time series modeling itself, from the foundation model perspective, we explore the

technological components to equip time series models with long-range memory and the ability to

react to sudden events withtout cumbersome model training on carefully collected and processed

data. Our work, STanHop-Net (Wu et al., 2023c), injects sparse Hopfield memory and plug-and-play

external storage to handle long-range dependencies and abrupt regime shift. After the advent of

LLMs, researchers have made first attempts of developing time series foundation models such as

MOIRAI and Chronos. However, they are pure time series forecaster without proper supports to static

features or covariates, which have demonstrated their effectiveness in the pre-LLM era. Our work (Li

et al., 2025b) in proposing a neural architecture to strengthen existing time series models’ modeling

ability on covariates further demonstrates the benefits from proper modeling of covariates. Further

extending from this direction, in our work, Hopformer: Homogeneity-Pursuit Transformer for Time

Series Forecasting (Zhang et al., 2025b), we develop a framework that integrates a cross-sectional

covariates regression mechanism with time series foundation models. Finally, we also look for a

better hyperparameter optimization methodology for time series prediction models with the work,

SWGA: A Distributed Hyperparameter Search Method for Time Series Prediction Models (Li et al.,
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2025a), by proposing a sliding-window genetic algorithm that couples Bayesian warm-starts with

distributed evolution to find robust configurations that reduce the out-of-sample loss by about 56.1%.

3.1. RDAS: A Low Latency and High Throughput Raw Data Engine for Machine Learning

Systems

3.1.1. Introduction

Recent advancements in machine learning (ML) have seen large pretrained models, such as those

used in natural language processing (NLP), computer vision (CV), and multi-modality fields, achieve

unparalleled performance. A key characteristic of these models is their substantial data requirements.

For example, ChatGPT, a model renowned for its capabilities, was trained on an extensive dataset

comprising 570GB of text data from the Internet. The effectiveness of these models is further

enhanced by Transformer-based architectures, which are known for scaling efficiently with increased

data size (Kaplan et al., 2020). Given the ongoing trend towards larger models, it is reasonable to

anticipate that current data scales will continue to grow to meet these evolving requirements.

While the success of large pretrained models in NLP and CV is noteworthy, their expansion

into other domains like time series prediction (Ma et al., 2024) and DNA understanding (Ji et al.,

2021; Zhou et al., 2023) presents new challenges. The key issue lies in the limited quantity and

granularity of training data available in these fields. For example, popular datasets in time series

prediction, such as ETTh1, ETTh2, ETTm1, ETTm2, ILI, Traffic, and ECL, are relatively small,

typically under 500MB, with only a few reaching between 1 to 10GB. These datasets, predominantly

normalized and simplified from their original, more complex forms, result in significant information

loss. ETTh1, for instance, is an hourly electricity dataset derived from higher-frequency sensor data.

This loss is a major drawback, as raw datasets, often unstructured like event messages, contain richer

details than their normalized counterparts.

To address this, we propose an integrated approach encompassing end-to-end data acquisition

and processing. This method differs from traditional practices by processing raw data into structured
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form dynamically during model training. Unlike the static nature of preprocessed, normalized

data, this dynamic approach allows for flexible and adaptive data transformation. This could

include batch-specific normalization adjustments based on prior training results or on-the-fly data

augmentations. Ultimately, this end-to-end process aims to harness the full potential of raw data,

preserving its fine-grained nature for more effective model training.

However, the advantage of raw data’s granularity comes with its own set of challenges, notably

its unstructured nature and inherent heterogeneity. This heterogeneity significantly complicates the

data acquisition and processing. Take autonomous driving systems as an example: they rely on a

diverse array of sensors, including laser, image, inertial measurement units (IMUs), and odometry

sensors (Nitta et al., 2018). Each sensor type generates data streams that vary in format, type,

and resolution, adding layers of complexity (Kim et al., 2020) (Liu et al., 2020) (Queralta and

Westerlund, 2019) (Manjanna et al., 2018) (Yurtsever et al., 2020).

To effectively manage the complexities of raw data acquisition and processing, thereby enabling

ML systems to access the most detailed information in raw data, we propose abstracting diverse

systems into a unified framework. This model conceptualizes the process as a competition among

heterogeneous entities for a variety of resources, governed by multiple constraints like time of

arrival, importance, ranking, cost, and gain. An entity could be, for example, a robot awaiting a

task or a request for computational resources in a cluster. We envision this as N connected queues,

where N represents the number of constraints, and refer to it as a ’message book’ for clarity.

The message book abstraction offers several advantages for complex systems management. First,

its intuitive nature facilitates easy understanding and implementation. Second, it is a versatile

abstraction, applicable across various data types and systems in different domains. For example, in

cloud computing, the message book can represent tasks awaiting execution, with computational

power and time as the contested resources and submission time and task priority as constraints. The

primary goal in such a system is maximizing the allocation of computational resources over time.

This concept extends beyond cloud computing to encompass IoT systems, single-robot systems,
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and large-scale decentralized robotics systems. Third, the message book’s construction is driven

purely by data, relying on the most fundamental and unprocessed message data, thereby eliminating

the need for complex data preprocessing. These attributes render the message book abstraction

particularly well-suited for creating efficient, low-latency data visualization tools and data access

interfaces in ML systems.

The implementation of a message book data structure is crucial for efficiently managing complex

systems. Firstly, without such a model, it becomes challenging to determine the order in which

participants access resources, as this decision relies heavily on various constraint functions. Secondly,

given the heterogeneity, volume, and dispersed nature of the data, directly analyzing every minute

activity of each participant is impractical. The message book addresses this by offering a unified

representation that consolidates this diverse, granular data in real-time. This occurs concurrently

with the data loading and model training processes in a ML system. As a result, the message book not

only simplifies the understanding of the system’s real-time dynamics but also serves as an effective

intermediary for subsequent tasks. These tasks can range from visualizing system statistics to aiding

in model training, thereby providing a foundational tool for various downstream applications.

Constructing the message book requires the system to adeptly route, filter, process, and aggregate

all the activity information generated during its operation. We conceptualize each activity within the

system as an event, with each occurring event represented as a message initiation and transmission

process. Given that the message book’s state is continuously evolving with the system’s operation,

it is crucial to model both the message book and the event message manipulations in a streaming

fashion. The core research challenge we address involves developing an event-based data engine.

This engine is designed to intelligently aggregate the most detailed event messages into a dynamic,

general-purpose message book data structure, operating in a streaming manner. The proposed data

engine is tailored to facilitate both real-time and historical data retrieval, offering efficient space and

time complexity.
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We organize the rest of the paper as follows. Section 2 mentioned prior work related to data

processing systems, event processing systems, etc. Section 3 demonstrates the system architecture

and implementation of RDAS. Section 4 shows experiments and results. Section 5 is the conclusion.

3.1.2. Related Work

Data loading frameworks Common data loading frameworks such as PyTorch Datasets & Dat-

aLoaders 1 and Tensorflow tf.data 2 are in a different position in the ML pipeline. They are for

loading structured data from permanent storage such as local disk and remote storage such as S3.

RDAS is to address the first-mile problem of how to acquire and aggregate raw data from data

sources into a structured representation. These data loading frameworks can be naturally the next

component that connects to RDAS in the ML pipeline.

Data processing system. General-purpose data processing systems include Pandas (McKinney

et al., 2011), Dask (Rocklin, 2015), Numpy (Oliphant, 2006). However, they are for structured data

that is generated by processing the raw unstructured data. There are also some big data frameworks

that can process raw data such as Hadoop (White, 2012), Flink (Carbone et al., 2015), Spark (Zaharia

et al., 2010), Storm (Evans, 2015) and Hive (Thusoo et al., 2009). But, they all serve as basic

infrastructures and building blocks to construct data processing pipelines. They lack the higher level

design to meaningfully process the raw data. This is where RDAS steps in.

Event processing system. In an IoT system, information sharing and communication are often

modeled as the distribution of real-time event messages. (Rakkesh et al., 2016) proposes an event

processing solution to detect vehicle speed violations. (Nawaz et al., 2019) proposes an event

processing engine to process events from data streams for supply chain management purposes.

(Syafrudin et al., 2018) proposes an event processing architecture to monitor the automotive

manufacturing process. However, all these solutions are domain-specific. They are not a generic

framework that is suitable for various kinds of domains in ML.
1https://pytorch.org/tutorials/beginner/basics/data_tutorial.html
2https://www.tensorflow.org/guide/data

https://pytorch.org/tutorials/beginner/basics/data_tutorial.html
https://www.tensorflow.org/guide/data
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3.1.3. Methodology

3.1.3.1. Message Book. To maintain a simple and efficient data structure, we use queues to

implement the message book data structure. If there are N constraints, there are N different queues.

Each constraint corresponds to one queue and we store the specific entity objects in the queue whose

constraint has the lowest priority. The entire message book data structure is a hierarchical structure.

Each element of a queue with a specific constraint is a queue whose constraint is of a lower priority.

For example, Figure 3.1 shows a minimal example of the message book. In this example, there are

two constraints and constraint 1 has a higher priority than constraint 2, meaning that constraint 1 has

to be met first. To be more intuitive, taking game matching as an example, constraint 1 could be the

players’ skill levels and constraint 2 could be the players’ geographical distance. Each entity object

stored in the message book represents a player in this case. Game matching for a player needs to

first find other players with the same skill levels then among which find the player with the smallest

distance. In this case, each element of the constraint 1 queue is a Struct that includes some basic

information for that level such as the total number of players that are in that level, and a pointer to the

queue of players in that level. In the queue of players, each element is a Struct representing a player

and they are sorted according to constraint 2, which is the geographical distance that is of a lower

priority. We use C++ standard library to implement the message book. The details are in B.1.2.

Traverse. The traversing of all entities (players) follows the priority of the constraints that are

level first and entity second. This process starts from the index of the first level. For each level, it

starts from the first entity and traverses all entities following the pointer to the next entity in each

entity’s entry. Then, it follows the pointer to the next level in the current level’s entry and traverses

all entities of the next level. This process goes on until it traverses all levels’ entities. The traversing

has O(n) time complexity.

Random access to existing entities. Each time a new level or a new entity is added to the message

book, their id-to-index mapping is saved in the hash map. Thus, for the random access to any

specific entity or level, it is O(1) time complexity using the hash map.
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Figure 3.1. A Minimal example of the message book implementation. Left: a
visualization of the message book with two constraints. Constraint 1 has a higher
priority than constraint 2. Right: the implementation of the message book using two
queues. The top corresponds to constraint 1 and the bottom corresponds to constraint
2. Only the queue of the least prioritized constraint(bottom queue) stores the entity
objects. The top queue only stores level information.

Add entities or levels. To add a new entity to the queue of Constraint 1 or add a new level to the

queue of Constraint 2, the algorithm first gets the index of free entry in the queue by popping an

element from the corresponding FreeVector. Then, it creates a Struct representing the new entity

or new level in the location indicated by the index in the corresponding queue. This is O(1) time

complexity.

Delete entities or levels. To delete an entity or a level, RDAS gets its index in the corresponding

queue using the corresponding hash map. Then, it pushes that index into the corresponding

FreeVector. This is O(1) time complexity.

3.1.3.2. Data Transmission Format and Channels. The domains of machine learning systems that

our system is for are those whose raw data are event data. For instance, in transportation systems, all

raw data are event data that depict vehicles’, road sensors’, and traffic lights’ status at each time point.

In cloud systems, all the raw data are event data about different machines, different components,

or different software of the system. In IoT or robotics, all the raw data are the events generated by

different sensors, devices, or robots. Because of the blooming of edge device computation power

and high-speed, low-latency communication technologies, highly decentralized IoT systems and

robotics systems are becoming a reality. We choose a data format that is suitable to the current and
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future trends of heterogeneous event data transmission scenarios in various domains. In this case,

we need a suitable data storage and transmission format that is capable of providing the properties

of large volume, high frequency, low latency and high compatibility with network transmission of

the event messages data because all the sensors and other system participants transmit data over the

network (Huang and Savkin, 2018) (Pereira et al., 2019) (Winfield, 2000) (Nestmeyer et al., 2017).

In RDAS, we store all the raw event messages in pcap (Packet Capture) format. Pcap is a direct

capture of the data packet (event messages) that the senders send over the network (Sikos, 2020). It

provides a single truth of source and an unbeatable granularity of up to nanosecond regarding the

timestamp (Girela-Lopez et al., 2021). These features ensure that it has high credibility and enough

capacity for any highly heterogeneous raw data source requiring various degrees of transmission

latency, transmission frequency, and communication credibility.

Besides the foundational data storage format for the raw event message data, we also define

a concept called data transmission channel in RDAS. There are four different channels as shown

by Figure 3.2, which are actually four parallel data feeds when the system is operating. They are

Alpha channel 1, Alpha channel 2, Beta channel 1 and Beta channel 2. Alpha channel only includes

incremental information so that the transmission can have extreme compactness and high frequency.

The Alpha channel is necessary when the frequency of new updates is very high because it is

impossible to store the snapshot of the entire message book’s status for every new update regarding

the scale of the storage that is needed and the large percentage of redundant data in each snapshot.

Beta channel only includes snapshot information the sender sends at a slightly lower frequency so

that the transmission data volume is not too large. In the meantime, any device listening to this feed

at any time can get a relatively new snapshot of the sender’s state and start evolving the state from

this snapshot using information from the Alpha channel. To ensure a high degree of robustness of

the data transmission, both Alpha channel and Beta channel is a set of two parallel channels. Senders

send the same packets simultaneously on channel 1 and channel 2. Receivers can use channel 1 and

channel 2 to do cross verification or if some packets are corrupted on one channel, the system can
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recover them from the other channel. It is also noteworthy that the use of Alpha channel and Beta

channel is flexible. For senders that only need to send stateless information, the use of Beta channel

is optional. For senders that have a very limited amount of state data and have no requirement on

high-frequency transmission, they can choose to only use the Beta channel to broadcast their full

state periodically or whenever there is an update. Such a high degree of flexibility is an essential

property that makes RDAS suitable to highly heterogeneous systems.

Figure 3.2. Two types of data channels: Al-
pha for high-frequency incremental informa-
tion; Beta for low-frequency snapshot infor-
mation. Each channel has a backup channel
for robustness.

3.1.3.3. Core Data Processing Pipeline. The data

processing pipeline of RDAS consists of four phases:

channel merging, channel routing, channel decoding,

knowledge distilling, and verification. The first three

phases support the message layer. The last phase

supports the feature layer and the verification layer.

All these phases are piped to each other in a streaming

manner, which means that it is not the case where a

phase first processes all the data and then hands them over all at once to the next phase. It is the

alternative case where when each phase processes a very small piece of the data, it immediately

hands it over to the next phase and then starts processing the next piece. It is easy to see that in

this streaming manner, all the events can be processed in the same chronological order as in that

they took place and the large data size induced along the temporal dimension does not impair the

processing speed.

In the first phase, channel merging, the system merges all channels from all senders together

into one monolithic stream. This process makes sure all the network packets in this stream are in

chronological order using their timestamp of nanosecond granularity. In the second phase, channel

routing, the system routes each packet to a specialized channel decoder that is responsible for

decoding the data of a specific channel. The routing is based on the unique IP address of the sender.

The third phase, channel decoding, as shown by Figure 3.3 is a major part of the pipeline and handled
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Figure 3.3. The feed decoding process: (1) two modes, recovery mode, and incre-
mental mode. In recovery mode, the system uses the messages from the Beta channel
to recover a snapshot of the message book from scratch. In the incremental model, the
system applies incremental messages to the snapshot to evolve the message book. (2)
The system preserves two user APIs on-packet-begin and on-packet-end, to generate
useful information on the fly such as snapshots and features and do verification at
any timestamp.

by a channel decoder. There is a recovery mode and an incremental mode of the channel decoder

and these two modes can switch back and forth into each other. It is usually in the recovery mode

when the decoder is at the start of the decoding process or the decoded stream has corruptions for

some reason in the middle of the decoding process and the decoder needs to be re-calibrate it to a

correct checkpoint of the states of the sender. The incremental mode is to apply incremental changes

to a base snapshot of states so that the system can maintain an evolving and always on-sync message

book. There are two sub-phases in the decoder. We call the one before the decoder starts processing

the packet on-packet-start, which is an API allowing the user to define and conduct any task before

the decoder processes the packet. RDAS generates message book snapshots through this API. We

call another one after the decoder processes the packet on-packet-end. It is also an API to allow

users to define and conduct any task before the channel decoding phase ends for this specific packet.

When the channel decoder is in recovery mode and a packet comes in, after the on-packet-start

phase, the decoder checks the packet if it is from an Alpha channel or a Beta channel. If it is from
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an Alpha channel, the decoder would push it into the buffer queue without processing it. If it is from

a Beta channel, the decoder hands it to a message parser that parses the content of the packet and

produces a set of atomic operations. An atomic operation is a standardized and generic operation

whose definition is a function. For example, some of the atomic operations are Add Event, Modify

Event, and Cancel Event. The data engine uses a single set of available atomic operations of

limited size for all kinds of data. Then, the decoder applies the set of atomic operations to the

message book data structure so that the state of the message book incorporates the new information

from the newcomer packet. Usually, in the recovery mode, because the message book is either in an

empty state or corrupted state, the atomic operations are just Add Events to fill the empty message

book or overwrite the existing message book.

When the channel decoder is in incremental mode, the process is almost the same as the recovery

mode. The decoder first checks the buffer queue. If it is not empty, the decoder processes packets in

the queue one by one until the queue is empty. After emptying the buffer queue, the decoder starts

to handle the input packet. If the input packet is from a Beta channel, the decoder discards it. If it is

from an Alpha channel, the message parser parses it to a set of atomic operations then the decoder

applies them to the message book to incorporate new information from the packet.

The last phase in the pipeline is knowledge distillation and verification. It supports both the

feature layer and the verification layer. This phase usually does not happen at the end of decoding

the current packet. It happens at the start of decoding the next packet to guarantee the captured

snapshot is the closest timestamp to the boundary timestamp. The feature generation and message

book verification happen through the on-packet-begin API so that users have the flexibility to tailor

these two processes. This phase is an essential bridge users can use to connect the message book to

various sorts of downstream tasks such as data visualization terminals, analytical models, logging

devices, etc.

3.1.3.4. Time Traveling. The time-traveling feature is a representative feature of RDAS based

on its core data processing pipeline. It allows the query of a snapshot of the data stream at any
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timestamp with a constant maximum loading time no matter how far the snapshot’s timestamp

is from the start of the stream. The mechanism behind the time traveler is that the system first

generates and caches a bunch of snapshots in the permanent storage at a frequency much lower

than the original raw data granularity, for instance, every 10 minutes. Then, when the user jumps

to any specific timestamp, RDAS first loads the snapshot from the cache that is the closest to that

timestamp and then applies all incremental messages between the snapshot timestamp and the target

timestamp to the message book to generate the target snapshot the query requests for.

3.1.4. Experiments

3.1.4.1. Case Study. We demonstrate the efficacy of RDAS by building a simulated high-frequency

robotics logistics system and using it to acquire and parse the unstructured raw event data into the

message book representation that is ready to be connected with the later data loading and model

training pipeline. The reason that we choose to simulate a scenario in such a domain is that its

raw data has high heterogeneity and high granularity, which provides enough complexities to test

our system. Besides, the logistics industry is one of the kinds of complex systems that foresees to

eventually transition from a labor-intensive industry into an automation industry. In 2021, there

are about 1.3 million delivery drivers and about 40 million packages are in delivery every day

in the US. In China, those numbers are about 4 million and 3 billion. However, this industry

receives many critiques from both workers about its intense working schedule and clients about its

far-from-satisfaction efficiency. Many delivery companies are considering or attempting to automate

the delivery process by adopting delivery robots.

In an efficient logistics system with all delivery drivers as delivery robots, millions of robots

should be accurately and optimally dispatched to deliver tens of millions of packages based on their

capacity and package pick-up distance and deliver them to the client. It is essentially a message

book model with very high precision in timestamps and large enough capacity to handle millions of

events sent from different robots in both real-time and offline analysis.
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In this scenario, there are two types of participants in the system. The first one is the local

package dispatch centers that receive packages from higher-level dispatch centers from time to time.

Whenever a batch of packages arrives at a local dispatch center, it sends out a Ready-to-Give (RtG)

request to the system. The second one is the delivery robots that send a Ready-to-Take (RtT) request

associated with the local dispatch center that is the nearest to them anytime they have capacity

and are ready to fetch and deliver some new packages from the local dispatch center. During the

operation, the system maintains a message book for each local dispatch center in parallel. In the

message book, the constraints that decide the order of events are the distance and the time of arrival

(ToA) of the request. The distance is discrete and represents the straight line distance to that specific

dispatch center. Thus, there will be two types of distances. The first type is the distance between the

destination of the delivery and the dispatch center. The second is the distance between the delivery

robot and the dispatch center. There are different zones for different distance ranges. For instance,

Zone 1 is within [0km, 3km), Zone 2 is within [3km, 6km), Zone 3 is within [6km, 9km), etc.

During the operation of the system, all the delivery robots keep sending location/distance

information periodically (for example, every 10 min) to the local dispatch center that they belong to.

They are all in the message book no matter whether they are on their way to deliver packages or to

the dispatch center to fetch new packages. Besides, all the packages are in the message book until

the delivery is complete. They also have two states in the message book, either being-delivered

or to-be-delivered. Once the dispatch center assigns a package to a delivery robot, the package’s

state changes from to-be-delivered to being-delivered and it leaves the message book once

the delivery is complete.

3.1.4.2. Experiment Setup. The experiment is twofold. One is to demonstrate RDAS’s large

throughput, the other is to show the low latency and the low space cost of RDAS’s time-traveling

feature. We use ROS to simulate the dynamics of the aforementioned logistics system and generate

the event message data. We assume there are always 2000 delivery robots and 20000 packages on

the message book and the robots and the dispatch center send messages at some preset frequency.
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We built a separate ROS program to uniformly sample and generate these messages from all the

possible message types to simulate reality. There are in total six types of event messages that affect

the message book status. Three are for delivery robots and the other three are for packages. For

each data stream, the system generates a snapshot every 10 minutes and caches it to the disk.

For delivery robots, the first type of message is AddRobot. When a new robot becomes online, the

robot sends this message. Its fields include distance, capacity, state, last update time. The

second type is ModifyRobot. When a robot’s status changes between Occupied and Empty, it sends

out this message. The third type of message is RemoveRobot, when a robot becomes offline, it sends

this message. For packages, when a new package arrives at the dispatch center and waits for delivery,

the dispatch center sends out an AddPackage message. When a package’s status changes from

to-be-delivered to being-delivered, the dispatch center sends an ModifyPackage message.

Lastly, when a package delivery is complete, the dispatch center sends a RemovePackage message

to remove the delivered package from the queue.

For the throughput experiment, the baseline system is the same as RDAS except that the

baseline system does not have the incremental message aggregating mechanism and message book

representation. Instead, it assumes each message includes the full picture. We assume there are

two message data streams for RDAS and the baseline system respectively. In each time unit, two

streams have the same number of messages and the same amount of information such as the number

of robots and packages and their status. The only difference is that one stream uses incremental

messages and the other uses full-picture messages. We measure the total size of the messages each

system processes within one second. Under the same network bandwidth, a system processes more

information (higher throughput) at each time unit if it requires a smaller total message size to recover

the same amount of information. Thus, we represent the throughput by taking the inverse of the

total message size per second with a scale.

The time-traveling feature is a representative feature that can demonstrate the superb performance

of RDAS. We conduct experiments to measure the latency and the space cost of the time-traveling
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mechanism. To have a low latency for this mechanism, there are two types of overhead to consider.

The first is the time cost to generate the snapshot cache. The second is the latency to apply the

incremental messages between the loaded snapshot time and the target timestamp to generate a

new snapshot on the fly. We measure both of them. Furthermore, we also measure the size of disk

space to store the snapshot cache. The experiment demonstrates that the random access time traveler

enables an O(1) latency with respect to the number of minutes away from the initialization point of

the data stream and the size of the disk space to save the snapshot cache is within a reasonable range.

3.1.4.3. Results. We can see from Table 3.1 and Figure 3.4 that with the incremental message

aggregation and the message book representation, RDAS’s throughput is several magnitudes higher

than the baseline system. When the data stream’s frequency is at 103hz, RDAS’s throughput is

about 6 times larger than the baseline. The discrepancy keeps increasing when the stream frequency

increases. When the frequency is 107hz, RDAS’s throughput is about 400 times higher than the

baseline.

Table 3.1. Throughput of RDAS and the baseline system for data stream of different
frequencies. It is a scaled value of the inverse of the total message size per second.

Data stream frequency
System 103hz 104hz 105hz 106hz 107hz
RDAS 1 163.68 1850.35 5989.47 10366.29
Baseline 0.15 1.47 14.87 23.66 26.18

To demonstrate RDAS’s low latency, we first run the system several times to repeatedly measure

the time it takes to process 10000 packets and take an average. The final result is that it takes about

0.01 seconds to process 10000 network packets. If the data simulation program generates the data

stream at a 100hz frequency, a day(24 hours) of the streamed Pcap data has 8.64 million messages

and the whole snapshot cache generation for them only takes 8.64 seconds. Even the stream is of

100000hz frequency, meaning on average, there are 100000 messages every second, which is already

very unlikely in real-world robotics and IoT systems or systems in other domains, RDAS only takes

2.4 hours to cache a day of snapshot data. Considering the snapshot cache generation is an offline
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Figure 3.4. Throughput (the larger the better): starting from the stream frequency
of 103hz, the throughput of RDAS is about 6 times larger than that of the baseline
system. When the frequency increases to 107hz, the RDAS is about 400 times larger
than the baseline. RDAS’s throughput increases much faster than the baseline’s when
the frequency increases.

task, such a level of time complexity is already sufficient. It is also noteworthy that in these settings,

the latency for the time traveler to generate a requested snapshot on the fly has a reasonably short

upper limit which is 1 second.

We also measure the random access waiting time in querying snapshots of the data stream at

any timestamp to demonstrate RDAS’s low latency. We construct a baseline system using the same

codebase as RDAS except that the baseline does not have the random access message aggregating

feature and it can only start building the target snapshot from the initialization point of the data

stream. By comparing their random access waiting time, we can clearly see from Table 3.2 and

Figure 3.5 that RDAS has a constant bound but the baseline keeps increasing, causing long latency

when the target timestamp is far away from the initialization point.

Lastly, we examine the disk space consumption of the snapshot cache. Although the snapshot

size varies in different systems in different domains, our logistics robotics system example, with
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Table 3.2. Random access waiting time (milliseconds) for RDAS is a piece-wise
linear function with the peaks always at a similar constant number. However, it is
an increasing linear function for baseline with no bounds, which indicates a much
higher and eventually unacceptably long latency for the user to obtain a snapshot.

Time distance range (min)
System 0 5 10 15 20 25
RDAS 22.0 2886.7 23.6 2983.5 22.4 3011.8
Baseline 23.4 2874.3 6023.7 8800.9 12084.4 14858.9
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Figure 3.5. Random access waiting time: On the data stream of 10000hz frequency,
RDAS’s random access waiting time always has a nearly constant bound at around
6000ms. However, the baseline model has a linearly increasing waiting time with
respect to the further and further timestamps.

2000 delivery robots and 20000 packages on the message book for each dispatch center at any time,

is already ambitious and thus, representative enough. We assume that without compromising the

user experience, a 1-second latency (waiting time) is a reasonable upper limit when the user jumps

around to query snapshots at random timestamps. It means we need to at least cache 1 snapshot for

every 1 million messages because the processing speed is 1 million messages per second. Hence,

disk consumption is a meaningful and critical metric. We generate a day of snapshot cache by

generating one snapshot for every 1 million messages. The average size of each snapshot file is
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100KB. Following the same deduction as above, if the simulated data stream is of 100hz frequency,

the snapshot cache of one day is only about 860KB and it is about 860MB if the frequency is

100000hz. This shows that the space cost of RDAS is very low.

3.1.5. Conclusion

We propose RDAS, a general-purpose raw data acquisition and processing system for machine

learning systems in various domains. It provides a unified data interface to bridge the unstructured,

high-resolution and heterogeneous raw data of up to nanosecond granularity to common data loading

and model training pipeline. It features a novel data representation mechanism, the message book,

with the incremental message aggregation mechanism and a low-latency random access time traveler.

RDAS allows users to quickly query a snapshot of the message book at an arbitrary timestamp.

The experiments demonstrate RDAS has a high throughput, low latency, and consumes reasonably

small disk space with full support to high-resolution raw event data. Future works could provide a

programming language agnostic interface that enables quick integration into any existing machine

learning frameworks.

3.2. SWGA: A Distributed Hyperparameter Search Method for Time Series Prediction

Models

3.2.1. Introduction

In the realms of machine learning and deep learning, hyperparameter tuning stands as a cornerstone

to effective model training. It is important to tune the hyperparameters of the model on a validation

dataset. First, this adjustment helps minimize the risk of model overfitting to the training data,

which often severely degrades out-of-sample performance. Second, by fine-tuning hyperparameters

on a validation set with a distribution similar to the training data, the model can achieve better

performance on out-of-sample data with a matching distribution. Lastly, since many hyperparameters

pertain to the model architecture and computational efficiency, optimal configurations can enhance
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model efficiency. Consequently, researchers widely adopt hyperparameter tuning across various

machine learning and deep learning domains (Vaswani et al., 2017; Dosovitskiy et al., 2020; Zhang

and Yan, 2022; Liu et al., 2021a; Zhou et al., 2021; Devlin et al., 2018; Arik and Pfister, 2021;

Huang et al., 2020).

Time series prediction remains a crucial endeavor in various sectors. Domains such as energy

(Hong et al., 2020; Nti et al., 2020b; Reneau et al., 2023), finance (Fischer and Krauss, 2018),

house pricing (Xu and Zhang, 2021), and medical treatment (Prakarsha and Sharma, 2022) heavily

rely on predicting future time series values based on historical data. With the swift advances

in machine learning, optimizing performance on unseen data demands rigorous hyperparameter

search. Time series data, characterized by temporal dependencies and non-stationarity, poses unique

challenges. Temporal dependencies mandate models to discern patterns evolving with time, while

non-stationarity implies fluctuating statistical properties, leading to potential distribution shifts (Kim

et al., 2021; Fan et al., 2023) and possible model overfitting (Roelofs et al., 2019).

Traditional general-purpose hyperparameter search algorithms do not take into account the

domain knowledge of the time series prediction problem by design. Specifically, many time series

prediction models suffer from non-stationary time series and the temporal distribution shift in the

dataset is a long-lasting problem (Du et al., 2021). In this work, we propose a hyperparameter search

process that caters for temporal distribution shifts in time series data.

Addressing these challenges, we present the Sliding Window Genetic Algorithm (SWGA), a

pioneering method tailored for hyperparameter search in time series prediction models. SWGA

offers three innovations: a sliding window technique to mitigate overfitting due to time series

distribution shifts, a warm-up phase that utilizes Bayesian optimization for crafting a solid initial

population, and inherent compatibility with distributed computation across multi-node clusters.

This paper delves into SWGA’s underlying methodology and assesses its efficacy across diverse

time series datasets, consistently demonstrating its edge over conventional genetic algorithms in

identifying optimal hyperparameters for out-of-sample time series predictions.
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There are four major contributions of this paper:

• We introduce a warm-up stage using a lightweight TPE method, enhancing the initialization

of the initial population. Compared to the random initialization in traditional genetic

algorithms, this approach offers a more promising starting point for subsequent iterations,

ultimately guiding the algorithm towards optimal convergence.

• We unveil a configurable sliding window mechanism for hyperparameter search tailored

for time series datasets, bolstering the search’s resilience against distribution shifts in time

series data.

• We demonstrate an effective way to incorporate the consideration of the distribution shift in

time series into the hyperparameter search process to create a domain-knowledge-enhanced

hyperparameter search method that is better than its general-purpose counterpart. Using

genetic algorithm (GA) as an example in the experiments, we demonstrated that our

proposed way (warm-up and sliding window) can greatly enhance the base method, GA,

into SWGA, a method that gives much better out-of-sample results for time series prediction

models.

• Our algorithm seamlessly integrates with the Ray distributed computation framework

(Moritz et al., 2018), making it adaptable to a wide range of parallelism scenarios.

We structure the rest of the paper as follows: Section 3.2.2 reviews related works. Section 3.2.3

provides the necessary background. Section 3.2.4 elaborates on the SWGA methodology. Section

3.2.5 outlines our experimental design, datasets, and results. Section 3.2.6 is the conclusion of the

paper.

3.2.2. Related Work

In this section, we discuss the relevant literature on hyperparameter tuning methods for time series

prediction, covering traditional optimization techniques, distributed computing approaches, and

evolutionary algorithms.
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Researchers widely use traditional optimization techniques, such as grid search and random

search (Bergstra and Bengio, 2012), for hyperparameter tuning in time series prediction models.

Although these methods are conceptually simple, they come with high computational costs and

inefficient exploration of large hyperparameter search spaces. Bayesian optimization methods,

which gained popularity due to their ability to model the performance landscape and guide the

search towards promising regions of the hyperparameter space (Snoek et al., 2012), still demand

substantial computational resources for large-scale time series prediction problems.

To tackle the computational challenges associated with hyperparameter tuning, researchers

propose distributed computing approaches. Some examples include Population-based Training

(PBT) (Jaderberg et al., 2017), Asynchronous Successive Halving Algorithm (ASHA) (Li et al.,

2020a), and Hyperband (Li et al., 2017). These methods exploit parallelism to accelerate the search

and find success in various machine learning tasks. But, their full applicability to time series

prediction problems requires further study, and adaptations may be necessary to handle the unique

challenges of time series data, such as non-stationarity and temporal dependencies.

Researchers employ evolutionary algorithms, such as Genetic Algorithms (GAs), for hyperpa-

rameter optimization in various machine learning tasks (Alibrahim and Ludwig, 2021) (Elgeldawi

et al., 2021). GAs exhibit several attractive properties, such as global search capabilities and

robustness to local optima, making them suitable for complex optimization problems. The literature

contains several distributed GA variants, including Distributed Genetic Algorithm (DGA) (Belding,

1995), Island Model Genetic Algorithm (Whitley et al., 1999), and Master-Slave Genetic Algorithm

(Cantu-Paz and Goldberg, 2000). While these methods apply to a wide range of optimization

problems, their application to time series prediction tasks remains limited.

K-fold cross-validation (Kohavi et al., 1995) is a popular technique used for model evaluation

and hyperparameter tuning in machine learning. This method involves partitioning the dataset into K

equally sized folds, where each fold serves as a validation set exactly once, while the remaining K-1

folds are used for training the model. By averaging the performance metrics across all K iterations,
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K-fold cross-validation provides a more robust and reliable estimate of the model’s generalization

performance compared to a single train-test split. This approach is particularly useful in scenarios

where the dataset size is limited, as it maximizes the usage of available data for both training and

evaluation. Moreover, K-fold cross-validation effectively reduces the risk of overfitting and helps

to identify a model that generalizes well to new, unseen data. Our algorithm may look similar to

K-fold cross-validation, but they are very different.

Ray (Moritz et al., 2018) is a distributed computing framework that supports various distributed

computing infrastructures. We integrate it into our algorithm implementation to enable the distributed

hyperparameter search capability.

3.2.3. Background

Time series prediction. Suppose that we have a multivariate time series with N variates. It is

also a set of N univariate time series {zi
1:T0}

N
i=1. There are in total T0 time steps. The prediction

target is the next τ time steps {zi
T0+1:T0+τ}N

i=1. We are trying to model:

p(zi
T0+1:T0+τ |{zi

1:T0}
N
i=1; Φ) =

τ∏
i=1

p(zTi
|{zi

1:T0}
N
i=1; Φ)

In this conditional distribution, Φ is the parameter of the prediction model.

Hyperparameter search. Consider a machine learning model M characterized by a set of

hyperparameters H = {h1, h2, ..., hn}. Each hyperparameter hi has a domain d(hi) from which

a value can be selected. The goal of hyperparameter search is to find a configuration C =

{c1, c2, ..., cn}, where each ci ∈ d(hi), that optimizes the performance of the model M on a given

dataset. This can be mathematically formulated as:

(3.2.1) C∗ = arg min
C∈d(H)

L(M(H = C), D)
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Here, L represents a loss function that quantifies the discrepancy between the predictions of the

model M with hyperparameters set to C and the true values in the dataset D. The aim is to find the

hyperparameter configuration C∗ that minimizes this loss.

Distribution shift. Time series prediction models often suffer from non-stationarity from the time

series data. The distribution in these data shifts along the time direction. To mitigate distribution

shift, people usually use domain generalization ((Li et al., 2018; Muandet et al., 2013; Wang et al.,

2022)) and domain adaptation ((Tzeng et al., 2017; Ganin et al., 2016; Wang et al., 2018)). Domain

generalization focuses on learning from the source domain and hopes to generalize well on the target

domain while domain adaptation is to reduce the distribution distance between the source and target

domain. They both have the goal to bridge the distributions of source and target domains. However,

our method is different from these methods in the sense that we address the distribution shift from

the hyperparameter search perspective.

Tree-structured Parzen Estimator. The Tree-structured Parzen Estimator (TPE) is a prominent

method for hyperparameter optimization. TPE models the joint distribution p(x, y) of the hyperpa-

rameters x and the objective function y. In contrast to other optimization techniques that model

p(y|x) and then invert this relationship, TPE models p(x|y) and p(y) directly. TPE divides the

hyperparameters into two sets depending on the observed y values and then generates new candidate

hyperparameters from a distribution that favors the promising set. In doing so, TPE provides

a more flexible way of exploring the hyperparameter space, especially when the distribution of

hyperparameters is non-uniform. However, TPE can be computationally expensive as the number of

hyperparameters grows and sensitive to the choice of the threshold that separates the two sets of

hyperparameters. Besides, TPE runs in a sequential manner. It is hard to run in parallel and utilize

the modern multi-node distributed computing clusters.
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3.2.4. Methodology

To initialize the first population, rather than using random generation, we use a Tree-structured

Parzen Estimator (TPE) to repeatedly run a small number of trials to generate the initial population.

We call this process the warm-up stage and it provides a better starting population for the genetic

algorithm. To make the hyperparameter search more robust to the time series’s distribution shift

problem and prevent the algorithm from overfitting the validation set, we create this configurable

sliding window mechanism when conducting the genetic algorithm. We first split a dataset into

the training set, validation set, and testing set according to a fixed ratio. Then, we evenly split the

training set into multiple chunks of the same size. Then, we split the validation set into the same

number of chunks. The hyperparameter search process goes as follows. First, we define a window

of a length of a fixed number of chunks. The window starts from the earliest chunk and slides

one chunk after each iteration of SWGA along the time direction. Starting from the population

of the first generation, at each iteration, SWGA trains the model with each individual config in

the population only on the data within the fixed-length window and does the model validation on

the data chunk right after the window. Then, the window slides along the time dimension using a

fixed stride of one data chunk. The size of each data chunk and the size of the window are both

configurable. Figure 3.6 shows an example of how SWGA works on a 3-year time series dataset.

In detail, The entire process of SWGA, also shown by Algorithm 1 - 5, is as follows. First, it

splits the datasets into the training set, validation set, and testing set. In the warm-up stage, the TPE

algorithm runs a small number of trials on the training set and the validations set to produce one

hyperparameter config. This process repeats several times until it generates enough individuals

for the initial population. Then, the genetic algorithm process starts. In each iteration, it first

evaluates each individual in the population and sorts them according to the ascending fitness value.

The fitness value is the trained model’s Root Mean Square Error (RMSE) or Mean Absolute Error

(MAE) on the validation data. Then, based on the ranking of each individual in the population

regarding the fitness value, the algorithm generates a new population for the next iteration. The
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Figure 3.6. A demonstration of SWGA. From top to bottom, they are the different
stages of the tuning process. In this specific example, the training set is the history
time series for 2015 and the validation set is the history time series for 2016. They
are both divided into 12 chunks respectively. The test set is the history time series
for 2017. In each iteration, there is a sliding window including in total 13 chunks
with 12 as training set and 1 as validation set. It generates the population on this
window for the next iteration. The best configuration from the final generation is
used to obtain the evaluation metrics on the test set.

population generation process is as follows. It first creates a set of parents from the top k individuals

(low fitness values) and from the tail 2 individuals of the population. Then, it applies the crossover

operator and mutation operator to the parents to generate the offsprings. The offsprings and the top

k individuals together become the next generation of the population. Lastly, after the final iteration,

the top individual in the population becomes the final winner. SWGA then uses this configuration to

train a model on the original training set and report the RMSE or MAE on the testing set.

SWGA variant. We also consider a variant of the SWGA. In each iteration, rather than only using

one data chunk right after the training window to validate the model, we use all the data chunks in

the validation set that is not in the window. However, this variant is much slower and the experiment

results show that it does not provide a better performance. Thus, we do not use this variant to run

the experiments in the experiment section.
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Since genetic algorithms are natively parallelization-friendly, we also integrate SWGA with

Ray compute framework to support parallelized hyperparameter search on various computation

infrastructures including single-node multi-core and multi-node multi-core.

Algorithm 1 SWGA
1: Raw dataset separates into trn set, val set, tst set
2: Initialize population as an empty list
3: Initialize fitnesses as an empty list
4: for i = 1, 2, . . . , K do
5: if i == 1 then
6: population0 =

WarmUpStage(trn set, val set)
7: trn set splits into N chunks
8: val set splits into N chunks
9: end if

10: trn seti, val seti = GetDataset(i, trn set, val set)
11: populationi =

GenNextPop(populationi−1, fitnessesi−1)
12: for each individual configuration h in populationi do
13: Evaluate the fitness of h and add to fitnessesi

14: end for
15: end for

return the config with the best fitness in fitnessesK

Algorithm 2 GetDataset(i, trn set, val set)
1: trn =

concatenate(trn set[chunki, . . . , chunki+N−1])
2: val = val set[chunki+N ]

return trn, val

Algorithm 3 CrossoverMutate(parent1, parent2)
1: crossover rate = 0.7
2: mutate rate = 0.2
3: for each hyperparameter key c in the config space do
4: child[c] = RandomChoice(parent1[c], parent2[c])
5: child[c] = RandomChoice(child[c], default config[c]) # mutation
6: end for

return child
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Algorithm 4 WarmUpStage(trn set, val set)
1: Initialize init pop as an empty list
2: while size of(init pop) < POPULATION SIZE do
3: best config = TPE(num trials=10)
4: Add best config to init pop
5: end while

return init pop

Algorithm 5 GenNextPop(populationi−1, fitnessesi−1)
1: Get topk selection from populationi−1 according to fitness in fitnessesi−1
2: Get tail2 selection from populationi−1 according to fitness in fitnessesi−1
3: Initialize parent pairs as empty list
4: Initialize next pop as empty list
5: for i = 1, 3, 5,. . . , k-1 (two elements each time) do
6: Append (topk selection[i], topk selection[i + 1]) to parent pairs
7: end for
8: Append (tail2 selection[0], tail2 selection[1]) to parent pairs
9: for each parent pair in parent pairs do

10: child = CrossoverMutate(parent pair)
11: Add child to next pop
12: end for

return next pop ∪ topk selection

3.2.5. Experiments

To demonstrate the efficacy of our methodology, we conduct two tasks in our experiments.

Task 1. In this task, we focus on showcasing the effectiveness of our proposed methodology by

ablation studies. We use SWGA, GA and SWGA* (SWGA without the warm-up stage) to search for

hyperparameters for 5 common time series prediction model architectures respectively. Then, we

compare the out-of-sample prediction performance of these models. Through this task, we show

that both our proposed warm-up stage and the sliding window mechanism are effective and our

proposed SWGA method indeed has a performance gain compared to the base GA method. The

results are in Table 3.3 and 3.4.

Task 2. In this task, we demonstrate SWGA’s values in real applications. We use SWGA to

search for hyperparameters for three latest SOTA time series prediction models in the literature

including iTransformer (Liu et al., 2023), DLinear (Zeng et al., 2023) and PatchTST (Nie et al.,
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2022). We show these models’ immediate improvements regarding the out-of-sample prediction

performance on the same long-term forecasting task, training, and testing dataset as the original

setups in the literature.

Experiment Configurations. We conduct all the experiments on a Ray cluster node with 48 CPU

cores and 8 Nvidia RTX 2080Ti GPUs. For Task 1, we use SWGA to do a hyperparameter search

on 4 different prediction models on 10 multivariate time series datasets from different domains.

For each dataset, we first split the dataset using the 8:1:1 ratio into the training set, validation set,

and testing set. Then, we split the training set and validation set respectively into 12 trunks. We

use seven historical timesteps to predict one timestep ahead. Each experiment repeats 5 times and

we report the mean RMSE and mean MAE. Since SWGA has the sliding window mechanism that

increases the number of trials on different hyperparameter configurations, to ensure that there is

a fair comparison, we make sure all the compared methods including the baseline have the same

total number of trials in the hyperparameter tuning process. To obtain the RMSE and the MAE, we

first use the hyperparameters that the hyperparameter search method finds to initialize the model.

Then, we train the model on the training set and test the model on the test set. We report the model’s

RMSE and MAE on the test set. For Task 2, we ensure that all models have the same settings as that

in Table 1 of the iTransformer (Liu et al., 2023) paper. The only difference is that we use SWGA to

do hyperparameter search. The hyperparameter search space we use is in B.2.1

Datasets. In the experiments, we use ten real-world datasets: (i) Beijing PM2.5: This is an

hourly multivariate time series dataset ranging from 2010 to 2014. It has (ii) SML2010: A month

of home monitoring multivariate time series data of resolution of 15 minutes. (iii) Appliance

Energy: Four months of energy use multivariate time series dataset of 10-minute resolution. (iv)

Individual household electricity: Four years electricity use multivariate time series dataset of

1-minute resolution. (v) Exchange: It is a multivariate dataset including daily exchange rates in eight

different countries from 1990 to 2010. (vi) ETT (Electricity Transformer Temperature) datasets are

multivariate time series. There are two collection sources of them with labels 1 and 2. There are
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Table 3.3. Comparison of RMSEs between SWGA and GA for different models
and datasets. SWGA achieves the best results on most of the models and datasets.
SWGA* represents the version of SWGA that does not use TPE to generate the initial
population. Instead, it uses the random sampling method.

Model Method
Dataset

Beijing
PM2.5 SML2010 Appliance

Energy

Individual
Household
Electricity

Exchange ETTh1 ETTh2 ETTm1 ETTm2 Traffic

Catboost
SWGA 0.071 0.055 0.069 0.032 0.015 0.034 0.056 0.027 0.015 0.015
SWGA* 0.073 0.056 0.074 0.022 0.015 0.073 0.056 0.074 0.022 0.039
GA 0.081 0.137 0.070 0.078 0.080 0.062 0.117 0.038 0.065 0.067

LightGBM
SWGA 0.079 0.159 0.068 0.062 0.051 0.072 0.095 0.051 0.052 0.051
SWGA* 0.088 0.164 0.078 0.065 0.051 0.071 0.093 0.070 0.085 0.054
GA 0.080 0.137 0.078 0.078 0.078 0.082 0.108 0.073 0.096 0.067

XGBoost
SWGA 0.087 0.136 0.108 0.070 0.049 0.080 0.100 0.108 0.050 0.078
SWGA* 0.091 0.159 0.147 0.052 0.052 0.091 0.159 0.147 0.052 0.052
GA 0.414 0.121 0.440 0.426 0.208 0.081 0.145 0.075 0.132 0.376

LSTM
SWGA 0.087 0.265 0.092 0.065 0.013 0.087 0.265 0.092 0.065 0.024
SWGA* 0.198 0.349 0.180 0.568 0.017 0.198 0.369 0.180 0.568 0.023
GA 0.168 0.636 0.197 0.176 0.260 0.737 0.649 0.593 0.656 0.110

Transformer
SWGA 0.071 0.121 0.071 0.058 0.109 0.056 0.040 0.078 0.109 0.042
SWGA* 0.072 0.197 0.089 0.084 0.095 0.118 0.181 0.102 0.143 0.084
GA 0.608 0.879 0.707 0.911 0.730 1.312 0.990 0.732 1.142 0.578

Table 3.4. Comparison of MAEs between SWGA and GA for different models and
datasets. SWGA achieves the best results on most of the models and datasets.

Model Method
Dataset

Beijing
PM2.5 SML2010 Appliance

Energy

Individual
Household
Electricity

Exchange ETTh1 ETTh2 ETTm1 ETTm2 Traffic

Catboost
SWGA 0.018 0.039 0.026 0.015 0.045 0.058 0.023 0.053 0.023 0.016
SWGA* 0.034 0.116 0.027 0.016 0.054 0.143 0.180 0.024 0.132 0.014
GA 0.062 0.117 0.038 0.065 0.028 0.070 0.092 0.060 0.082 0.058

LightGBM
SWGA 0.067 0.120 0.050 0.063 0.051 0.068 0.077 0.045 0.057 0.051
SWGA* 0.072 0.114 0.051 0.052 0.052 0.067 0.082 0.047 0.058 0.053
GA 0.077 0.112 0.045 0.068 0.074 0.071 0.092 0.056 0.089 0.057

XGBoost
SWGA 0.089 0.106 0.313 0.022 0.042 0.048 0.045 0.045 0.042 0.034
SWGA* 0.080 0.110 0.108 0.275 0.059 0.049 0.063 0.049 0.060 0.199
GA 0.410 0.103 0.418 0.416 0.074 0.067 0.114 0.067 0.108 0.371

LSTM
SWGA 0.018 0.040 0.029 0.016 0.014 0.048 0.021 0.038 0.015 0.016
SWGA* 0.036 0.059 0.025 0.017 0.014 0.197 0.080 0.128 0.119 0.024
GA 0.236 0.665 0.217 0.089 0.288 0.491 0.569 0.719 0.583 0.152

Transformer
SWGA 0.069 0.109 0.056 0.053 0.093 0.083 0.105 0.061 0.072 0.060
SWGA* 0.076 0.170 0.051 0.065 0.125 0.163 0.121 0.082 0.084 0.156
GA 0.532 0.612 0.790 0.434 0.770 0.790 0.811 1.210 1.229 0.993
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two collection resolutions that are 1 hour and 15 minutes. So, there are four specific datasets in this

category: ETTh1, ETTh2, ETTm1, and ETTm2. (vii) Traffic: A multivariate dataset recording the

hourly road occupancy rates from various sensors on freeways in San Francisco from 2016 to 2018.

Out-of-sample performance (task 1). As we can see from Table 3.3, SWGA consistently

outperforms the traditional genetic algorithm on most of the datasets and different models. On

average, SWGA reduces the RMSE on the out-of-sample testing set by 54.6% compared to GA.

SWGA* is the SWGA without the warm-up stage. Instead, SWGA* uses the random sampling

method to generate the initial population as the traditional genetic algorithm. On average, SWGA*

reduces the RMSE on the out-of-sample testing set by 34.0% compared to GA. By comparing

the results of SWGA* and the results of GA, we can know that the configurable sliding window

mechanism indeed brings a significant reduction to the out-of-sample RMSE. By comparing the

results of SWGA and SWGA*, we can see that the warm-up stage contributes additional reduction

to the RMSE on top of the sliding window’s contribution in most cases.

Table 3.4’s results are consistent with Table 3.3. SWGA has the lowest MAE on most of the

datasets. On average, SWGA has about a 57.6% reduction compared to the MAE of GA. SWGA*

reduces the MAE by about 42.6% compared to GA. In both the MAE and RMSE metrics, SWGA

yields a significant improvement over GA.

Besides, SWGA shows a consistent advantage in both Table 3.3 3.4 across various kinds of

popular time series prediction model architectures including tree models (Catboost, LightGBM,

XGBoost), recurrent models (LSTM), and attention-based models (Transformer). This further

demonstrates SWGA’s advantage and application value.

Improvement on latest SOTA time series forecasting models (task 2). As we can see from Table

3.5, by using SWGA to do hyperparameter search on three SOTA time series forecasting models,

without other additional modifications, we immediately get an improvement as much as 6.46%

of average reduction of MSE. This demonstrates that a considerable amount of additional testing

performance of time series predictions models is achievable by using a good set of hyperparameters.
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(c) XGBoost
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(d) LSTM
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Figure 3.7. SWGA testing loss (RMSE) for different numbers of chunks (N).

Besides, it demonstrates our SWGA method’s capability of gaining such addition testing performance

on a wide range of existing SOTA models in an easy plug-and-play manner.

Number of chunks. The above experiments set the number of training chunks N to 12 and it

already produces a much better performance than the baseline GA. To investigate the effect of

different Ns on the out-of-sample testing loss, we conduct experiments adjusting the value of N in

SWGA. Figure 3.7 shows that different models and datasets have their own optimal N values. For

instance, for XGBoost, SWGA with N = 6 exhibits the best out-of-sample RMSE for all four of
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Table 3.5. The improvement of results on testing dataset of three SOTA time series
forecasting models by using SWGA to search for a better set of hyperparameters. We
calculate and show the average percentage of the reduction of the mean square error
(MSE) after using SWGA to do hyperparameter search. We can see that Each of
them has a considerable amount of free improvement without any change to their
dataset and model architecture.

Model Dataset
ETTh1 Weather ETTm1 Exchange ETTh2 ETTm2

iTransformer 1.92% 1.90% 2.20% 1.14% 0.80% 4.00%

DLinear 0.80% 2.84% 5.50% 1.30% 4.25% 6.05%

PatchTST 6.46% 1.14% 3.30% 6.13% 1.60% 3.39%

those datasets. The different effects from N further prove that our sliding window mechanism is

meaningful and necessary for time series data.
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(a) Catboost (GA) (b) LightGBM (GA) (c) XGBoost (GA) (d) LSTM (GA)
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Figure 3.9. Comparison of hyperparameter search dynamics using GA (top group:
a-d) and SWGA (bottom group: e-h). RMSE loss of the final model on the out-of-
sample testing set is shown for different numbers of generations for each algorithm.

Scalability. To examine how varying the number of distributed computer nodes impacts optimi-

sation time. We conduct experiments by adjusting the number of nodes in SWGA. All experiments

in this section are conducted using the ETTh1 dataset. As depicted in Figure 3.8, we observe

a reduction in optimization time with an increase in the number of nodes, and this relationship
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appeared nearly linear. The results demonstrate the good scalability and efficiency of our proposed

framework.
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Figure 3.8. When the number of
computation nodes increases, the op-
timization time decreases nearly lin-
early.

Optimization Dynamics. We conduct experiments to show

the optimization dynamics of the baseline, GA algorithm

on the four models on those four different datasets. Figure

3.9 have three major takeaways: (i) For all four models, on

most of the datasets, SWGA is able to reach a much lower

out-of-sample testing loss compared to the baseline GA. (ii)

SWGA’s out-of-sample testing loss decreases in a smoother

way while the baseline GA’s loss optimization process is much

more volatile bouncing up and down. This indicates that it

is safer to use the tuned hyperparameter configuration from

SWGA compared to that from the baseline GA where there is a higher chance that the tuned

configuration is on the out-of-sample testing loss peak that bounces up from a previous local

minimum. (iii) In some cases such as the XGBoost case, the out-of-sample loss from the base GA

fails to decrease properly while the SWGA is able to.

3.2.6. Conclusion

We propose SWGA, a distributed genetic algorithm for hyperparameter search for time series data.

Compared to a regular genetic-based algorithm that uses random initialization to initialize the initial

population, we propose a warm-up stage that uses TPE with a small number of trials to generate

the initial population to provide a better starting point. To combat the distribution shift challenge

on time series datasets, we propose a configurable sliding window mechanism. Besides, SWGA

natively supports parallelized hyperparameter search on a Ray cluster. The experiment results

on various models and time series datasets from different domains show that SWGA has a huge

performance gain over the vanilla genetic algorithm. On average, there is a decrease of roughly
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57.6% in the MAE and 54.6% in the RMSE when using SWGA in comparison to GA. Additionally,

we also demonstrate the good scalability of SWGA.

3.3. STanHop: Sparse Tandem Hopfield Model for Memory-Enhanced Time Series

Prediction

3.3.1. Introduction

In this work, we aim to enhance multivariate time series prediction by incorporating relevant additional

information specific to the inference task at hand. This problem holds practical importance due to its

wide range of real-world applications. On one hand, multivariate time series prediction itself poses

a unique challenge given its multi-dimensional sequential structure and noise-sensitivity (Masini

et al., 2023; Reneau et al., 2023; Nie et al., 2022; Fawaz et al., 2019). A proficient model should

robustly not only discern the correlations between series within each time step, but also grasp the

intricate dynamics of each series over time. On the other hand, in many real-world prediction tasks,

one significant challenge with existing time series models is their slow responsiveness to sudden or

rare events. For instance, events like the 2008 financial crisis and the pandemic-induced market

turmoil in 2021 (Laborda and Olmo, 2021; Bond and Dow, 2021; Sevim et al., 2014; Bussiere and

Fratzscher, 2006), or extreme climate changes in weather forecasting (Le et al., 2023; Sheshadri

et al., 2021) often lead to compromised model performance. To combat these challenges, we present

STanHop-Net (Sparse Tandem Hopfield Network), a novel Hopfield-based deep learning model,

for multivariate time series prediction, equipped with optional memory-enhanced capabilities.

Our motivation comes from the connection between associative memory models of human brain

(specifically, the modern Hopfield models) and the attention mechanism (Hu et al., 2023; Ramsauer

et al., 2020). Based on this link, we propose to enhance time series models with external information

(e.g., real-time or relevant auxiliary data) via the memory retrieval mechanism of Hopfield models.

In its core, we utilize and extend the deep-learning-compatible Hopfield layers (Hu et al., 2023;

Ramsauer et al., 2020). Differing from typical transformer-based architectures, these layers not only
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replace the attention mechanisms (Ramsauer et al., 2020; Widrich et al., 2020) but also serve as

differentiable memory modules, enabling integration of external stimuli for enhanced predictions.

In this regard, we first introduce a set of generalized sparse Hopfield layers, as an extension

of the sparse modern Hopfield model (Hu et al., 2023). Based on these layers, we propose a

structure termed the STanHop (Sparse Tandem Hopfield layers) block. In STanHop, there are two

sequentially joined sub-blocks of generalized sparse Hopfield layers, hence tandem. This tandem

design sparsely learn and store temporal and cross-series representations in a sequential manner.

Furthermore, we introduce STanHop-Net (Sparse Tandem Hopfield Network) for time series,

consisting of multiple layers of STanHop blocks to cater for multi-resolution representation learning.

To be more specific, rather than relying only on the input sequence for predictions, each stacked

StanHop block is capable of incorporating additional information through the Hopfield models’

memory retrieval mechanism from a pre-specified external memory set. This capability facilitates

the injection of external memory at every resolution level when necessary. Consequently, STanHop-

Net not only excels at making accurate predictions but also allows users to integrate additional

information they consider valuable for their specific downstream inference tasks with minimal effort.

We provide visual overviews of STanHop-Net in fig. 3.10 and STanHop block in fig. 3.11.

Contributions. We summarize our contributions as follows:

• Theoretically, we introduce a unified sparsity-aware modern Hopfield model, termed the

generalized sparse Hopfield model. We show that it not only offer a tighter memory

retrieval error bound compared to the dense modern Hopfield model (Ramsauer et al.,

2020), but also retains the robust theoretical properties of the dense model, such as fast

fixed point convergence and exponential memory capacity. Moreover, it serves as a unified

model that encompasses both the sparse (Hu et al., 2023) and dense (Ramsauer et al., 2020)

models as its special cases.

• Computationally, we show the one-step approximation of the retrieval dynamics of the

generalized sparse Hopfield model is connected to sparse attention mechanisms, akin to
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(Hu et al., 2023; Ramsauer et al., 2020). This connection allows us to introduce the GSH

layers featuring learnable sparsity, for time series representation learning. As a result, these

layers achieve faster memory-retrieval convergence and greater noise-robustness compared

to the dense model.

• Methodologically, with GSH layer, we present STanHop (Sparse Tandem Hopfield layers)

block, a hierarchical tandem Hopfield model design to capture the intrinsic multi-resolution

structure of both temporal and cross-series dimensions of time series with resolution-

specific sparsity at each level. In addition, we introduce the idea of pseudo-label retrieval,

and debut two external memory plugin schemes — Plug-and-Play and Tune-and-Play

memory plugin modules — for memory-enhanced predictions.

• Experimentally, we validate STanHop-Net in multivariate time series predictions, consider-

ing both with and without the incorporation of external memory. When external memory

isn’t utilized, STanHop-Net consistently matches or surpasses many popular baselines,

across diverse real-world datasets. When external memory is utilized, STanHop-Net

demonstrates further performance boosts in many settings, benefiting from both proposed

external memory schemes.

Notations. We write ⟨a, b⟩ := aTb as the inner product for vectors a, b. The index set

{1, · · · , I} is denoted by [I], where I ∈ N+. The spectral norm is denoted by ∥·∥, which is

equivalent to the l2-norm when applied to a vector. Throughout this paper, we denote the memory

patterns (keys) by ξ ∈ Rd and the state/configuration/query pattern by x ∈ Rd with n := ∥x∥, and

Ξ := (ξ1, · · · , ξM) ∈ Rd×M as shorthand for stored memoery (key) patterns {ξµ}µ∈[M ]. Moreover,

we set m := Maxµ∈[M ] ∥ξµ∥ be the largest norm of memory patterns.

3.3.2. Background: Modern Hopfield Models

Let x ∈ Rd be the query pattern and Ξ = (ξ1, · · · , ξM) ∈ Rd×M be the M memory patterns.
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Hopfield Models. Hopfield models are associative models that store a set of memory patterns

Ξ in such a way that a stored pattern ξµ can be retrieved based on a partially known or contaminated

version, a query x. The models achieve this by embedding the memories Ξ in the energy landscape

E(x) of a physical system (e.g., the Ising model in (Hopfield, 1982) or its higher-order generalizations

(Lee et al., 1986; Peretto and Niez, 1986; Newman, 1988)), where each memory ξµ corresponds to a

local minimum. When a query x is introduced, the model initiates energy-minimizing retrieval

dynamics T at the query’s location. This process then navigate the energy landscape to locate the

nearest local minimum ξµ, effectively retrieving the memory most similar to the query x.

Constructing the energy function, E(x), is straightforward. As outlined in (Krotov and Hopfield,

2016), memories get encoded into E(x) using the overlap-construction: E(x) = F (ΞTx), where

F : RM → R is a smooth function. This ensures that the memories {ξµ}µ∈[M ] sit at the stationary

points of E(x), given ∇xF (ΞTx)|ξµ = 0 for all µ ∈ [M ]. The choice of F results in different

Hopfield model types, as demonstrated in (Krotov and Hopfield, 2016; Demircigil et al., 2017;

Ramsauer et al., 2020; Krotov and Hopfield, 2020). However, determining a suitable retrieval

dynamics, T , for a given energy E(x) is more challenging. For effective memory retrieval, T must:

(T1) Monotonically reduce E(x) when applied iteratively.

(T2) Ensure its fixed points coincide with the stationary points of E(x) for precise retrieval.

Modern Hopfield Models. Ramsauer et al. (2020) propose the modern Hopfield model with a

specific set of E and T satisfying above requirements, and integrate it into deep learning architectures

via its strong connection with attention mechanism, offering enhanced performance, and theoretically

guaranteed exponential memory capacity. Specifically, they introduce

(3.3.1)

E(x) = − lse(β,ΞTx) + 1
2⟨x,x⟩+ Const., and TDense(x) = Ξ Softmax(βΞTx) = xnew,

where ΞTx = (⟨ξ1,x⟩, . . . , ⟨ξM ,x⟩) ∈ RM , lse(β, z) := log
(∑M

m=1 exp{βzµ}
)
/β is the log-sum-

exponential for any given vector z ∈ RM and β > 0. Their analysis concludes that:
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• TDense converges well (Ramsauer et al., 2020, Theorem 1,2) and can retrieve patterns

accurately in just one step (Ramsauer et al., 2020, Theorem 4), i.e. (T1) and (T2) are

satisfied.

• The modern Hopfield model (3.3.1) possesses an exponential memory capacity in pattern

size d (Ramsauer et al., 2020, Theorem 3).

• Notably, the one-step approximation of TDense mirrors the attention mechanism in trans-

formers, leading to a novel deep architecture design: the Hopfield layers.

In a related vein, Hu et al. (2023) introduce a principled approach to constructing modern Hopfield

models using the convex conjugate of the entropy regularizer. Unlike the original modern Hopfield

model (Ramsauer et al., 2020), the key insight of (Hu et al., 2023) is that the convex conjugate of

various entropic regularizers can yield distributions with varying degrees of sparsity. Leveraging

this understanding, we introduce the generalized sparse Hopfield model in the next section.

3.3.3. Generalized Sparse Hopfield Model

In this section, we extend the entropic regularizer construction of the sparse modern Hopfield model

(Hu et al., 2023) by replacing the Gini entropic regularizer with the Tsallis α-entropy (Tsallis, 1988),

Ψα(p) :=


1

α(α−1)
∑M

µ=1

(
pµ − pα

µ

)
, α ̸= 1,

−∑M
m=1 pµ ln pµ, α = 1,

, for α ⩾ 1,(3.3.2)

thereby introducing the generalized sparse Hopfield model. Subsequently, we verify the connection

between the memory retrieval dynamics of the generalized sparse Hopfield model and attention

mechanism. This leads to the Generalized Sparse Hopfield (GSH) layers for deep learning.

3.3.3.1. Energy Function, Retrieval Dynamics and Fundamental Limits. Let z,p ∈ RM , and

∆M := {p ∈ RM
+ |

∑M
µ pµ = 1} be the (M − 1)-dimensional unit simplex. Energy Function. We
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introduce the generalized sparse Hopfield energy function3:

H(x) = −Ψ⋆
α

(
βΞTx

)
+ 1

2⟨x,x⟩+ Const., with Ψ⋆
α(z) :=

∫
dz α-EntMax(z),(3.3.3)

where α-EntMax(·) : RM → ∆M is a finite-domain distribution map defined as follows.

Definition 3.3.1. The variational form of α-EntMax is defined by the optimization problem

α-EntMax(z) := argmax
p∈∆M

[⟨p, z⟩ −Ψα(p)],(3.3.4)

where Ψα(·) is the Tsallis entropic regularizer given by (3.3.2). See Remark B.3.1 for a closed form.

Ψ⋆
α(p) is the convex conjugate of the Tsallis entropic regularizer Ψα(p) (Definition B.3.1) and

hence
Lemma 3.3.1. ∇Ψ⋆

α(z) = argmaxp∈∆M [⟨p, z⟩ −Ψα(p)] = α-EntMax(z).

Proof. See appendix B.3.2.1 for a detailed proof. □

Retrieval Dynamics. With Lemma 3.3.1, it is clear to see that the energy function (3.3.3) aligns

with the overlap-function construction of Hopfield models, as in (Hu et al., 2023; Ramsauer et al.,

2020). Next, we introduce the corresponding retrieval dynamics satisfying the monotinicity property

(T1).
Lemma 3.3.2 (Generalized Sparse Hopfield Retrieval Dynamics). Let t be the iteration number.

The retrieval dynamics of the generalized sparse Hopfield model is a 1-step update of the form

(3.3.5) T (xt) := ∇xΨ⋆
α

(
βΞTxt

)
= Ξα-EntMax

(
βΞTxt

)
= xt+1,

that minimizes the energy function (3.3.3) monotonically over t.

Proof. See appendix B.3.2.2 for a detailed proof. □

To see how this model store and retrieve memory patterns, we first introduce the following

definition.

3This energy function (3.3.3) is equivalent up to an additive constant.
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Definition 3.3.2 (Stored and Retrieved). Assuming that every pattern ξµ surrounded by a sphere Sµ

with finite radius R := 1
2 Minµ,ν ̸=µ∈[M ] ∥ξµ − ξν∥, we say ξµ is stored if there exists a generalized

fixed point of T , x⋆
µ ∈ Sµ, to which all limit points x ∈ Sµ converge to, and Sµ ∩ Sν = ∅ for µ ̸= ν.

We say ξµ is ϵ-retrieved by T with x for an error ϵ, if ∥T (x)− ξµ∥ ⩽ ϵ.

To ensure the convergence property (T2) of retrieval dynamics (3.3.5), we have the next lemma.
Lemma 3.3.3 (Convergence of Retrieval Dynamics T ). Given the energy function (3.3.3) and

retrieval dynamics T (x) (3.3.5), respectively. For any sequence {xt}∞
t=0 generated by the iteration

xt′+1 = T (xt′), all limit points of this sequence are stationary points ofH.

Proof. See appendix B.3.2.3 for a detailed proof. □

Intuitively, Lemma 3.3.3 suggests that for any query x, T (given by (3.3.5)) monotonically

and iteratively approaches stationary points of H (given by (3.3.3)), where the memory patterns

{ξµ}µ∈[M ] are stored. This completes the construction of a well-defined modern Hopfield model.

Fundamental Limits. To highlight the computational benefits of the generalized sparse Hopfield

model, we analyze the fundamental limits of the memory retrieval error and memory capacity.
Theorem 3.3.1 (Retrieval Error). Let TDense be the retrieval dynamics of the dense modern Hopfield

model (Ramsauer et al., 2020). Let z ∈ RM , z(ν) be the ν’th element in a sorted descending

z-sequence zsorted := z(1) ⩾ . . . ⩾ z(M), and κ(z) := Max{k ∈ [M ] | 1 + kz(k) >
∑

ν⩽k z(ν)}. For

all x ∈ Sµ, it holds ∥T (x)− ξµ∥ ⩽ ∥TDense(x)− ξµ∥, and

for 2 ⩾ α ⩾ 1, ∥T (x)− ξµ∥ ⩽ 2m(M − 1) exp
{
−β

(
⟨ξµ,x⟩ −Max

ν∈[M ]
⟨ξµ, ξν⟩

)}
,(3.3.6)

for α ⩾ 2, ∥T (x)− ξµ∥ ⩽ m + d
1/2mβ

[
κ

(
Max
ν∈[M ]

⟨ξν ,x⟩ −
[
ΞTx

]
(κ)

)
+ 1

β

]
.(3.3.7)

Corollary 3.3.1.1 (Noise-Robustness). In cases of noisy patterns with noise η, i.e. x̃ = x + η

(noise in query) or ξ̃µ = ξµ + η (noise in memory), the impact of noise η on the sparse retrieval

error ∥T (x)− ξµ∥ is linear for α ⩾ 2, while its effect on the dense retrieval error ∥TDense(x)− ξµ∥

(or ∥T (x)− ξµ∥ with 2 ⩾ α ⩾ 1) is exponential.

Proof. See appendix B.3.2.4 for a detailed proof. □
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Intuitively, Theorem 3.3.1 implies the sparse model converge faster to memory patterns than the

dense model (Ramsauer et al., 2020), and the larger sparsity leads the lower retrieval error.

Lemma 3.3.4 (Memory Capacity Lower Bound). Suppose the probability of successfully storing and

retrieving memory pattern is given by 1−p. The number of memory patterns sampled from a sphere

of radius m that the sparse Hopfield model can store and retrieve has a lower bound: M ⩾
√

pC
d−1

4 ,

where C is the solution for C = b/W0(exp{a+ln b}) with W0(·) being the principal branch of Lambert

W function (Olver et al., 2010), a := 4/d−1
{

ln[2m(√p−1)/(R+δ)] + 1
}

and b := 4m2β/5(d−1). For

sufficiently large β, the sparse Hopfield model has a larger lower bound on the exponential-in-d

memory capacity compared to that of dense counterpart (Ramsauer et al., 2020): M ⩾ MDense.

Proof. See appendix B.3.2.5 for a detailed proof. □

Lemma 3.3.4 offers a lower bound on the count of patterns effectively stored and retrievable by

T with a minimum precision of R, as defined in Definition 3.3.2. Essentially, the capacity of the

generalized sparse Hopfield model to store and retrieve patterns grows exponentially with pattern

size d. This mirrors findings in (Hu et al., 2023; Ramsauer et al., 2020). Notably, when α = 2, the

results of Theorem 3.3.1 and Lemma 3.3.4 reduce to those of (Hu et al., 2023).

3.3.3.2. Generalized Sparse Hopfield (GSH) Layers for Deep Learning. Now we introduce the

Generalized Sparse Hopfield (GSH) layers for deep learning, by drawing the connection between

the generalized sparse Hopfield model and attention mechanism.

Generalized Sparse Hopfield (GSH) Layer. Following (Hu et al., 2023), we extend (3.3.5) to

multiple queries X := {xi}i∈[T ]. From previous section, we say that the Hopfield model, as defined

by (3.3.3) and (3.3.5), functions within the associative spaces X and Ξ. Given any raw query R and

memory Y that are input into the Hopfield model4, we compute X and Ξ as XT = RWQ := Q

and ΞT = Y WK := K, using matrices WQ and WK . Therefore, we rewrite T in (3.3.5) as

4The raw query R and memory Y may originate from data, external sets, or hidden representations throughout a given
deep learning pipeline. They are not necessarily usable as X and Ξ. Therefore, to use (3.3.5), they must be mapped
into d-dimensional associative spaces.



99

(Qnew)T = KT α-EntMax
(
βKQT

)
. Taking transpose and projecting K to V with WV , we have

Z := QnewWV = α-EntMax
(
βQKT

)
KWV = α-EntMax

(
βQKT

)
V ,(3.3.8)

which leads to the attention mechanism with α-EntMax activation function. Plugging back the raw

patterns R and Y , we arrive the foundation of the Generalized Sparse Hopfield (GSH) layer,

GSH(R,Y ) = Z = α-EntMax
(
βRWQW

T
KY T

)
Y WKWV .(3.3.9)

By (3.3.6), T retrieves memory patterns with high accuracy after a single activation. This allows

(3.3.9) to integrate with deep learning architectures just like (Hu et al., 2023; Ramsauer et al., 2020).

Remark 3.3.1. α is a learnable parameter (Correia et al., 2019), enabling GSH to learn input

sparsity.

GSHPooling and GSHLayer Layers. Following (Hu et al., 2023), we introduce two more

variants: the GSHPooling and GSHLayer layers. They are similar to the GSH, and only differ in

how to obtain the associative sets Q,Y . For GHSPooling(Y ), K = Y WK ,V = KWV , and Q

is a learnable variable independent from any input. For GSHLayer(R,Y ), we have K = V = Y ,

and Q = R. Note that GSHLayer can have Q as learnable parameter or as an input. Where if Q

was served as an input, the whole GSHLayer has no learnable parameters and can be used as a

lookup table. We provide an example of memory retrieval for image completion using GSHLayer in

appendix B.3.3.3.

3.3.4. Methodology

In this section, we introduce a Hopfield-based deep architecture (STanHop-Net) tailored for

memory-enhanced learning of noisy multivariate time series. These additional memory-enhanced

functionalities enable STanHop-Net to effectively handle the problem of slow response to sudden or

rare events (e.g, 2021 pandemic meltdown in financial market) by making predictions using both
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Figure 3.10. STanHop-Net Overview. Patch Embedding: Given an input multivariate
time series X ∈ RC×T ×d consisting C univariate series, T time steps and d features, the
patch embedding aggregates temporal information for each univariate series, subsequently
reducing temporal dimensionality from T to P = T/P for all d features. STanHop
Block: The STanHop block leverages the Generalized Sparse Hopfield (GSH) model
(section 3.3.3). It captures time series representations from its input through two tandem
sparse-Hopfield-layers sub-blocks (i.e. TimeGSH and SeriesGSH, see fig. 3.11), catering to
both temporal and cross-series dimensions. STanHop-Net: Using a stacked encoder-decoder
structure, STanHop-Net facilitates hierarchical multi-resolution learning. This design allows
STanHop-Net to extract distill representations from both temporal and cross-series dimensions
across multiple scales (multi-resolution in a hardwired fashion via coarse-graining layers,
see section 3.3.4.4). Moreover, each stacked block has optional external memory plugin
functionalities for enhanced predictions (section 3.3.4.3). These representations from all
resolutions are then merged, providing a holistic representation learning for downstream
predictions specially tailored for time series data.

in-context inputs (e.g., historical data) and external stimuli (e.g., real-time or relevant past data). In

the following, we consider multivariate time series X ∈ RC×T ×d comprised of C univariate series.

Each univariate series has T time steps and d features.

3.3.4.1. Patched Embedding. Motivated by (Zhang and Yan, 2023), we use a patching technique on

model input that groups adjacent time steps into subseries patches. This method extends the input time

horizon without altering token length, enabling us to capture local semantics and critical information

more effectively, which is often missed at the point-level. We define the multivariate input sequence

as X ∈ RC×T ×d, where C, T, d denotes the number of variates, number of time steps and the number

of dimensions of each variate. Given a time series sequenceX = {x1, ...,xT} and a patch size P , the

patching operation divides X into S = {s1, ..., sT/P}. For each patched sequence si ∈ RC×P ×d for

i ∈ [T/P ], we define the patched embedding as EMB(si) = Eembsi + Epos(i) ∈ RDemb , where Demb

is the embedding dimension, Eemb ∈ RDemb×P , and Epos ∈ RT/P ×Demb is the positional encoding.
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When T is not divisible to P , assuming T = P × Cn + c with Cn, c ∈ N+, we pad the sequence by

repeating the first c elements in the sequence. Consequently, this patching embedding significantly

improves computational efficiency and memory usage.

3.3.4.2. STanHop: Sparse Tandem Hopfield Block. We introduce STanHop (Sparse Tandem

Hopfield) block which comprises one GSHLayer-based external memory plugin module, and two

tandem sub-blocks of GSH layers to process both time and series dimensions, i.e. TimeGSH and

SeriesGSH sub-blocks in fig. 3.11. In essence, STanHop not only sequentially extracts temporal and

cross-series information of multivariate time series with (learnable) data-dependent sparsity, but

also utilizes both acquired (in-context) representations and external stimulus through the memory

plugin modules for the downstream prediction tasks.

Given a hidden vector, R ∈ RC×T ×Dhidden , and its corresponding external memory set Y ∈

RM×C×T ×Dhidden , where C denotes the channel number and T denotes the number of time segments

(patched time steps), To clarify, the GSH layer only operates on the last two dimensions, i.e., t ∈ T

and d ∈ Dhidden. Thus, the operation GSH(Z,Z) extracts information of the temporal dynamics of

Z from the segmented time series. Here we define the dimensional transpose operation T. For a

given tensor X ∈ Ra×b×c, we have Tacb
abc(X) := X ′ ∈ Ra×c×b, i.e. this operation rearranges the

dimensions of the original tensor X from (a, b, c) to a new order (a, c, b). Given a set of query
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pattern Q ∈ RlenQ×Dhidden , we define a single block of STanHop as

Z = Memory(R,Y ),

(Memory Plugin Module, see section 3.3.4.3)

Zt = Tcth
tch(LayerNorm(Z + FF(GSH(Z, Z)))) ∈ RT ×C×Dhidden ,(Temporal GSH)

Zp = GSHPooling
(
R⋆,Zt

)
∈ RT ×lenQ×Dhidden ,

(R⋆ is learnable and randomly initialized)

Zc = GSH
(
Zt,Zp

)
∈ RT ×C×Dhidden ,(Cross-series GSH)

Z∗ = LayerNorm
(
Zt + FF(Zc)

)
∈ RT×C×Dhidden ,

Zout = LayerNorm(Z∗ + FF(Z∗)) ∈ RT×C×Dhidden ,

where Memory(·, ·) is the external memory plugin module introduced in the next section. Note that,

if we choose to turn off the external memory functionalities (or external memory is not available)

during training, we set Y = R such that Memory(R,R) = R (see section 3.3.4.3 for details). Here

GSHPooling(R⋆,Zt) takes Zt and a randomly initialized query R⋆ as input. Importantly, R⋆ not

only acts as learnable prototype patterns learned by pooling over Zt, but also as a knob to control

the computational complexity by picking the hidden dimension of R⋆. We summarize the STanHop

block as Zout = STanHop(R,Y ) ∈ RT ×C×Dhidden .

3.3.4.3. External Memory Plugin Module and Pseudo-Label Retrieval. Here we introduce

the external memory modules (i.e., Memory(·, ·) in section 3.3.4.2 or Memory Plugin blocks in

fig. 3.11) for external memory functionalities. These modules are tailored for time series modeling

by incorporating task-specific supplemental information (such as relevant historical data for sudden

or rare events predictions) for subsequent inference. To this end, we introduce two memory plugin

modules: Plug-and-Play Memory Plugin and Tune-and-Play Memory Plugin. For query R and

memory Y , we denote them by PlugMemory(R,Y ) and TuneMemory(R,Y ).
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Figure 3.11. STanHop Block. (Left) Tandem Hopfield-Layer Blocks: TimeGSH and
SeriesGSH. Notably, in the GSHPooling block of SeriesGSH, the learnable query R⋆

is initialized randomly and employed to store learned prototype patterns from temporal
representations extracted during training. (Right) Plug-and-Play and Tune-and-Play Memory
Plugins.

Plug-and-Play Memory Plugin. This module enables performance enhancement utilizing

external memory without any fine-tuning. Given a trained STanHop-Net (without external memory),

we use a parameter fixed GSHLayer for memory retrieval. Explicitly, given an input sequence

R ∈ R|R|×Dhidden and a corresponding external memory set Y ∈ RM×|R|×d, where |R| and Dhidden

are the sequence length and hidden dimension of R respectively. We define the memory retrieval

operation as Z = PlugMemory(R,Y ) = LayerNorm(R + GSHLayer(R,Y )) with all parameters

fixed.

Tune-and-Play Memory Plugin. Here we propose the idea of “pseudo-label retrieval” using

GSHLayer for time series prediction. Specifically, we use modern Hopfield models’ memory

retrieval mechanism to generate pseudo-labels for a given R from a label-included memory set Ỹ ,

thereby enhancing predictions. Intuitively, this method supplements predictions by learning from

demonstrations and we use the retrieved pseudo-labels (i.e., learned pseudo-predictions) as additional

features. An illustration of this mechanism is shown in fig. 3.11. Firstly, we prepare the label-included

external memory as Ỹ = Y ⊕ Ylabel, where Ỹ is the concatenation of memory sequences and their

corresponding labels. Next, we denote the padded R as R̃, where R̃ ∈ R|Ỹ |×d. And we utilize the

GSHLayer to retrieve the pseudo-label from the memory sequences as Zout. Then we concatenate R
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and the pseudo-label Zout and send it to a feed forward layer to encode the pseudo-label information:

Zout = GSHLayer(R̃, Ỹ ), Zpseudo = R ⊕ Zout and then Z̃ = LayerNorm(FF(Zpseudo) + Zpseudo).

In other words, we first obtain a weight matrix from the association between R̃ and Ỹ , and then

multiply this weight matrix with Ylabel to obtain Zout. We summarize the Tune-and-Play memory

plugin as Z̃ = TuneMemory(R,Y ).

3.3.4.4. Coarse-Graining. To cope with the intrinsic multi-resolution inductive bias of time series,

we introduce a coarse-graining layer in each STanHop block. Given an hidden vector output,

Z ∈ RC×T ×Dhidden , grain level ∆, and a weight matrix W ∈ RDhidden×2Dhidden , and ⊕ denotes the

concatenation operation. We denote Zc,t,d with c ∈ [C], t ∈ [T ], d ∈ [Dhidden] as the element

representing the c-th series, t-th time segment, and d-th dimension. The coarse-graining layer

consists a vector concatenation and a matrix multiplication: Ẑc,t,: = Zc,t,: ⊕Zc,t+∆,: ∈ R2Dhidden and

then Z̃c,t,: = WẐc,t,: ∈ RDhidden , such that Ẑ ∈ RC×T ×2Dhidden and Z̃ ∈ RC×T ×Dhidden , similar to (Liu

et al., 2021b; Zhang and Yan, 2023). Operationally, it first obtains the representation of smaller

resolution, and then distills information via a linear transformation. We express this course-graining

layer as CoarseGrain(Z, ∆) = Z̃.

3.3.4.5. Multi-Layer STanHop for Multi-Resolution Learning. Finally, we construct the

STanHop-Net by stacking STanHop blocks in a hierarchical fashion, enabling multi-resolution feature

extraction with resolution-specific sparsity. Given a prediction window size P ∈ R, number of layer

L ∈ R, and a learnable positional embedding for the decoder Edec, we construct our multi-layer

STanHop as an autoencoder structure. The encoder structure consists of a course-graining operation

first, following by an STanHop layer. The decoder follows the similar structure as the standard

transformer decoder (Vaswani et al., 2017), but we replace the cross-attention mechanism to a GSH

layer, and self-attention layer as STanHop layer. We summarize the STanHop-Net network structure

in fig. 3.10, and in algorithm 8 in appendix.
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3.3.5. Experiments

We demonstrate the validity of STanHop-Net and external memory modules by testing them on

various experimental settings with both synthetic and real-world datasets.

3.3.5.1. Multivariate Time Series Prediction without external memory. table 3.6 includes the

experiment results of the multivariate time series predictions using STanHop-Net without external

memory. We implement three variants of STanHop-Net: StanHop-Net, StanHop-Net (D) and

StanHop-Net (S), with GSH, Hopfield (Ramsauer et al., 2020) and SparseHopfield (Hu et al.,

2023) layers respectively. Our results show that in 47 out of 58 cases, STanHop-Nets rank in the top

two, delivering top-tier performance compared to all baselines.

Data. Following (Zhang and Yan, 2023; Zhou et al., 2022; Wu et al., 2021), we use 6 realistic

datasets: ETTh1 (Electricity Transformer Temperature-hourly), ETTm1 (Electricity Transformer

Temperature-minutely), WTH (Weather), ECL (Electricity Consuming Load), ILI (Influenza-Like

Illness), Traffic. The first four datasets are split into train/val/test ratios of 14/5/5, and the last

two are split into 7/1/2. Metrics. We use Mean Square Error (MSE) and Mean Absolute Error

(MAE) as accuracy metrics. Setup. Here we use the same setting as in (Zhang and Yan, 2022):

multivariate time series predictions tasks on 6 real-world datasets. For each dataset, we evaluate

our models with several different prediction horizons. For all experiments, we report the mean

MSE, MAE over 10 runs. Baselines. We benchmark our method against 5 leading methods listed

in table 3.6. Baseline results are quoted from competing papers when possible and reproduced

otherwise. Hyperparameters. For each experiment, we optimize the hyperparameters using the

“sweep” function from Weights and Biases (Biewald et al., 2020). We conduct 100 random search

iterations for each setting, selecting the best set based on the validation performance.

For datasets, hyperparameter tuning, implementations and training details, please see appen-

dix B.3.5.

3.3.5.2. Memory-Enhanced Prediction: Memory Plugin via Hopfield Layer. In table 3.7 and

fig. 3.12, we showcase STanHop-Net with external memory enhancements delivers performance
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Table 3.6. Accuracy Comparison for Multivariate Time Series Predictions without
External Memory. We implement 3 STanHop variants, STanHop-Net (D) with Dense
Hopfield layer (Ramsauer et al., 2020), STanHop-Net (S) with Sparse SparseHopfield
layer (Hu et al., 2023) and STanHop-Net with our GSH layer respectively. We report the
average Mean Square Error (MSE) and Mean Absolute Error (MAE) metrics of 10 runs,
with variance omitted as they are all ⩽ 0.44%. We benchmark our method against leading
transformer-based methods (FEDformer (Zhou et al., 2022), Informer (Zhou et al., 2021)
and Autoformer (Wu et al., 2021), Crossformer (Zhang and Yan, 2022)) and a linear model
with seasonal-trend decomposition (DLinear (Zeng et al., 2023)). We evaluate each dataset
with different prediction horizons (showed in the second column). We have the best results
bolded and the second best results underlined. In 47 out of 58 settings, STanHop-Nets rank
either first or second. Our results indicate that our proposed STanHop-Net delivers consistent
top-tier performance compared to all the baselines, even without external memory.

Models FEDFormer DLinear Informer Autoformer Crossformer STanHop-Net (D) STanHop-Net (S) STanHop-Net
Metric MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE

ET
Th

1

24 0.318 0.384 0.312 0.355 0.577 0.549 0.439 0.440 0.305 0.367 0.301 0.363 0.298 0.360 0.294 0.351
48 0.342 0.396 0.352 0.383 0.685 0.625 0.429 0.442 0.352 0.394 0.356 0.406 0.355 0.399 0.340 0.387

168 0.412 0.449 0.416 0.430 0.931 0.752 0.493 0.479 0.410 0.441 0.398 0.440 0.419 0.458 0.398 0.437
336 0.456 0.474 0.450 0.452 1.128 0.873 0.509 0.492 0.440 0.461 0.458 0.472 0.484 0.484 0.450 0.472
720 0.521 0.515 0.484 0.501 1.215 0.896 0.539 0.537 0.519 0.524 0.516 0.522 0.541 0.533 0.512 0.511

ET
Tm

1

24 0.290 0.364 0.217 0.289 0.323 0.369 0.410 0.428 0.211 0.293 0.205 0.278 0.191 0.270 0.195 0.273
48 0.342 0.396 0.278 0.330 0.494 0.503 0.483 0.464 0.300 0.352 0.303 0.340 0.293 0.341 0.270 0.333
96 0.366 0.412 0.310 0.354 0.678 0.614 0.502 0.476 0.320 0.373 0.325 0.377 0.322 0.362 0.286 0.352

288 0.398 0.433 0.369 0.386 1.056 0.786 0.604 0.522 0.404 0.427 0.410 0.429 0.395 0.413 0.366 0.399
672 0.455 0.464 0.416 0.417 1.192 0.926 0.607 0.530 0.569 0.528 0.574 0.516 0.556 0.510 0.400 0.431

EC
L

48 0.229 0.338 0.155 0.258 0.344 0.393 0.241 0.351 0.156 0.255 0.159 0.264 0.170 0.273 0.152 0.252
168 0.263 0.361 0.195 0.287 0.368 0.424 0.299 0.387 0.231 0.309 0.296 0.368 0.288 0.373 0.227 0.304
336 0.305 0.386 0.238 0.316 0.381 0.431 0.375 0.428 0.323 0.369 0.326 0.374 0.317 0.375 0.317 0.361
720 0.372 0.434 0.272 0.346 0.406 0.443 0.377 0.434 0.404 0.423 0.412 0.428 0.440 0.450 0.405 0.416
960 0.393 0.449 0.299 0.367 0.460 0.548 0.366 0.426 0.433 0.438 0.446 0.447 0.467 0.463 0.430 0.431

W
TH

24 0.357 0.412 0.357 0.391 0.335 0.381 0.363 0.396 0.294 0.343 0.304 0.351 0.303 0.352 0.292 0.341
48 0.428 0.458 0.425 0.444 0.395 0.459 0.456 0.462 0.370 0.411 0.374 0.411 0.372 0.411 0.363 0.402

168 0.564 0.541 0.516 0.516 0.608 0.567 0.574 0.548 0.473 0.494 0.480 0.501 0.496 0.511 0.332 0.393
336 0.533 0.536 0.536 0.537 0.702 0.620 0.600 0.571 0.495 0.515 0.507 0.526 0.514 0.530 0.499 0.515
720 0.562 0.557 0.582 0.571 0.831 0.731 0.587 0.570 0.526 0.542 0.545 0.557 0.548 0.556 0.533 0.546

IL
I

24 2.687 1.147 2.940 1.205 4.588 1.462 3.101 1.238 3.041 1.186 3.305 1.241 3.194 1.176 3.121 1.139
36 2.887 1.160 2.826 1.184 4.845 1.496 3.397 1.270 3.406 1.232 3.542 1.314 3.193 1.169 3.288 1.182
48 2.797 1.155 2.677 1.155 4.865 1.516 2.947 1.203 3.459 1.221 3.409 1.208 3.15 1.142 3.122 1.120
60 2.809 1.163 3.011 1.245 5.212 1.576 3.019 1.202 3.640 1.305 3.668 1.269 3.43 1.196 3.416 1.180

Tr
affi

c

24 0.562 0.375 0.351 0.261 0.608 0.334 0.550 0.363 0.491 0.271 0.484 0.266 0.499 0.277 0.452 0.247
48 0.567 0.374 0.370 0.270 0.644 0.359 0.595 0.376 0.519 0.295 0.516 0.293 0.516 0.290 0.315 0.261

168 0.607 0.385 0.395 0.277 0.660 0.391 0.649 0.407 0.513 0.289 0.511 0.301 0.517 0.289 0.501 0.276
336 0.624 0.389 0.415 0.289 0.747 0.405 0.624 0.388 0.530 0.300 0.531 0.316 0.544 0.303 0.506 0.288
720 0.623 0.378 0.455 0.313 0.792 0.430 0.674 0.417 0.573 0.313 0.569 0.303 0.563 0.311 0.539 0.300

boosts in many scenarios. The external memory enhancements support two plugin schemes,

Plug-and-Play and Tune-and-Play. They focus on different benefits. TuneMemory is especially

useful for task-relevant knowledge incorporation by fine-tuning on an external task-relevant memory
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set5. On the other hand, PlugMemory provides a more robust representation of inputs with high

uncertainty by doing a retrieval (fig. 3.11) on an external task-relevant memory set, without the

work of any training or fine-tuning. Below we provide 4 practical scenarios to showcase the

aforementioned benefits of TuneMemory and PlugMemory external memory modules. The detailed

setups of each case can be found in the appendix.

Case 1 (TuneMemory). We take the single variate, Number of Influenza incidence in a week

(denoted as ILI OT), from the ILI dataset as a straightforward example. In this dataset, we are aware

of the existence of recurring annual patterns, which can be readily identified through visualizations

in fig. B.16. Notably, the signal patterns around the spring of 2014 closely resemble past springs.

Thus, in predictions tasks with input located in the yearly recurring period, we collect similar

patterns from the past to form a task-relevant external memory set.

Case 2 (TuneMemory). In many sociological studies (Wang et al., 2021a,b), electricity usage

exhibits consistent patterns across different regions, influenced by the daily and weekly routines

of residents and local businesses. Thus, we collect sequences that match the length of the input

sequence but are from 1 to 20 weeks prior, obtaining a task-relevant external memory set of size 20.

In addition, we also include analysis of “bad” external memory sets, to verify the effectiveness

of incorporating informative external memory sets. We construct the “bad” external memory sets by

randomly selecting from dataset without any task-relevant preference, see appendix B.3.5.2 for more

details about such selection. The results indicate that, by properly selecting external memory sets,

we further improve the models’ performance. On the contrary, randomly chosen external memory

sets can negatively impact performance. We report the results of Case 1 and Case 2 in table 3.7.

Case 3 (PlugMemory). Through PlugMemory, informative patterns can be extracted from a

memory set for the given noisy input. To verify this ability, we construct the external memory sets

based on the weekly pattern spotted in ETTh1 and ETTm1, and add noise of different scales into the

5Task-relevant means the relevance to the inputs of the time series forecasting. A task-relevant memory set could be a
set of some history time series segments that are relevant to the inputs of the prediction.
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Figure 3.12. Visualization of Memory Plugin Scenarios Case 3 & 4. From Left to
Right: MAE against different noise levels with (1) ETTh1 + prediction horizon 336; (2)
ETTh1 + prediction horizon 168; (3) ETTm1 + prediction horizon 288; and (4) ETTm1 +
prediction horizon 96. The results show the robustness of PlugMemory against different
level of noise.

input sequence. We add the noise following x← x + scale · std(x). For Case 3, we use the ETTh1

dataset. Case 4 (PlugMemory). For Case 4, we evaluate PlugMemory on the ETTm1 dataset.

Table 3.7. Performance Comparison of the StanHop Model with TuneMemory and
Ablation Using Bad External Memory Sets (TuneMemory-(b)). We report the mean MSE
and MAE over 10 runs with variances omitted as they are ⩽ 0.79%. For ILI OT, we consider
prediction horizons of 12, 24, and 60. For ETTh1, we choose prediction horizons of 24,
48, and 720, covering both short and long durations. The results indicate that using dataset
insights and TuneMemory enhances our model’s performance.

Case 1 (ILI OT) | Case 2 (ETTh1)

Default TuneMemory TuneMemory-(b) | Default TuneMemory TuneMemory-(b)

MSE MAE MSE MAE MSE MAE | MSE MAE MSE MAE MSE MAE

12 4.011 1.701 3.975 (-0.9%) 1.693 (-0.5%) 4.340 (+8.2%) 1.789 (+5.1%) | 24 0.294 0.351 0.284 (-3.4%) 0.351 (±0%) 0.300 (+2%) 0.361 (+2.8%)
24 4.254 1.771 3.960 (-6.9%) 1.690 (-4.6%) 4.271 (+0.4%) 1.776 (+0.3%) | 48 0.340 0.387 0.328 (-3.5%) 0.379 (-2.1%) 0.342 (+0.6%) 0.388 (+0.3%)
60 3.613 1.685 3.572 (-1.1%) 1.528 (-9.3%) 3.821 (+5.8%) 1.725 (+2.4%) | 720 0.512 0.511 0.504 (-1.6%) 0.512 (-0.2%) 0.514 (+0.4%) 0.521 (+2.0%)

3.3.6. Conclusion

We propose the generalized sparse modern Hopfield model and present STanHop-Net, a Hopfield-

based time series prediction model with external memory functionalities. Our design improves time

series forecasting performance, quickly reacts to unexpected or rare events, and offers both strong

theoretical guarantees and empirical results. Empirically, STanHop-Nets rank in the top two in 47

out of our 58 experiment settings compared to the baselines. Furthermore, with PlugMemory and

TuneMemory modules, it showcases average performance boosts of ∼12% and ∼3% for each.
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3.4. A Benchmark Study For Limit Order Book (LOB) Models and Time Series Forecasting

Models on LOB Data

3.4.1. Introduction

The Limit Order Book (LOB) serves as the order-matching engine for all exchanges, providing the

most granular market time series data for analysis (Weber, 1999; Ntakaris et al., 2018). As a universal

data format across markets and assets (e.g., stocks and futures), LOB contains high-resolution

macroeconomic information crucial for asset price predictions (Chan et al., 2005; Harris and

Panchapagesan, 2005; Large, 2007; Avellaneda and Stoikov, 2008; Roşu, 2009; Eisler et al., 2012).

Two primary research tracks in LOB data analysis are Mid-Price Trend Prediction (MPTP) and

Mid-Price Return Forecasting (MPRF). Inspired by the success of deep learning in domains like

natural language processing (Vaswani et al., 2023) and computer vision (He et al., 2016), researchers

have proposed deep learning models for LOB analysis and general time series predictions (Zeng

et al., 2023; Liu et al., 2023; Nie et al., 2022; Wang et al., 2024a).

Despite these advancements, the field lacks comprehensive benchmark studies comparing model

performance. While Prata et al. (2024) conducted a benchmark study for MPTP, it was limited to

stock datasets, excluding other asset types. For MPRF, which encompasses both LOB modeling and

time series prediction, no benchmark exists that evaluates deep learning-based LOB models and

state-of-the-art time series forecasting models on LOB data. This work aims to address these gaps

in both MPTP and MPRF tasks.

To address these limitations, we conduct a comprehensive study on both MPTP and MPRF tasks.

For MPTP, we evaluate state-of-the-art LOB models using the open-source FI-2010 stock dataset and

our proprietary futures dataset, CHF-2023, measuring each model’s F1 scores across five different

prediction horizons. We also conduct an ablation study to assess the predictive power of various

LOB feature types, including basic LOB features, time-insensitive features, and time-sensitive

features.
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For the MPRF task, we evaluate both LOB-specific models and state-of-the-art time series

forecasting models on FI-2010. We assess their forecasting performance using three metrics:

Mean-Square Error (MSE), Coefficient of Determination (R2), and Pearson Correlation (Corr).

Additionally, we propose a novel neural architecture featuring cross-variate mixing layers, called

CVML, designed to enhance the forecasting performance of existing time series models on LOB

data.

Our experiments reveal several key findings. For MPTP, we observe inconsistent model

performance rankings between the stock and futures LOB datasets, with models generally performing

worse on the futures data. This suggests limited generalizability of current LOB model architectures

and highlights the distinct underlying characteristics of LOB data from different assets. Our ablation

study confirms that each feature subset contributes unique predictive power, underscoring the

importance of comprehensive feature selection in LOB modeling. For MPRF, our results demonstrate

that LOB models incorporating LOB-specific inductive bias significantly outperform general-purpose

time series forecasting models. The latter, lacking LOB-specific design considerations, show minimal

forecasting power when directly applied to LOB datasets. Our proposed CVML module significantly

improves the forecasting capabilities of all benchmarked time series models, extending their

predictive power to the more complex and noisy LOB time series data.

Contributions. We summarize our contributions as follows. 1) We evaluate existing LOB

models on the MPTP task using a proprietary futures LOB dataset, CHF-2023, to assess the

transferability of models designed for stock LOB data across asset classes. 2) We evaluate existing

LOB models on the MPTP task using a proprietary futures LOB dataset, CHF-2023, to assess

the transferability of models designed for stock LOB data across asset classes. 3) We present the

first benchmark on the MPRF task in the literature. 4) We pioneer benchmarking state-of-the-art

time series forecasting models on the MPRF task, bridging the gap between general-purpose and

LOB-specific time series forecasting. 5) We propose a novel Cross-Variate Mixing Layer (CVML)

as an add-on to existing time series models, enhancing their MPRF performance significantly. These
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contributions advance LOB modeling across different assets and tasks while providing a new tool to

enhance time series model performance on LOB data.

Organization. section 3.4.2 includes related work. section 3.4.3 discusses background

information on the MPTP and MPRF tasks. section 3.4.4 details our benchmark studies and our

proposed CVML architecture. section 3.4.5 discusses the prediction performance gap between the

stock and futures datasets in MPTP. section 3.4.6 includes concluding remarks.

3.4.2. Related Works

Price Trend Prediction Surveys. Several comprehensive benchmark surveys have examined

deep learning applications in price trend prediction (Ozbayoglu et al., 2020; Sezer et al., 2020;

Jiang, 2021), each with a distinct focus. Jiang (2021) emphasize reproducibility, analyzing model

architectures, evaluation metrics, and implementations in stock price and market index prediction

studies from 2017 to 2019. A follow-up study by Kumbure et al. (2022) extend this analysis to

datasets and input variables commonly used in stock market predictions. Hu et al. (2021) review

86 papers on stock and foreign exchange price prediction, while other surveys (Rundo et al., 2019;

Mintarya et al., 2023) compare machine learning and deep learning methods in stock market

prediction, concluding that deep learning approaches generally offer superior accuracy. Nti et al.

(2020a) broaden the scope beyond technical analysis, reviewing 122 papers from 2007 to 2018

covering technical, fundamental, and combined analyses. Additionally, Shah et al. (2019) evaluate

the real-world applicability of models through backtesting performance. Notably, these surveys do

not include benchmarks for prediction models on Limit Order Book (LOB) data. The most relevant

work is a benchmark study by Prata et al. (2024) on mid-price trend prediction models using LOB

data. However, our work addresses three key limitations of their study: We use a proprietary dataset

with a time range 200 times larger than the open-source dataset they employed. We benchmark

models on both stock and futures datasets, whereas they focused solely on stocks. We extend

our analysis to include the mid-price forecasting problem (a regression task), benchmarking both
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LOB models and state-of-the-art time series forecasting models, in addition to the mid-price trend

prediction task (a classification problem) they addressed. These enhancements allow our study

to provide a more comprehensive and diverse evaluation of LOB-based prediction models across

different assets and problem types.

Time Series Forecasting Models. The success of deep learning in natural language processing

and computer vision has significantly influenced time series forecasting, with deep learning models

becoming predominant in this field. Transformer-based architectures, in particular, have emerged

as the leading approach for multivariate time series forecasting (Nie et al., 2022; Liu et al., 2023).

However, recent developments have shown that models based on linear layers (Zeng et al., 2023;

Wang et al., 2024a; Chen et al., 2023a; Oreshkin et al., 2020; Challu et al., 2023; Zhang et al.,

2022b) can achieve comparable performance to transformer-based models. While convolutional

neural networks (O’shea and Nash, 2015; Wu et al., 2023a; Franceschi et al., 2019) and recurrent

networks (Hochreiter and Schmidhuber, 1997; Lai et al., 2018; Franceschi et al., 2019) have also

been applied to time series forecasting, their performance generally lags behind that of transformers

and linear-based architectures. Notably, there has been limited overlap between general time

series forecasting and Limit Order Book (LOB) time series analysis. To date, no comprehensive

benchmarking of state-of-the-art time series forecasting models on the complex LOB time series

data has been conducted. To address this gap, our paper selects four state-of-the-art time series

forecasting models, encompassing both transformer-based and linear architectures. Our aim is to

bridge the divide between general-purpose time series forecasting and the more specialized field

of LOB time series forecasting, providing insights into the applicability and performance of these

models on LOB data.

3.4.3. Problem Definition

We model the LOB as a time series L ∈ R4×L×T , where L(t) ∈ R4×L represents the LOB at time

step t ∈ [0, T ]. Specifically, L(t) = {P bid
i (t), Qbid

i (t), P ask
i (t), Qask

i (t)}i∈[0,L], with T observed time
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steps and L levels on each side of the order book. P bid/aski(t) and Qbid/ask
i (t) denote the price and

quantity at level i at time t, respectively. Levels are ordered by price, representing order priority in

matching. The best bid price is the highest bid, while the best ask is the lowest ask. The mid-price,

mp(t), is the average of these best prices. Execution of more bid (ask) orders decreases (increases)

the mid-price.

Mid-Price Return Forecasting (MPRF). To address mid-price volatility and non-stationarity,

we model the problem as forecasting the mid-price return. At time t, our target is:

targeth(t) = mp(t + h)/mp(t)− 1,

where h is the forecasting horizon.

Mid-Price Trend Prediction (MPTP). An alternative approach models mid-price prediction as

a classification problem, categorizing trends into three classes: U (upward), D (downward), and S

(stable). Following (Ntakaris et al., 2018), we generate labels from raw LOB data by comparing the

current mid-price to the average future mid-price:


U, if avg mp(k, t) > mp(t)× (1 + α)

D, if avg mp(k, t) < mp(t)× (1− α)

S, if Otherwise,

where avg mp(k, t) = (Σk
i=1mp(t + i))/k. Using α = 0.002% yields approximately equal

distribution (33%) for each label.

3.4.4. Experiments

We conduct all experiments using 3 seeds to minimize the effect of random initialization.
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Datasets: 1) FI-2010 (Ntakaris et al., 2018)6: This Limit Order Book (LOB) dataset includes

10 trading days of data from five Finnish companies on the NASDAQ Nordic stock market. It was

designed to evaluate machine learning models’ performance on stock price trend prediction. 2)

CHF-2023: To address FI-2010’s limitations (single asset type and short time span), we use this

proprietary futures LOB dataset. It covers 5 years of LOB data for SC (Crude Oil), one of China’s

most liquid futures contracts. The raw data7 is the most granular LOB dataset available for the

Chinese futures market, offering 500ms resolution snapshots with five-level bid and ask information.

We use both datasets in MPTP to study LOB models’ generalizability to different assets. We only

use FI-2010 in MPRF for efficient experimentation.

Evaluation Metrics: For MPTP, we use the F1 scores. For MPRF, we use Mean Squared

Error (MSE), Pearson Correlation Coefficient (Corr), and Coefficient of Determination (R2). MSE

quantifies the average squared difference between predicted and actual returns, providing a measure

of prediction accuracy. The Pearson Correlation Coefficient assesses the linear relationship between

predicted and actual returns, indicating the direction and strength of their association. Lastly,

R2 represents the proportion of variance in the target variable explained by our model. The

implementation of MSE and R2 are from Scikit-learn (Pedregosa et al., 2011). The implementation

of Pearson Correlation Coefficient is from SciPy (Virtanen et al., 2020).

Hyperparameter Search. For MPTP, we use the hyperparameters from the original paper of

the models. For MPRF, we perform a grid search. Details are in appendix B.4.5.

Table 3.8. Input lookback size and number of features for MPTP Models. (Tsantekidis
et al., 2017b,b,a; Tran et al., 2018; Zhang et al., 2019; Passalis et al., 2019; Tsantekidis
et al., 2020; Wallbridge, 2020; Passalis et al., 2020; Zhang and Zohren, 2021; Guo and
Chen, 2022) The number of features is formatted as [basic]/[basic + time-insensitive]/[basic
+ time-insensitive + time-sensitive]

MLP LSTM CNN1 CTABL DEEPLOB DAIN CNNLSTM CNN2 TRANSLOB TLONBoF BINCTABL DEEPLOBATT DLA

Lookback size 100 100 100 10 100 15 300 300 100 15 10 50 5

Features (FI-2010) 40/86/144 40/86/144 40/86/144 40/86/144 40/86/144 40/86/144 40/86/144 40/86/144 40/86/144 40/86/144 40/86/144 40/86/144 40/86/144

Features (CHF-2023) 20/46/66 20/46/66 20/46/66 20/46/66 20/46/66 20/46/66 20/46/66 20/46/66 20/46/66 20/46/66 20/46/66 20/46/66 20/46/66

6License: Creative Commons Attribution 4.0 International (CC BY 4.0)
7http://www.cffex.com.cn/u/cms/www/202201/20211342wucd.pdf

http://www.cffex.com.cn/u/cms/www/202201/20211342wucd.pdf
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Table 3.9. Input lookback size and number of features for MPRF Models. (Nie et al.,
2022; Zeng et al., 2023; Liu et al., 2023; Wang et al., 2024a) The number of features is
formatted as [basic]/[basic + time-insensitive]/[basic + time-insensitive + time-sensitive]

MLP LSTM CNN1 BINCTABL DAIN TRANSLOB PatchTST DLinear iTransformer TimeMixer

Lookback size 100 100 100 10 15 100 100 100 100 100

Features (FI-2010) 41/86/144 41/86/144 41/86/144 41/86/144 41/86/144 41/87/145 41/87/145 41/87/145 41/87/145 41/87/145

3.4.4.1. Models. Our benchmark includes models for two tasks: MPTP and MPRF. For MPTP, we

select 13 state-of-the-art models. The input and output of each mid-price trend prediction model

follow the same protocol in their original paper. For MPRF, we choose 10 models with two goals

in mind: benchmarking diverse neural architectures (MLP, CNN, LSTM, and Transformer) and

evaluating the importance of domain-specific inductive bias for LOB data. We include some models

from the MPTP list that have LOB-specific adaptations, as well as high-performing general-purpose

time series forecasters. This mix allows us to compare specialized LOB models against successful

general-purpose forecasters. For time series forecasting models including PatchTST, DLinear,

iTransformer and TimeMixer, the LOB data as well as the history mid-price return are input as

a multivariate time series. The output for all MPRF models is a scaler representing the return

of horizon h. Each input is RT ×4L, output is R. Detailed model and input information is in

appendix B.4.4. table 3.8 and table 3.9 include the input lookback size and feature dimension for

each model.

3.4.4.2. Mid-price Trend Prediction Results. table 3.10 reveals inconsistencies in the top-

performing models between the stock FI-2010 and futures CHF-2023 datasets. While BINCTABL,

DAIN, and DEEPLOB perform significantly better than other models on the FI-2010 dataset, this

advantage is not present in the CHF dataset. This discrepancy suggests that models that exhibit

strong performance on the stock LOB dataset are not robust to the futures LOB datasets. To

investigate the predictive power of different feature types (basic, time-insensitive, time-sensitive),

we evaluate the models on two feature subsets: one with only basic features, and another with basic

and time-insensitive features. fig. 3.13 illustrates the gains in prediction performance based on

average F1 scores across 5 horizons for each feature set (full results are available in appendix B.4.8).
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Table 3.10. Mid-price Trend Prediction F1 Scores (Mean&Standard Deviation) on
Basic LOB data + time-insensitive features + time-sensitive features. We provide the F1
scores on mid-price trend predictions across horizons {1,2,3,5,10} on for the FI-2010 and
CHF-2023 datasets. The model performance ranking is not consistent between two datasets,
indicating that models’ prediction power for one asset is not automatically transferable to
another asset.

FI-2010 CHF-2023

Model K=1 K=2 K=3 K=5 K=10 avg K=1 K=2 K=3 K=5 K=10 avg

MLP 54.0 (3.7) 52.6 (2.0) 55.6 (0.3) 55.0 (0.4) 52.3 (2.8) 53.9 42.4 (1.3) 47.0 (0.5) 47.8 (0.7) 46.3 (0.3) 41.3 (1.0) 45.0
LSTM 76.3 (0.3) 75.4 (0.1) 76.9 (0.9) 75.6 (1.1) 62.9 (1.3) 73.4 49.7 (0.4) 50.9 (0.4) 51.4 (0.3) 49.2 (0.3) 45.8 (0.3) 49.4
CNN1 73.6 (0.3) 72.0 (0.8) 75.3 (0.5) 78.4 (0.8) 78.9 (1.1) 75.6 48.5 (0.9) 49.7 (1.0) 50.6 (0.6) 48.2 (0.5) 45.5 (0.8) 48.5
CTABL 76.6 (0.2) 72.6 (0.4) 77.9 (0.2) 82.1 (0.5) 83.3 (0.5) 78.5 45.2 (2.1) 46.4 (1.0) 46.7 (0.9) 45.6 (0.7) 43.8 (0.5) 45.5
DEEPLOB 81.2 (0.3) 82.4 (0.7) 86.1 (0.5) 88.1 (0.2) 88.7 (0.2) 85.3 43.2 (5.3) 47.9 (2.4) 49.5 (1.8) 46.6 (1.3) 41.4 (1.3) 45.7
DAIN 80.8 (0.1) 79.7 (0.1) 85.8 (0.1) 90.0 (0.0) 93.2 (0.0) 85.9 45.7 (0.3) 48.4 (0.5) 48.7 (0.5) 47.1 (0.2) 41.8 (0.8) 46.3
CNNLSTM 74.1 (0.4) 68.1 (0.3) 73.7 (0.7) 77.3 (1.1) 77.8 (0.9) 74.2 45.4 (0.6) 47.0 (1.3) 48.1 (0.9) 46.7 (1.0) 46.0 (0.6) 46.6
CNN2 73.1 (0.2) 67.5 (1.0) 70.8 (4.2) 74.4 (3.4) 65.7 (1.2) 70.3 45.5 (0.6) 46.2 (0.6) 47.9 (0.5) 46.4 (0.5) 46.2 (0.3) 46.4
TRANSLOB 74.5 (1.1) 70.5 (0.3) 75.2 (0.3) 78.4 (0.2) 68.2 (3.2) 73.4 52.2 (0.4) 52.1 (0.3) 51.4 (0.4) 49.0 (0.4) 46.2 (0.4) 50.2
TLONBoF 61.3 (6.1) 66.9 (0.3) 72.6 (0.7) 75.2 (4.0) 71.2 (2.7) 69.4 50.4 (0.4) 50.3 (0.7) 50.3 (0.3) 47.1 (1.2) 45.0 (0.3) 48.6
BINCTABL 80.3 (0.1) 83.4 (0.3) 87.9 (0.2) 91.3 (0.1) 93.2 (0.5) 87.2 47.2 (0.8) 47.8 (1.1) 48.2 (0.6) 47.0 (0.6) 44.9 (0.4) 47.0
DEEPLOBATT 77.9 (0.0) 78.5 (0.0) 82.5 (0.0) 82.9 (0.0) 82.1 (0.0) 80.8 47.4 (0.8) 49.9 (0.6) 50.6 (0.4) 48.8 (0.2) 44.8 (0.7) 48.3
DLA 71.8 (0.0) 71.1 (0.0) 76.4 (0.0) 85.0 (0.0) 59.3 (0.0) 72.7 48.4 (2.1) 50.5 (0.6) 50.4 (0.5) 47.8 (0.6) 41.1 (0.8) 47.6

avg 73.5 72.4 76.7 79.5 75.1 75.4 47.0 48.8 49.4 47.4 44.1 47.3
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Figure 3.13. Gains in mean F1 scores. These plots illustrate the incremental prediction
power gained from time-insensitive and time-sensitive features on FI-2010 (a) and CHF-2023
(b) datasets. Yellow bars indicate the improvement in F1 scores when adding time-insensitive
features to basic LOB features for most models. Purple bars, compared to yellow, demonstrate
the further enhancement in F1 scores when incorporating time-sensitive features alongside
basic and time-insensitive features.

We define feature set gains as the difference between its average F1 scores and those of the basic

features. Consequently, basic features have zero gain, serving as the baseline. Positive gains for

time-insensitive and time-sensitive features indicate additional predictive power beyond raw LOB
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readings. fig. 3.13 demonstrates that both time-insensitive and time-sensitive features contribute

positive gains on top of basic LOB features for both FI-2010 and CHF-2023 datasets. This finding

affirms the universal effectiveness of these feature sets across stock and futures datasets, underscoring

their value in enhancing model performance regardless of the asset type.

3.4.4.3. Mid-price Return Forecasting Results. table 3.11 shows that LOB models with LOB-

specific inductive bias significantly outperform general-purpose time series prediction models. This

highlights the importance of incorporating LOB-related inductive bias in model design. Additionally,

the results indicate that general-purpose models lack the generalization needed for strong forecasting

performance on LOB datasets. This performance gap underscores the specialized nature of LOB

data and the need for tailored models in financial forecasting.

Prediction Performance Gap Between LOB Models and Time Series Models. In the

MPRF task, a significant performance gap exists between LOB-specific models and general time

series models. Notably, complex Transformer-based models including PatchTST and iTransformer

underperform compared to simpler LOB-specific architectures based-on MLPs or LSTMs. This

discrepancy suggests that without LOB-aware architectural design, conventional time series models

struggle to generate accurate predictions on LOB data due to its low signal-to-noise ratio. This

observation indicates that the sophisticated temporal modeling capabilities of state-of-the-art time

series models may be impeded by the noisy temporal dynamics and intricate cross-variate correlations

inherent in LOB data. Based on this hypothesis, we propose a novel module called Cross-Variate

Mixing Layers (CVML) to enhance the signal-to-noise ratio of LOB time series. CVML serves as

an add-on layer preceding the time series modeling layers in standard time series prediction models.

It accepts raw LOB data, mixes the features (or different variates from a time series perspective), and

outputs an intermediate multivariate time series as input for subsequent modeling layers. CVML

integrates seamlessly with existing time series models without requiring further modifications and

can be trained end-to-end. CVML has five Conv1D layers, each with a kernel size of 2 and ⌈N/2⌉

output channels, where N is the number of input features. This design leverages convolution kernels
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Table 3.11. Mid-price Return Forecasting Results (Mean) on Basic LOB data. 10
LOB models and time series forecasting models are benchmarked to compare their Mean
Square Error (MSE), Pearson correlation (Corr), and Coefficient of Determination (R2) on
mid-price return forecasting across 5 horizons {1,2,3,5,10} on the FI-2010 dataset. LOB
models perform much better than general-purpose time series models, indicating that it
is essential to include LOB-relevant inductive bias into the model design to achieve good
forecasting power on LOB datasets. For each horizon, the best model is bolded, and the next
best model is underlined.

FI-2010

Model Metric K=1 K=2 K=3 K=5 K=10

MLP
MSE 0.659 (0.005) 1.096 (0.021) 1.431 (0.020) 1.972 (0.008) 2.963 (0.162)
Corr 0.084 (0.002) 0.101 (0.001) 0.102 (0.011) 0.106 (0.006) 0.125 (0.019)
R2 -0.004 (0.007) -0.016 (0.020) -0.016 (0.014) -0.008 (0.004) -0.060 (0.058)

LSTM
MSE 0.638 (0.005) 1.035 (0.009) 1.328 (0.007) 1.824 (0.013) 2.571 (0.024)
Corr 0.173 (0.020) 0.211 (0.024) 0.244 (0.007) 0.274 (0.014) 0.298 (0.009)
R2 0.027 (0.007) 0.041 (0.008) 0.057 (0.005) 0.067 (0.006) 0.081 (0.009)

CNN1
MSE 0.665 (0.008) 1.058 (0.007) 1.379 (0.015) 1.879 (0.023) 2.681 (0.017)
Corr 0.129 (0.006) 0.185 (0.013) 0.210 (0.004) 0.248 (0.016) 0.298 (0.007)
R2 -0.013 (0.012) 0.020 (0.007) 0.021 (0.011) 0.039 (0.012) 0.041 (0.006)

BINCTABL
MSE 0.650 (0.000) 1.047 (0.001) 1.347 (0.008) 1.838 (0.016) 2.612 (0.012)
Corr 0.106 (0.004) 0.176 (0.003) 0.215 (0.015) 0.249 (0.016) 0.278 (0.003)
R2 0.010 (0.000) 0.029 (0.001) 0.044 (0.006) 0.061 (0.008) 0.069 (0.004)

DAIN
MSE 0.693 (0.011) 1.114 (0.014) 1.436 (0.004) 1.977 (0.004) 2.824 (0.014)
Corr 0.038 (0.004) 0.068 (0.007) 0.085 (0.002) 0.107 (0.003) 0.127 (0.001)
R2 -0.057 (0.016) -0.032 (0.013) -0.019 (0.003) -0.011 (0.002) -0.007 (0.005)

TRANSLOB
MSE 0.659 (0.005) 1.088 (0.002) 1.395 (0.003) 1.904 (0.015) 2.704 (0.029)
Corr 0.079 (0.010) 0.090 (0.019) 0.150 (0.018) 0.210 (0.004) 0.267 (0.009)
R2 -0.005 (0.008) -0.008 (0.002) 0.009 (0.002) 0.027 (0.008) 0.033 (0.010)

PatchTST
MSE 0.654 (0.000) 1.077 (0.000) 1.406 (0.001) 1.949 (0.001) 2.795 (0.002)
Corr 0.081 (0.002) 0.082 (0.001) 0.079 (0.004) 0.092 (0.003) 0.085 (0.003)
R2 0.003 (0.001) 0.002 (0.000) 0.002 (0.001) 0.004 (0.000) 0.001 (0.001)

DLinear
MSE 0.652 (0.000) 1.073 (0.000) 1.402 (0.000) 1.945 (0.001) 2.782 (0.000)
Corr 0.080 (0.002) 0.081 (0.001) 0.074 (0.001) 0.083 (0.002) 0.084 (0.002)
R2 0.006 (0.000) 0.006 (0.000) 0.005 (0.000) 0.006 (0.001) 0.005 (0.000)

iTransformer
MSE 0.683 (0.008) 1.183 (0.031) 1.582 (0.016) 2.279 (0.095) 3.401 (0.076)
Corr 0.045 (0.004) 0.045 (0.007) 0.033 (0.005) 0.063 (0.004) 0.056 (0.004)
R2 -0.041 (0.012) -0.096 (0.028) -0.123 (0.012) -0.165 (0.048) -0.216 (0.027)

TimeMixer
MSE 0.657 (0.001) 1.075 (0.002) 1.394 (0.002) 1.888 (0.018) 2.643 (0.017)
Corr 0.083 (0.005) 0.110 (0.001) 0.135 (0.005) 0.201 (0.025) 0.271 (0.014)
R2 -0.001 (0.002) 0.004 (0.001) 0.011 (0.001) 0.035 (0.009) 0.055 (0.006)

to extract cross-variate features and capture correlations. Additionally, we implement increasing

dilation in the kernel for each successive layer to enhance temporal signal extraction.

To demonstrate CVML’s efficacy, we prepend it to four time series models without altering

their core architectures. Results show significant improvements in forecast performance across
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Figure 3.14. Cross-Variate Mixing Layers (CVML) Architecture. CVML consists of 5
Conv1D layers, with the first 3 illustrated here. Each Conv1D layer employs a kernel size
of 2 and matches its input channels to the number of variates in the input time series. The
architecture features increasing dilation across successive layers to expand the receptive
field. Input X ∈ RT ×N is transformed into a mixed time series X ′ ∈ RT ×N ′ , N ′ = ⌈N/2⌉,
before feeding into the subsequent time series model.

Table 3.12. Time Series Model Performance with and without CVML on the FI-2010
Dataset using basic LOB features. The % column indicates the percentage improvement
from adding CVML.

MSE (↓) Corr (↑) R2 (↑)
Model K=1 K=2 K=3 K=5 K=10 % K=1 K=2 K=3 K=5 K=10 % K=1 K=2 K=3 K=5 K=10 %

PatchTST-CVML 0.653 1.071 1.370 1.893 2.646 3.1 0.070 0.113 0.165 0.191 0.241 86.2 0.005 0.007 0.028 0.033 0.054 958.3PatchTST 0.654 1.077 1.406 1.949 2.795 0.081 0.082 0.079 0.092 0.085 0.003 0.002 0.002 0.004 0.001

DLinear-CVML 0.650 1.042 1.352 1.796 2.548 5.9 0.104 0.192 0.205 0.291 0.313 174.9 0.010 0.035 0.040 0.082 0.089 814.3DLinear 0.652 1.073 1.402 1.945 2.782 0.080 0.081 0.074 0.083 0.084 0.006 0.006 0.005 0.006 0.005

iTransformer-CVML 0.654 1.084 1.402 2.002 2.649 14.6 0.054 0.070 0.088 0.121 0.249 140.5 0.002 -0.005 0.005 -0.024 0.053 104.8iTransformer 0.683 1.183 1.582 2.279 3.401 0.045 0.045 0.033 0.063 0.056 -0.041 -0.096 -0.123 -0.165 -0.216

TimeMixer-CVML 0.642 1.033 1.329 1.807 2.494 4.6 0.160 0.221 0.257 0.298 0.353 61.1 0.022 0.043 0.056 0.076 0.109 194.2TimeMixer 0.657 1.075 1.394 1.888 2.643 0.083 0.110 0.135 0.201 0.271 -0.001 0.004 0.011 0.035 0.055

all metrics (MSE, Corr, and R2), as shown in table 3.12. Averaging across four models and five

horizons, CVML achieves a 7.4% improvement in MSE, 101.6% in Pearson Correlation (Corr),

and 244.9% in R2. This highlights CVML’s potential as a powerful add-on for enhancing general

time series models on complex LOB data, bridging the gap between specialized LOB models and

general-purpose forecasting approaches.

To illustrate CVML’s effects, we analyze the standard deviation (std) of the time steps in each

mid-price return input, then plot the histogram of these std values across all inputs. fig. 3.15

demonstrates that CVML significantly reduces std values of the LOB time series, indicating its

effective smoothing effect. Furthermore, the distribution in fig. 3.15b more closely resembles a
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Figure 3.15. Standard Deviation Distribution (Std.) of Inputs Before and After CVML
Processing on the FI-2010 test set. This histogram is from the TimeMixer with CVML
add-on. The CVML outputs show lower std values and a distribution closer to normal,
suggesting noise reduction.

normal distribution. These transformations collectively enhance the time series models’ ability

to capture temporal signals by presenting them with more structured and less noisy data. This

visualization provides evidence of CVML’s role in improving the signal-to-noise ratio of LOB data,

thereby facilitating more accurate predictions by subsequent time series models.

We demonstrate that CVML enhances the ability of time series models to capture cross-variate

and temporal correlations, using iTransformer and PatchTST as examples. We chose them for their

interpretable attention mechanisms and their representative modeling on different correlation types:

iTransformer focuses on cross-variate correlations through self-attention on the variate dimension,

while PatchTST emphasizes temporal correlations via self-attention on time dimension patches. We

train both models on FI-2010 and analyze the average attention scores from their final attention

layers across the test set. For iTransformer, we visualize attention scores from the mid-price return

(target variate, id: 40) to all other variates and itself. For PatchTST, we examine average attention

scores from the last time step patch (id: 10) to all other patches and itself.

Cross-Variate Correlations: fig. 3.16a reveals that without CVML, iTransformer’s mid-price

return attention is predominantly self-focused, with a uniform pattern corresponding to the LOB

input feature layout ({V bid
i , P bid

i , V ask
i , P ask

i }10
i=1). This uniform attention suggests only surface-level
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capture of cross-variate correlations, failing to differentiate between LOB levels. Notably, it

doesn’t reflect the expected stronger correlation of mid-price to the best bid and ask prices. In

contrast, fig. 3.16b shows that with CVML, iTransformer exhibits varied attention across variates,

indicating a more nuanced modeling of LOB-level correlations. Temporal Correlations: fig. 3.16c

demonstrates PatchTST’s attention w/o CVML, showing strong self-attention for the latest time

patch but no discernible temporal pattern with other patches. Conversely, fig. 3.16d demonstrates

that with CVML, PatchTST captures a clear decaying temporal pattern and stronger attention to

immediate past neighbors, indicating improved modeling of temporal dependencies.

3.4.4.4. Ablation Study. CVML is designed to capture two types of correlations: cross-variate

and temporal. To demonstrate the efficacy of this design, we conduct an ablation study using two

modified versions of CVML. The first variant (CVML-abla1) reduces the kernel size to 1, focusing

solely on cross-variate correlations while eliminating temporal correlations. The second variant

(CVML-abla2) maintains the original kernel size of 2 but employs depthwise convolution (Chollet,

2017; Pandey, 2024), which processes each variate independently without cross-variate information

aggregation. We replicate the experiments from table 3.12 using these ablated versions and compare

their average forecast performance across the five prediction horizons. fig. 3.17 shows that both

ablated versions underperform the original CVML. These results underscore the importance of

CVML’s dual-correlation design, highlighting its ability to effectively capture both cross-variate and

temporal dependencies in LOB data. The full results of the two ablated CVMLs including MSE,

Corr, and R2 are in table B.20.

To verify that CVML’s performance gain does not come model size increase, we examine the

model size of each model before and after adding CVML. table 3.13 shows the number of learnable

parameters. The percentage indicates the size of the vanilla model compared to the counterpart with

CVML. Except TimeMixer, all other models are of more than 90% size of the counterpart with

CVML. Thus, we increase TimeMixer’s number of layers to increase its learnable parameters to

14156, about 109% of the CVML version and test its performance.
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(c) PatchTST Temporal Attentions (w/o CVML)
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Figure 3.16. Impact of CVML on Cross-Variate and Temporal Attention Scores. (a,
b) Cross-variate attention from mid-price return (id: 40) to all variates. (c, d) Temporal
attention from the latest time step patch (id: 10) to all historical patches. iTransformer w/
CVML (b) captures more nuanced cross-variate correlations compared to (a). PatchTST w/
CVML (d) reveals clearer temporal dependencies than (c).

To ensure that CVML’s performance gains are not solely attributable to increased model

complexity, we compare the model sizes before and after incorporating CVML. table 3.13 presents

the number of learnable parameters for each model, with percentages indicating the size of the vanilla

model relative to its CVML-enhanced counterpart. All models except TimeMixer is over 90% of

the size of the version with CVML integration. We augment TimeMixer’s architecture by increasing

its number of layers, resulting in 14,156 learnable parameters, approximately 109% of its CVML
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version’s size. We then evaluate this enlarged TimeMixer and it still significantly underperforms

TimeMixer-CVML, proving that CVML’s gains are not solely attributable to increased model

complexity.

Table 3.13. Model Size Comparison

PatchTST DLinear iTransformer TimeMixer

Vanilla 33766 (92.65%) 8282 (148%) 6358017 (99.96%) 9471 (72.71%)

w/ CVML 36444 5614 6360803 13025

Table 3.14. Enlarged TimeMixer (109% of TimeMixer+CVML size)

K=1 K=2 K=3 K=5 K=10

Corr 0.072 0.110 0.146 0.206 0.268

R2 -0.010 -0.001 0.011 0.030 0.053

PatchTST DLinear iTransformer TimeMixer
0.00

0.09

0.18

0.27

Co
rr 0.151

0.218

0.116

0.258
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Figure 3.17. Average Correlation and R2 Scores Across Five Prediction Horizons.
This figure compares the performance of CVML and its two ablated versions (CVML-abla1
and CVML-abla2) across four time series models. The CVML consistently outperforms
its ablated counterparts. Notably, CVML-abla2, which lacks cross-variate information
aggregation, performs the worst, highlighting the critical importance of cross-variate mixing
in CVML’s effectiveness.

3.4.5. Discussions

Prediction Performance Gap Between FI-2010 and CHF-2023 in MPTP. Overall, models

demonstrate superior performance on the FI-2010 dataset but not on the CHF-2023 dataset. To
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(a) FI-2010/CHF-2023 Training Data
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Figure 3.18. Rolling Volatility Comparison: FI-2010 vs. CHF-2023. The CHF-2023
dataset exhibits sharp volatility spikes compared to the more stable FI-2010 dataset. (a) and
(b) display the maximum volatility point for every 500 time steps. (c) shows CHF-2023 has a
larger max-min gap.

understand this discrepancy, we analyze the rolling volatility of both datasets using the formula:

σS = std(S)×
√

annualized where σS is the standard deviation of mid-price returns in a history

window of size S, and
√

annualized is a normalization factor. The annualized term equals the

number of time steps in a 252-day trading year at the dataset’s resolution. We calculate rolling

volatility using a sliding window with S = 20 and a step size of 1. fig. 3.18 reveals that FI-2010’s

rolling volatility is relatively consistent across the entire time series. In contrast, CHF-2023 exhibits

several extreme volatility spikes, presenting significant challenges for model fitting and prediction.

Two notable spike periods are identified: September 2021 to January 2022: Coinciding with crude

oil price increases due to supply disruptions and production constraints (United States International

Trade Commission, 2021). May 2023 to June 2023: Corresponding to crude oil price fluctuations

following the EU’s import ban on Russian crude oil and products (French, 2024). This analysis

highlights the unique characteristics and challenges inherent in the futures dataset compared to

FI-2010. The inclusion of futures data in our benchmark provides a more comprehensive evaluation,

capturing market dynamics not present in stock-only datasets. This diversity in data sources enhances

the robustness and applicability of our benchmark study to real-world financial forecasting scenarios.
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3.4.6. Conclusion

We present a comprehensive benchmark of neural network architectures on two critical LOB

prediction tasks: mid-price trend prediction (MPTP) and mid-price return forecasting (MPRF),

using both an open-source stock LOB dataset and a proprietary futures LOB dataset. We compare

specialized LOB models against state-of-the-art general-purpose time series forecasting models

and propose an add-on architecture to improve general-purpose time series forecasting models’

forecasting performance on LOB data. Our research yields four conclusions.

• Feature Importance. All three sets of LOB features, basic, time-insensitive, and time-

sensitive, demonstrate significant predictive power for the MPTP task.

• Asset-Specific Challenges. The futures LOB dataset exhibits unique characteristics that

degrade the predictive performance of LOB models initially designed on stock data.

• Model Specialization. LOB-specific models significantly outperform general-purpose

state-of-the-art time series models on LOB data for the MPRF task.

• CVML Add-on. Our proposed add-on, cross-variate mixing layers (CVML), substantially

improve the predictive performance of general-purpose time series models.

3.5. Hopformer: Homogeneity-Pursuit Transformer for Time Series Forecasting

3.5.1. Introduction

Time series forecasting is a fundamental problem in deep learning with applications in finance,

healthcare, energy, and beyond. Traditional forecasting approaches such as ARIMA, Exponential

Smoothing (ETS), and Gaussian Processes have long provided interpretable and statistically robust

models, but they often struggle with non-stationary, long-range dependencies. Deep learning

methods, particularly Transformers, have demonstrated superior performance in capturing complex

temporal dependencies, but at the cost of computational overhead and reduced interpretability (Zhou

et al., 2021; Li et al., 2019; Zhou et al., 2022; Zhang and Yan, 2023; Wu et al., 2021).
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Recent work on universal time series forecasting has sought to create models that generalize across

multiple datasets with cross-frequency structure, heterogeneous dimensionality, and distributional

variation (Woo et al., 2024a; Liu et al., 2024a; Ansari et al., 2024b; Liu et al., 2024c; Das et al., 2024;

Nie et al., 2022). These large pretrained time series models have demonstrated strong zero-shot

generalizability on time series forecasting tasks across different domains. However, a central

challenge in this setting is the presence of high-dimensional or sparsely observed external covariates,

which can vary across datasets. It is still an open question on developing universal time series

forecasters that integrate high dimensional covariates. Some models, such as Chronos (Ansari et al.,

2024b), avoid the use of covariates altogether, instead, focusing on univariate time series modeling

alone. In contrast, MOIRAI (Woo et al., 2024a), a Transformer-based pretrained multivariate time

series model, supports a subset of types of covariates, that is, those that form a multivariate time

series. Besides, in MOIRAI’s experiments, many datasets involve few or no correlated covariates ,

suggesting that its generalization capability is not well studied with covariates involved. Motivated

by the observation of this gap, we seek to step further towards the goal of universal forecasters. We

develop a methodology that integrates covariates modeling into a typical time series forecasting

framework to achieve better time series forecasting performance on top of the existing SOTA large

pretrained time series models.

In this paper, we propose Hopformer (Homogeneity-Pursuit Transformer), a novel and flexible

two-stage forecasting framework designed to address the aforementioned challenges. In the first stage,

Hopformer leverages a pool of cross-sectional regression models—including linear, tree-based, and

neural regressors—to extract deterministic trend components from time series and covariates. These

models are combined via a sparsity pattern aggregation (SPA)(Rigollet and Tsybakov, 2011) scheme,

which assigns exponentially weighted convex combinations to experts based on their empirical

performance and complexity. This stage serves as a universal interface that aligns heterogeneous

series through trend-level homogeneity.
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The second stage focuses on modeling residual dynamics. We apply LoRA (Low-Rank

Adaptation) (Hu et al., 2022) to fine-tune a pre-trained Transformer on the residuals. This allows us

to efficiently capture nonlinear and long-range temporal dependencies with minimal computational

cost. By tuning only a small number of low-rank parameters, LoRA preserves the expressiveness of

the Transformer while enabling scalability and fast adaptation.

The key contributions of this work are as follows:

• We propose Hopformer, a hybrid two-stage framework that combines expert-based cross-

sectional trend extraction with efficient residual modeling via a LoRA-fine-tuned Trans-

former. Our method performs homogeneity pursuit through a learnable trend interface that

unifies heterogeneous covariates and time series into a shared representation space.

• We design and analyze a sparsity pattern aggregation scheme that adaptively combines

regression experts, and we establish an oracle inequality that guarantees near-optimal

performance compared to the best sparse model in the expert pool.

• For the residual modeling stage, we apply LoRA fine-tuning and provide generalization

bounds under dependent data, offering theoretical justification for its robust performance.

• Empirical results show that Hopformer outperforms SOTA forecasters across domains.

3.5.2. Related Work

Universal Time Series Forecasting. Traditional time series forecasting methods often adopt a

one-model-per-dataset approach(Wu et al., 2023b; Nie et al., 2023; Liu et al., 2024b), limiting

their ability to generalize across diverse datasets. Some models have explored generative pre-

training transformers specifically for time series forecasting(Cao et al., 2024; Xue and Salim, 2023;

Ekambaram et al., 2024; Jin et al., 2024). These approaches require users to design and train

new modules for each task or limit their application to a single type of tasks. To address this

limitation, recent research has focused on developing universal forecasting models capable of

handling a wide range of time series data. SimpleTS (Yao et al., 2023) introduces an adaptive
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model selection framework that efficiently classifies time series types and selects optimal prediction

models, improving generalization across diverse datasets. MOIRAI(Woo et al., 2024a), a Masked

Encoder-based Universal Time Series Forecasting Transformer, introduces enhancements to the

conventional Transformer architecture to tackle challenges such as cross-frequency learning and

accommodating varying numbers of variates in multivariate time series. FlexTSF (Xiao et al.,

2024) proposes a universal forecasting model that supports both regular and irregular time series,

enhancing generalization across datasets with variable regularities. UniTS(Gao et al., 2024)

integrates predictive and generative tasks into a single framework, utilizing a modified transformer

to capture universal time series representations. These advancements signify a shift towards more

adaptable and generalized time series forecasting models.

LoRA and Efficient Fine-Tuning for Forecasting. Low-Rank Adaptation (LoRA) has emerged

as a prominent technique for the efficient fine-tuning of large-scale pre-trained models (Hu et al.,

2022). By introducing low-rank updates to the model’s weights, LoRA significantly reduces the

number of trainable parameters, thereby lowering computational costs and mitigating the risk of

overfitting . In the context of time series forecasting, LoRA has been applied to foundational

models like Lag-Llama(Rasul et al., 2024) and Chronos(Ansari et al., 2024b), demonstrating its

potential for adapting to out-of-domain modalities(Gupta et al., 2024a). Furthermore, research

exploring Parameter-Efficient Fine-Tuning (PEFT) techniques, including LoRA, has shown improved

forecasting performance in healthcare applications, particularly in predicting vital signs of sepsis

patients(Gupta et al., 2024b). These studies highlight the effectiveness of LoRA and similar PEFT

methods in enhancing the adaptability and efficiency of time series forecasting models.

3.5.3. Methodology

Problem Formulation. We consider a dataset of N time series D = {X(i)}N
i=1, where each time

series X(i) = (X(i)
1 , X

(i)
2 , . . . , X

(i)
Ti

) ∈ RTi×D consists of Ti time steps. Each time series shares

a common set of covariates Z(i) = (Z(i)
1 , Z

(i)
2 , . . . , Z

(i)
Ti

) ∈ RTi×d, where each column represents
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the same set of features including lagged values, seasonal terms, or trend indicators across all

series at time t. While the target values X(i) vary across time series, the associated predictors are

constructed using a shared feature design, enabling consistent modeling and aggregation across

heterogeneous time series. The objective of this problem is to develop a forecaster (regressor) F

to have a prediction X(i)
t:t+h = F (Z(i)

t−l:t+h) at decision time step t. In this paper, we approach this

formula with a two-stage cross-sectional regression framework. In the first stage, we use multiple

expert models {gj}M
j=1 to extract trend component X

(i),trend
t+h by solving a cross-sectional problem,

X
(i),trend
t = ∑M

j=1 ωjgj(Z(i)
t ) + ϵ

(i)
t . In the second stage, we use a LoRA-fine-tuned Transformer

model to further approximate the residuals ϵ
(i)
t with R̂

(i)
t:t+h = fLoRA

W (R(i)
t−l:t). We finally aggregate

the prediction as X̂
(i)
t:t+h = X̂

(i),trend
t:t+h + R̂

(i)
t:t+h.

Time Series Data
D = {X(i)}N

i=1
Lagged Seasonal External · · ·

Trend Extraction via Expert Pool + SPA
X

(i)
t = ∑M

j=1 ωSPA
j · gj(Z(i)

t )

Residual Computation
R

(i)
t = X

(i)
t − X̂

(i)
t

LoRA-Fine-Tuned
Transformer

Residual Forecasting:
R̂

(i)
t:t+h = fLoRA

W (R(i)
t−l:t)

Final Forecast Aggregation
X̂

(i)
t:t+h = X̂

(i),trend
t:t+h + R̂

(i)
t:t+h

Figure 3.19. Workflow of the Hopformer framework.

Universal time series forecasting presents significant challenges due to the high heterogeneity

across datasets. Time series often exhibit varying temporal patterns, distributional properties, and

covariate structures, making it difficult for a single model to generalize effectively. While prior

approaches have attempted to mitigate this by explicitly modeling external covariates, empirical
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results suggest that their practical contribution to forecasting accuracy may be limited—especially

when such covariates are sparse, noisy, or inconsistently available across domains.

To address this, we propose a unified trend extraction strategy based on aggregating a diverse

pool of regression models, each capturing different structural aspects of the time series. Rather than

relying on a fixed parametric form, we apply a sparsity pattern aggregation scheme that combines

multiple candidate models—such as those incorporating trend, seasonality, and autoregressive

dynamics—into a single, adaptive forecast. This step serves as a homogeneity pursuit mechanism:

by systematically absorbing the effect of available covariates and deterministic patterns, we project

heterogeneous time series into a shared residual space, where distributional and structural variation

is substantially reduced.

This decomposition offers several advantages:

• It captures a wide range of interpretable trends and temporal effects using a flexible,

data-driven combination of expert models.

• It avoids the need for explicit covariate modeling, alignment, or preprocessing—improving

robustness and generalization in settings with missing or non-standard metadata.

• It enables the second-stage model to focus on learning residual, nonlinear dependencies

in a more homogeneous representation space, facilitating more efficient and stable deep

forecasting.

3.5.3.1. Cross-Sectional Regression Model for Trend Extraction. To extract the trend, we first

construct an ensemble of cross-sectional regression models {gj}M
j=1, each trained to capture different

aspects of the temporal structure using a shared predictor design. The final trend estimate is obtained

by aggregating these models via a weighted combination:

(3.5.1) X
(i)
t =

M∑
j=1

ωSPA
j · gj(Z(i)

t )

where Z(i)
t ∈ Rd denotes the covariates for time series
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i at time t, constructed using common features such as lagged values, seasonal indicators, trend

terms, and optionally, external covariates.

For example, consider Xt as the daily sales for a retail store at time t.

The feature set Zt may include: the linear trend (t) to model long-term growth or decline;

the seasonality indicators, sin(2πt/7), cos(2πt/7), to capture weekly periodicity; the external

covariate such as promotion indicator Promot ∈ {0, 1}; the lagged sales value Xt−7 to model

weekly autocorrelation. The sparsity pattern aggregate (SPA) weights {ωSPA
j } are adaptively

assigned to balance empirical performance and model complexity, enabling the ensemble to

robustly capture dominant deterministic patterns across diverse time series. While the SPA weights

ωSPA = (ωSPA
1 , . . . , ωSPA

M ) formally depend on both the time index t and the series index i, we

simplify notation by omitting these subscripts throughout this section and the following theoretical

results. These weights are constructed as following:

We define a sparsity pattern as a binary vector p ∈ P := {0, 1}M , where each coordinate

pj ∈ {0, 1} indicates the inclusion (pj = 1) or exclusion (pj = 0) of the j-th expert model in the

aggregation. For any p ∈ P , we define the restricted parameter space:

Rp = {ω · p : ω ∈ RM} ⊆ RM ,

where · denotes the Hadamard (elementwise) product. The dimensionality of this subspace is denoted

by |p|, the number of nonzero components in the pattern p. To formalize the SPA construction, we

consider the sample version of the workflow illustrated in Figure 3.19. For each time series i and

time point t, we assume access to an i.i.d. sample of size n drawn from the underlying conditional

distribution. Specifically, let {(X(i)
t,k , Z(i)

t,k)}n
k=1 denote the observed realizations of the response and

corresponding predictor vectors, where Z(i)
t,k ∈ Rd is the feature vector and X

(i)
t,k ∈ R is the target

time series. These samples serve as the training input for constructing the ensemble of candidate

estimators and evaluating their empirical performance under the aggregation scheme. Denote the

sample version of target time series and the matrix of features as X and Z. For any p ∈ P , let ω̂p be
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the least squares estimator restricted to Rp, defined by

(3.5.2) ω̂p ∈ arg min
π∈Rp
∥X− Zπ∥2

2.

Let π = (πp)p∈P be a probability measure over the collection of sparsity patterns P , which we refer

to as a prior over expert selections.

The SPA weights are defined as:

(3.5.3) ωSPA :=

∑
p∈P

ω̂p exp
(
− 1

4σ2

n∑
k=1

(
X

(i)
t,k − gω̂p

(Z(i)
t,k)
)2
− |p|

2

)
πp

∑
p∈P

exp
(
− 1

4σ2

n∑
k=1

(
X

(i)
t,k − gω̂p

(Z(i)
t,k)
)2
− |p|

2

)
πp

.

To instantiate the SPA weights, we adopt the following prior over the space of patterns p ∈ P as in

Rigollet and Tsybakov (2011):

πp :=



1
H

(
|p|

2eM

)|p|
, if |p| < R,

1
2 , if |p| = M,

0, otherwise,

where R = rk(Z) is the rank of the design matrix, and H = 2∑R
m=0

(
M
m

)(
m

2eM

)m
is a normalization

constant. This prior favors sparse patterns while ensuring that the full model retains sufficient mass

for statistical guarantees. Following Rigollet and Tsybakov (2011), the SPA estimator under this

prior can be efficiently implemented using a Metropolis approximation.

This formulation allows Hopformer to adaptively emphasize simpler, performant trend models,

serving as a learnable interface for residual modeling in the second stage. The residual sequence is

then computed as:

(3.5.4) R
(i)
t = X

(i)
t − X̂

(i)
t ,
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which isolates the idiosyncratic, nonlinear, and long-range dependencies that will be modeled by a

fine-tuned Transformer in the next stage.

3.5.3.2. LoRA-Fine-Tuned Transformer for Residual Forecasting. To efficiently model the

residual sequence R
(i)
t obtained in the first stage, we leverage a Transformer-based architecture,

fine-tuning it using LoRA. Instead of updating the full set of parameters, LoRA injects trainable

low-rank matrices into the attention layers, allowing for efficient adaptation while keeping most of

the original model frozen.

For a given residual input R
(i)
t−l:t, we employ a Transformer to capture temporal dependencies

via self-attention. The standard self-attention mechanism operates on a set of query, key, and value

projections:

(3.5.5) Attn(xWq, CWk, CWv) = softmax
(

xWq(Wk)⊤C⊤
√

dk

)
CWv,

where Wi
q, Wi

k, Wi
v ∈ Rdin×dout .

The residual forecasting model is thus defined as:

(3.5.6) R̂
(i)
t:t+h = fLoRA

W (R(i)
t−l:t)

where fLoRA
W is the LoRA-enhanced Transformer model. The core adaptation mechanism follows a

low-rank decomposition of the attention weight update:

(3.5.7) W + ∆W = W + BA

where W ∈ Rdin×dout is the original pre-trained weight matrix, which remains frozen during fine-

tuning. B ∈ Rdin×r and A ∈ Rr×dout are trainable low-rank matrices with rank r ≪ min(din, dout).

The residual update is applied as:

(3.5.8) h← h + s∆h, ∆h := BAx
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where s ⩾ 1 is a tunable scaling hyperparameter controlling the adaptation strength.

By leveraging LoRA, the proposed method reduces computational costs while preserving the

Transformer’s expressive power. This enables the model to focus on capturing high-order residual

dependencies without overfitting to dataset-specific noise. Finally, the predicted residuals are

combined with the baseline regression forecast to obtain the final time series prediction:

(3.5.9) X̂
(i)
t:t+h = X̂

(i),trend
t:t+h + R̂

(i)
t:t+h

This two-stage strategy enables efficient and scalable forecasting, capturing both deterministic trends

and complex residual patterns while preserving generalization across diverse datasets.

3.5.4. Theoretical Guarantees

3.5.4.1. Oracle Inequality for Trend Aggregation. We analyze the performance of the trend

aggregation procedure in the first stage of Hopformer, where the goal is to estimate an unknown

regression function η : Rd → RD based on observed data {(X(i)
t , Z(i)

t )}N
i=1. We assume the data is

generated as

X(i)
t = η(Z(i)

t ) + ξi, i = 1, . . . , N,

where {Z(i)
t }N

i=1 ⊂ Rd are the covariates at time t and ξi
i.i.d.∼ N (0, σ2ID), where ID is identity

matrix, are independent Gaussian noise variables. Let ĝω be the aggregated predictor using any

weights ω, and define the SPA estimator as

ĝSPA(x) =
M∑

j=1
ωSPA

j · gj(x),

where gj is the j-th expert model. Then the following oracle inequality holds:



135

Theorem 3.5.1. Under the model defined above, the SPA estimator ĝSPA satisfies the following

inequality:

(3.5.10) E∥ĝSPA − η∥2 ⩽ min
p∈P:πp ̸=0

E∥∥∥ĝω̂p
− η

∥∥∥2
+

4σ2 log
(
π−1
p

)
n

,

where π is the prior distribution over sparsity patterns, ω̂p is the least-squares solution restricted to

pattern p, and ĝω̂p
(x) = ∑

j(ω̂p)j · gj(x).

The proof of this result is provided in Appendix B.5.1.1.

This result provides a theoretical guarantee that the SPA estimator performs nearly as well as the

best sparse aggregation of experts in hindsight, up to a complexity penalty determined by the prior

mass πp and the sample size n. Specifically, the right-hand side of the inequality consists of two

terms:

• The first term, E
∥∥∥ĝω̂p

− η
∥∥∥2

, reflects the squared prediction error of the best estimator

restricted to the support pattern p.

• The second term, 4σ2 log(π−1
p )

n
, acts as a regularization penalty that grows with the model

complexity (as encoded by the prior) and shrinks with more data.

The inequality formalizes a bias-variance trade-off: sparse models (i.e., those with small |p|)

tend to receive higher prior probability πp and thus incur smaller penalty terms, encouraging

parsimony in the aggregated predictor. At the same time, the aggregation procedure is data-driven

and adapts to patterns with low empirical error, ensuring strong approximation capability.

Together, this analysis justifies our homogeneity pursuit strategy: by leveraging a flexible prior

and adaptive aggregation, we can distill the dominant shared structure across heterogeneous time

series datasets into a unified trend representation that is both statistically efficient and interpretable.

This learned trend interface serves as a robust input to the second-stage residual modeling.

3.5.4.2. Generalization Bound for LoRA Fine-Tuning. LoRA fine-tuning enables efficient

adaptation of Transformer models to new time series data while keeping the number of trainable
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parameters low. To analyze the performance of the fine-tuned residual model across different time

series distributions, we derive a generalization error bound.

In the context of time series learning, let Z denote the space of residuals obtained from

cross-sectional regression. Suppose we observe a training set RT = (R1, . . . , RT ) ∈ ZT generated

from a process P . The hypothesis space isW , and the learning algorithm takes RT as input and

outputs W ∈ W according to a conditional distribution PW|RT
. The loss function is defined as

ℓ :W ×Z → R+. The population risk is given by

LP(w) = EP [ℓ(w, R)]

and the empirical risk is

LRT
(w) = 1

T − d

N∑
i=d+1

ℓ(w, Ri)

where d ⩾ 0, serves as an offset or burn-in period, ensuring that only valid samples contribute to the

training loss computation. For example, in an AR(2) model, predictions depend on the past two

time steps, meaning that at least two observations are required before a valid loss can be computed.

Given a fine-tuning training set RT , let r be the lora-rank, and assume each tuned parameter

is quantized to q bits. Then we have the following theorem to bound the generalization error

E[LP(W)− LRT
(W)] using the information-theoretic generalization framework.

Theorem 3.5.2. Assuming the loss function ℓ(w, R) is σ-subgaussian. If the target time series is

stationary and β-mixing, then there exists a constant a > 0 such that 2am ⩽ T ensuring

(3.5.11) E[LP(W)− LRT
(W)] ⩽

√
2σ2

m
I(RT ; W),

where I(RT ; W) = DKL(PW,RT
||PW ⊗ PRT

) is the mutual information and DKL is the KL

divergence.

We extend Theorem 1 in (Xu and Raginsky, 2017) into non-i.i.d time series data. The definitions

of stationarity and mixing can be found in Appendix B.5.1.2. With the similar techniques in (Yao
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et al., 2024), we can bound this mutual information under LoRA-finetuning as in the following

corollary:

Corollary 3.5.2.1 ((Yao et al., 2024)). With the same assumptions in Theorem 3.5.2,

E[LP(W)− LRT
(W)] ⩽

√√√√6σ2

m
qr
∑
i∈I

(din + dout),

where Wi
q, Wi

k, Wi
v ∈ Rdin×dout .

This bound shows that the expected generalization error depends on the number of fine-tuned

parameters in LoRA, which is significantly smaller than in full fine-tuning. The low-rank adaptation

introduces fewer degrees of freedom, implicitly reducing the mutual information between the

training data and the learned weights. From an information-theoretic perspective, this low mutual

information ensures that the model is less sensitive to any specific training instance, promoting

better generalization. Although stronger bounds (e.g., high-probability concentration inequalities)

can be derived under additional assumptions, the stability guarantee already provided by LoRA

suffices in our setting. This result highlights the theoretical benefit of LoRA as a parameter-efficient

and generalization-friendly fine-tuning method in time series forecasting.

3.5.5. Experiments

In this section, we evaluate the performance of Hopformer on a diverse set of time series forecasting

benchmarks. Specifically, we address the following research questions: (i) Accuracy: How does

Hopformer compare to state-of-the-art methods across a range of forecasting tasks? (ii) Ablation:

What is the individual contribution of each key component of Hopformer to its overall performance?

(iii) Robustness: How does Hopformer perform when varying context lengths and forecast horizons?

Dataset and Baselines: We evaluate Hopformer’s performance on 6 datasets, including the

Illness, EPF, and M5 benchmarks, along with three synthetic datasets (Sales1, Sales2, and Electricity).

Dataset statistics are summarized in Table 3.15, where the total number of time steps is expressed

as ’time steps per series × number of series’. The motivation for using these synthetic datasets
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is to illustrate the impact of covariates on time series forecasting while minimizing data leakage

when comparing Hopformer with pre-trained foundational models for time series prediction. We

benchmark Hopformer against Chronos-bolt, PatchTST, TemporalFusionTransformer, and two

traditional statistical models, ARIMA and ETS. Please refer to the appendix for more details on the

synthetic data.

Table 3.15. Statistics of Datasets used in Experiments.

Dataset Illness EPF M5 Sale1 Sale2 Electricity

Covariates 7 2 12 4 8 7
Timesteps 966 52 416 x 5 414 x 30 490 730 x 200 730 x 200 184 800 x 5

Implementation and Evaluation Metrics: We implement Hopformer using the AutoGluon

library (Shchur et al., 2023). In the cross-sectional stage, the expert pool includes regression models

such as XGBoost, LightGBM, Linear Regression, Random Forest, and CatBoost for processing

future covariates, while a SimpleFeedForward network is used for past covariates. We use default

hyperparameter for these regressors, and use ARIMA and ETS to capture lag and seasonal patterns,

with max ts steps = 1000. For aggregation, we apply SPA (Equation 3.5.3) to Hopformer, and

implement Linear Regression (Equation 3.5.2), Equal Weighting, and Single Best strategies for our

ablation study. In the second stage, we use the Chronos-bolt-small (Chronos) model to implement

three models: a zero-shot model without fine-tuning, a fully fine-tuned model, and a model fine-tuned

using LoRA. For LoRA, we employ a low-rank adaptation with rank = 8, a scaling factor of α = 16,

and a dropout rate of 5%, applied to the query, key, value, and output projections. We fine-tune

models for 100 gradient steps.

We evaluate Hopformer using 20 rolling windows, each with a context length of 512 and a

forecast horizon of 24. We partition the dataset so that each test set consists of 20 consecutive

prediction periods, with one prediction period reserved for validation, and the remaining data used

for training. The latest 1,000 time steps serve to train the regressors and compute the SPA weights.

Model performance is assessed by computing the Mean Absolute Scaled Error (MASE) and Mean
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Absolute Percentage Error (MAPE), averaged over all rolling windows. See Table 3.16 for our

results.

Table 3.16. Forecasting performance of Hopformer, Chornos-bolt-small (Chronos), their
hybrid variants, and PatchTST (PTST), TemporalFusionTranformer (TFT), ARIMA, and
ETS. Each cell reports MASE, and MASE (lower is better). The bold numbers indicate the
two lowest metric values in each row.

Models Hopformer Cross-Sectional Chronos DL and Stats

Variants 0-shot Full LoRA SPA Lasso Best Equal 0-shot Full LoRA PTST TFT Arima Ets

Ill
ne

ss MASE 3.805 3.297 3.289 3.686 3.791 4.940 4.537 3.568 3.982 3.985 4.231 4.940 5.153 5.091
MAPE 0.133 0.115 0.115 0.125 0.130 0.167 0.159 0.123 0.135 0.134 0.146 0.167 0.190 0.188

EP
F MASE 0.654 0.664 0.667 1.279 1.760 0.813 17.17 0.662 0.674 0.720 1.466 0.862 0.895 1.091

MAPE 1.114 1.191 1.181 2.554 3.027 1.804 11.67 1.180 1.252 1.265 3.252 1.689 1.383 1.124

M
5 MASE 1.006 0.988 0.989 1.189 1.188 2.189 2.194 1.006 0.987 0.987 1.022 0.980 1.185 1.238

MAPE 0.703 0.678 0.680 0.591 0.596 1.438 1.883 0.704 0.683 0.679 0.667 0.671 0.594 0.592

Sa
le

1 MASE 0.946 0.761 0.819 1.592 1.598 1.646 1.610 1.095 0.927 0.971 0.911 0.883 1.191 1.136
MAPE 0.915 0.631 0.686 1.482 1.483 1.510 1.523 0.951 0.679 0.707 0.881 0.813 1.029 1.380

Sa
le

2 MASE 0.340 0.270 0.264 0.538 0.539 0.539 0.561 0.542 0.307 0.301 0.447 0.428 0.552 0.849
MAPE 0.423 0.306 0.301 0.729 0.740 0.736 0.839 0.518 0.315 0.309 0.486 0.485 635 0.912

El
ec

. MASE 0.765 0.737 0.730 2.612 2.648 2.633 2.652 0.817 0.770 0.756 1.205 1.391 0.940 1.449
MAPE 0.078 0.075 0.075 0.263 0.266 0.257 0.259 0.083 0.079 0.078 0.143 0.164 0.106 0.171

Overall Performance: Table 3.16 summarizes the performance of the forecasting models across

six datasets. We highlight three key findings: (i) The best of the Hopformer variants outperforms

baseline models, with an average relative improvement of 6.56% in MASE across all datasets.

Performance gains are particularly notable on synthetic datasets with future covariates, achieving

a 4.45% improvement in MAPE compared to the best baseline. (ii) In the zero-shot scenario,

Hopformer attains comparable or superior results to Chronos in five out of six datasets, illustrating

the efficacy of the SPA. Specifically, SPA achieves a 8.73% average reduction in MASE, highlighting

its general compatibility with foundational models (visualized in Figure 3.20). (iii) Fine-tuning

the residual module with LoRA achieves nearly identical performance to full fine-tuning (within

1% difference in MAPE), underscoring LoRA’s efficiency by updating only targeted attention

parameters.

Ablation Study: To isolate and quantify the contributions of Hopformer’s aggregation strategies,

we conduct an ablation analysis. As reported in cross-sectional column of Table 3.16, SPA delivers
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Figure 3.20. Zero-shot forecast comparison between Hopformer and Chronos on four
representative stores from the Sales1 dataset. Blue lines show the ground-truth sales, while
yellow and red lines depict model predictions.

the lowest MASE and MAPE on every dataset, cutting MASE by an average of 7.08% and MAPE

by 6.99% relative to the next-best strategy. We further stress-test the methods by varying the

expert-pool size from 2 to 20 regressors (seen in appendix). SPA’s gain widens as the pool grows.
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Figure 3.21. (Top) Effect of Context Length on Model Performance Across Datasets
(prediction length = 24). (Bottom) Effect of Prediction Horizon on Model Performance
Across Datasets (context length = 256).

Robustness Analysis: Figure 3.21 probes Hopformer’s robustness on zero-shot setting by

sweeping (top) the context window and (bottom) the forecast horizon on all six benchmarks. The

result yields two main take-aways. (i) As the context window contracts, Hopformer retains most

of its SPA-based advantage over Chronos. On Sales2, shrinking the context from 512 to 32 steps

raises Chronos’ MASE by 0.50, but Hopformer’s by only 0.30. (ii) Both models deteriorate as the

horizon grows, yet Hopformer remains ahead across all ranges because it starts from a lower error.
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On Sales2, the jump from 24 to 120-step forecasts adds 0.12 MASE to Hopformer and 0.05 to

Chronos, but Hopformer’s absolute error is still lower at every horizon. These patterns confirm

that the SPA aggregation helps Hopformer preserve its advantage under both limited-context and

long-range-forecast settings.

3.5.6. Discussion and Conclusion

In this work, we introduced Hopformer, a novel two-stage forecasting framework designed for time

series with high-dimensional covariates. In the first stage, Hopformer performs trend extraction via

a sparse aggregation over a pool of expert regressors, allowing it to adaptively absorb the effects of

covariates without requiring them as explicit inputs. This aggregation is guided by a sparsity pattern

prior and implemented using an exponentially weighted scheme with provable oracle guarantees.

In the second stage, a LoRA-fine-tuned Transformer models the residual sequence, capturing

long-range and nonlinear dependencies with minimal parameter overhead. Our theoretical analysis

establishes generalization bounds for both trend aggregation and LoRA fine-tuning, demonstrating

that our method remains stable under dependent data and achieves near-optimal error with controlled

complexity. Empirically, Hopformer delivers state-of-the-art accuracy across a diverse set of

time series benchmarks, validating the effectiveness of combining sparsity-driven regression with

parameter-efficient residual modeling.

Several directions remain open for exploration. First, exploring alternative parameter-efficient

fine-tuning approaches beyond LoRA both theoretically and empirically could enhance flexibility in

various scenarios. Second, incorporating task-aware pretraining or meta-learning strategies into the

residual modeling stage may further improve robustness and cross-task generalization.
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CHAPTER 4

Accelerating Scientific Discoveries in Astrophysics with Time Series

Foundation Models

In this chapter, we study the applications of time series foundation models on one of the most

data-intensive frontiers in modern astronomy: time-domain surveys. The Zwicky Transient Facility

(ZTF) nightly records millions of irregular, multi-band light-curves whose variability encodes stellar

structure, binary dynamics, and explosive transients. Manual feature engineering and survey-specific

models can no longer keep pace with this deluge. We introduce StarEmbed(Li et al., 2025c),

the first benchmark study that develops an effective mechanism to utilize time series foundation

models’ abilities to help with periodic-variable-star classification, an important scientific task in the

astrophysics domain. It also comprehensively evaluates pre-trained time-series foundation models

on this task. We show that generic TSFMs, without domain retraining, approach the accuracy of

astronomy-specific models and hand-crafted features, while offering far greater scalability. These

results demonstrate the great potentials of utilizing time series foundation models to accelerate

discoveries in scientific domains.

4.1. StarEmbed: A Benchmark for Evaluating Pre-trained Light-Curve Embeddings in

Variable Star Classification

4.1.1. Introduction

Dynamic sources in the night sky have driven many paradigm shifting discoveries over the history

of astronomy. Stars that exhibit brightness variations over regular, periodic intervals are especially

valuable as they provide unique probes of stellar interiors and evolution, galactic structure, and can

be used to measure the distance to nearby galaxies (e.g., Feast and Walker, 1987; Clementini et al.,
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2003; Genovali et al., 2014; Catelan and Smith, 2015; Ripepi et al., 2017). Dozens of different

types of variable stars exist, and modern astronomical surveys, like the Zwicky Transient Facility

(ZTF; Bellm et al., 2019), have produced an avalanche of multi-variate time-series data (“light

curves;” ∼109 stars each with ∼103 observations over 7 yr from ZTF alone). These light curves are

multi-variate because observations are conducted with a filter (or “passband”) placed along the focal

path of the telescope, limiting the image to only light from a specific wavelength range. Thus, light

curves contain both brightness and “color” information (i.e. relative brightnesses across passbands),

enabling inference of physical properties of the source. Less than 1% of the observed stars are

periodic variables, but they provide outsize value relative to their non-variable counterparts, making

it imperative that these stars be identified and analyzed via automated methods. The challenges

associated with finding and sorting these variables will be exacerbated by the upcoming Vera

C. Rubin Observatory, which will begin the Legacy Survey of Space and Time (LSST; Ivezić et al.,

2019) in 2025 and discover >108 variable stars while monitoring >1010 stars over the course of a

decade.

Astronomical observations provide unique challenges within the domain of time-series analysis.

In particular, there are frequent gaps of variable intervals in the observations (see Figure 4.1), and the

presence of clouds, which change day-to-day and hour-by-hour, yields heteroskedastic uncertainties

for the individual observations. Traditionally, classification has relied on extracting domain-specific

features (periods, amplitudes, etc.) and using tree-based classifiers [e.g., Richards et al. 2011; Nun

et al. 2015; Malanchev et al. 2021; Sánchez-Sáez et al. 2021]. However, the rise of deep learning and

self-supervised learning has led to pre-trained embedding models that can encode light curves into

rich feature vectors without manual feature engineering (Donoso-Oliva et al., 2023; Donoso-Oliva

et al., 2025; Zuo et al., 2025). No standardized benchmarks for evaluating time-series embeddings

exist in the astrophysics domain. This absence of benchmarks hinders objective evaluation of

specialized models (Pan et al., 2024). With no benchmarks, it is impossible to assess the true

benefits of domain-specific pre-training. We aim to establish a comprehensive evaluation of multiple
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Figure 4.1. Example ZTF light curves illustrating unique characteristics of astro-
nomical time series, including multiple passbands, large observational gaps, and
heteroskedastic uncertainties. Top panel: Observed light curve of a periodic variable
exhibiting typical characteristics of the observations. The inset shows the full∼6.5 yr
duration of ZTF observations. Lower panels: Phase-folded light curves highlighting
the differing periodic patterns in three different classes. Note that most stars have
few i passband observations so we exclude these data from our analysis (see text for
further details).

embedding models on consistent tasks and datasets. To do so, we: (1) introduce the first benchmark

for pre-trained light curve embeddings for periodic variable star classification, (2) curate and

standardize a set of ZTF variable stars with reliable labels, (3) evaluate three pre-trained embedding

models (including SOTA domain-specific models and two time-series foundation models) on two

complementary tasks: zero-shot clustering of embeddings and downstream supervised classification

using simple models trained on the embeddings, and, finally, (4) compare learned embeddings

against reasonable baselines (e.g., random embeddings, recurrent neural networks, and extracted

features designed by domain experts) to quantify the value added by learned representations.
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StarEmbed establishs a community resource by publicly releasing these benchmark datasets

alongside standard splits, documentation, code, detailed data sheets, and guidelines for responsible

use.

4.1.2. Related Work and Models

Major recent investments in time-domain astronomy have generated incredibly large datasets that

naturally lend themselves to machine learning methods. The classification of periodic variable stars

has been a problem of significant interest for literally centuries, as these sources provide direct

insight into the pulsations, rotation, and orbits of distant stars. As such, both pre- (e.g., Debosscher

et al., 2007) and post-deep learning models (e.g., Moreno-Cartagena et al., 2025) have been applied

to this problem. We summarize the embedding models that we benchmark below. We do not

fine-tune the pre-trained models in order to assess their zero-shot generalization capabilities.

4.1.2.1. Supervised Classifiers. The first machine learning models to classify variable stars

used manually engineered features combined with classical machine learning models such as

support vector machines (Debosscher et al., 2007) or gradient boosted decision trees (Boone, 2019).

(Richards et al., 2011) achieved SOTA performance with 52 extracted features (including Fourier

coefficients, variability amplitude, skewness, etc.) and a random forest (RF) classifier. Feature

extraction varies from study to study, though some have attempted to standardize this step, including

the FATS (Nun et al., 2015) and light curve (Malanchev et al., 2021) packages. While very

effective, hand-crafted features rely heavily on domain knowledge, can be brittle, and they are

expensive to compute.

More recent efforts have introduced deep-learning methods to alleviate the need for explicit

feature engineering. These models have used a wide range of architectures including recurrent

neural networks (RNNs) (Muthukrishna et al., 2019; Becker et al., 2020; Shah et al., 2025), and

(vision) transformers (Cabrera-Vives et al., 2024; Moreno-Cartagena et al., 2025). The challenge for

these supervised methods is that they require large labeled training sets, and they rarely generalize in



146

a way that allows them to be applied to data from more than one telescope. As a baseline, we build

models using handcrafted features and a RNN to compare results with self-supervised pre-trained

embedding models.

Handcrafted Features: For this baseline, we extract features using the FATS and light curve

software packages. Example features include: the best-fit period (using a Lomb-Scargle periodogram

Lomb 1976; Scargle 1982), the amplitude of variations, the skewness, the kurtosis, and other metrics.

In total, we define 69 features per passband, making the total embedding size 138 (see Appendix ??

for a full feature list with explanations).

RNN: Building on the work of (Muthukrishna et al., 2019), (Shah et al., 2025) achieve SOTA

light curve classification performance using an RNN with gated recurrent units (GRU). We adopt a

similar architecture with a standard non-hierarchical cross entropy. We note that achieving SOTA

performance with RNNs requires, among other things, a balanced training set, which we do not

perform here given our goals to benchmark the performance of different methods on the same

training/test/validation set. While we report the metrics of our baseline RNN in Table 4.4, we note

that better performance can be achieved with an alternate training approach.

4.1.2.2. Astrophysics Embedding models. With a high cost to obtain labels for astronomical

sources, there has been a growing interest in using semi-supervised approaches to learn general

representations of the data to aid in performing downstream tasks such as classification, anomaly

detection, and physical parameter estimation. Recent approaches include variational autoencoders

(Villar et al., 2020), sparse autoencoders (Dillmann et al., 2025), and contrastive learning (Zhang

et al., 2024), but they are typically limited to a single class (e.g., supernovae). A few foundation

models for astronomy attempt to produce useful representations of light curves, such as FALCO

(Zuo et al., 2025) and Astromer (Donoso-Oliva et al., 2023; Donoso-Oliva et al., 2025). In

particular, Astromer and Astromer-2 are designed to apply to observations from any observatory

(Donoso-Oliva et al., 2023; Donoso-Oliva et al., 2025), and thus, we adopt the Astromer models as

an astronomy-specific foundation model.
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Astromer (Donoso-Oliva et al., 2023) is a transformer-based model purpose-built to generate

informative embedded representations of astronomical light curves. Astromer was pre-trained

using self-supervised learning on 1.5 million single-band light curves from the MACHO survey

(Alcock et al., 2000). The model’s output is a fixed-length embedding (we use the recommended

256-dimensional embedding from the final attention layer). Astromer’s training objective was to

reconstruct masked portions of the input sequence (a form of masked time series modeling), enabling

it to learn general variability patterns. Prior results have shown that Astromer’s embeddings can

boost classifier performance on small labeled sets. We use the publicly released Astromer weights

to generate embeddings for each light curve. Astromer represents the SOTA domain-specific model

and serves as a prime candidate to test whether astronomy-specific pre-training yields discernible

benefits relative to more general models.

4.1.2.3. Time series foundation models. Inspired by the success of unsupervised representation

learning in natural language processing and vision, recent work has developed self-supervised

models for time-series data. In the general time-series domain, methods like TS2Vec aims to be

a unversal framework to learn representations via contrastive learning, yielding SOTA results on

diverse tasks (Yue et al., 2022). TS2Vec, in particular, performs hierarchical contrastive learning

on augmented time-series and significantly outperforms prior unsupervised methods across 150+

benchmark datasets.

Moirai (Woo et al., 2024b) is designed to be a single foundation model that can forecast

virtually any time-series, regardless of sampling frequency, dimensionality, or distribution. It pairs

a multi-patch-size projection scheme (i.e., handling minute- to year-scale data), an any-variate

attention mechanism that scales to arbitrary numbers of variables, and a flexible mixture-distribution

output head for calibrated probabilistic forecasts. Trained on LOTSA (Woo et al., 2024b), an open

archive of 27 billion observations spanning nine domains, Moirai’s Small/Base/Large variants

deliver SOTA accuracy in both in-distribution and zero-shot settings, often outperforming models

that are fully fine-tuned for a particular dataset. By unifying these capabilities in one openly released
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model and toolkit, Moirai marks a substantial step toward “universal” forecasting systems that need

minimal task-specific engineering.

Chronos (Ansari et al., 2024a) is another pre-trained time series model showing comparable or

even better results than Moirai. It treats forecasting as a language-modeling problem: it scales and

quantizes real-valued time-series into a fixed vocabulary, then trains off-the-shelf Transformer LMs

(T5-style models from 20M to 710M parameters) with an ordinary cross-entropy loss. Augmented

by TSMixup and Gaussian-process–generated synthetic data, Chronos is pre-trained on a large

collection of public datasets and evaluated on 42 benchmarks. The resulting models deliver strong

probabilistic forecasts—significantly ahead of classical and deep-learning baselines on in-domain

data and in zero-shot settings, showing that “language of time-series” tokenization alone is enough

to build a competitive universal forecaster.

4.1.2.4. Random Embeddings As a Sanity Check Baseline. We generate random valued vectors

and treat them as light curve embeddings to establish a performance floor. Random vectors carry no

information about the data, so they should yield very poor clustering and classification results. This

baseline allows confirmation that any alternative models with superior performance capture useful

information in the embeddings. We expect the Normalized Mutual Information (NMI) and Adjusted

Rand Index (ARI) near 0 and classification near random guess accuracy per class. The random

values are sampled from a Gaussian distribution with the same dimension as the other models.

4.1.3. Dataset

We present a dataset of real, multi-variate time-series observations of periodic variable stars. The

flux is presented in magnitudes (an astronomy specitic unit), while the time is recorded as the

modified Julian date. The observations are from ZTF, which repeatedly scans all stars visible from

the Northern hemisphere every few days. ZTF observes in three different passbands, g, r, and i1

(see 4.1) corresponding to visible green, visible red, and infrared light, respectively (Dekany et al.,

1Most ZTF sources have very few or no observations in i band and we therefore exclude it from our analysis.
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2020). We us observations from ZTF data release 23 (DR23) which spans a duration of ∼6.5 yr. In

total, ZTF DR23 contains billions of light curves.

Careful selection of light curves from the ZTF DR23 data set is necessary as the periodic variable

stars which we hope to exploit for astrophysical inferences are rare. There are many periodic variable

star catalogs with classifications in the literature, however, most rely on low-capacity ML models

to produce their labels. We opt to avoid such catalogs as their labels are subject to noise from the

imperfect classifier and the decision boundaries between classes are likely simplified representations

learned by the classifier.

For training, we adopt the Catalina Surveys Periodic Variable Star Catalog (CSPVS; Drake

et al., 2014a), a human-labeled catalog of periodic variables discovered by the Catalina Real-Time

Transient Survey (Drake et al., 2009). We extract ZTF light curves for each star in the CSPVS

catalog. Stars that lack a ZTF light curve are omitted; we also remove (i) bad observations indicated

by the image quality flag in ZTF DR23; (ii) light curves with less than 32 total observations; (iii)

light curves that have no observations in both the g and r ZTF passbands; and (iv) light curves

from classes with fewer than 400 total examples. The resulting dataset contains ∼40,000 ZTF light

curves of hand-labeled periodic variable stars across seven classes.

Nature naturally produces an imbalance between the number of periodic variables in different

classes, and this is further exacerbated by each class having a different detection efficiency

(e.g., LPVs have much larger amplitude variations than any other class making them easier

to identify). To ensure that each split gets a representative number of examples from each

class, we sample each class into the train, validation, and test splits independently in a 7:1:2

ratio. Table 4.1 shows the counts of examples per class in each split. We release our train-

validation-test dataset splits and the generated embeddings as a public dataset on HuggingFace

(https://huggingface.co/datasets/wormyu/StarEmbed).

4.1.3.1. ZTF Dataset in Context: Relevance to Upcoming Observatories. Variable star science

has an expansive scope that extends beyond ZTF and periodic variables, the StarEmbed benchmark

https://huggingface.co/datasets/wormyu/StarEmbed
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Table 4.1. Number of periodic variable stars in our dataset across each class and in
each split

Class EW EA RRab RRc RRd RS CVn LPV

Train 18998 2889 1386 3233 298 942 255
Validation 2690 410 194 463 42 134 35
Test 5387 818 397 926 83 276 70
Total after cuts 27075 4117 1977 4622 423 1352 360

is designed to allow for the addition of new datasets and metrics in future expansions. This flexibility

is crucial to the long-term health of this benchmark as numerous new astronomical time-domain

surveys will begin in the coming years, including: LSST, the Nancy Gracy Roman Space Telescope

(Akeson et al., 2019), and the Ultraviolet Explorer (Kulkarni et al., 2021). Each of these surveys has

unique observations that will affect the resulting embeddings and downstream task performance is

not yet known. As the largest astronomical time-domain experiment to date, ZTF is an apt choice

for building a preparatory benchmark dataset that has already bee used to explore emerging areas

like multi-modality (e.g., Duev and van der Walt, 2021; Carrasco-Davis et al., 2021; Gagliano et al.,

2023; Rehemtulla et al., 2024) and transformers (e.g., Allam et al., 2023; Zhang et al., 2024).

All current and future datasets associated with the StarEmbed benchmark are public or will be

made public. The ZTF DR23 can be accessed through the Caltech Infrared Processing and Analysis

Center2; the CSPVS catalog is available via VizieR3 (Drake et al., 2014b); and our selection of ZTF

light curves for CSPVS stars is available on Hugging Face4. Our publicly available dataset includes

the necessary metadata and a permissive license for reuse. No personal or sensitive information is

present in these datasets (they consist of astronomical observations).

4.1.4. Evaluation Methodology

We assess the quality of embeddings for both: (1) unsupervised clustering, and (2) supervised

classification using the embeddings as features. Together, these give a comprehensive view of both
2https://irsa.ipac.caltech.edu/Missions/ztf.html
3https://cdsarc.cds.unistra.fr/viz-bin/cat/J/ApJS/213/9
4https://huggingface.co/datasets/wormyu/StarEmbed

https://irsa.ipac.caltech.edu/Missions/ztf.html
https://cdsarc.cds.unistra.fr/viz-bin/cat/J/ApJS/213/9
https://huggingface.co/datasets/wormyu/StarEmbed
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the intrinsic structure captured by the embeddings and their usefulness for downstream tasks. Below

we detail the experimental settings, including data splits, training procedure for classifiers, and

metrics used to evaluate the embeddings, and we release our code to reproduce our benchmark

experiments (https://tinyurl.com/jwew993p).

Hyperparameter Tuning: To fairly compare the different embeddings, we conduct a hyper-

parameter search on each model when training the downstream MLP classifier. We search over

batch size B ∈ {128, 256, 512, 1024}, learning rate lr ∈ {0.01, 0.001, 0.0001} and dropout rate

∈ {0.0, 0.1}. Every hyperparameter triple runs once on 4 NVIDIA H100 GPUs. The training

process is at most 50 epochs, and stops early if the validation loss fails to improve for 3 epochs. In

practice this training takes less than 30 epochs for all models before the early stopping is triggered.

Embedding Hyperparameters: To maintain consistency throughout the comparisons in the

benchmark, we use an identical embedding size across different models if available (e.g., there

exists a pre-trained version of the model using the same embedding size). Since ASTROMER

uses an embedding size of 256, we use the same embedding size for other models, specifically,

Chronos-Bolt-Tiny, Chronos-Tiny, and Random Embeddings. The smallest pre-trained version

of MOIRAI, Moirai-small uses an embedding size of 384, which we adpot here.

4.1.4.1. Clustering-Based Evaluation (Zero-Shot). In this setting, we treat the embeddings of

each model as points in a feature space and apply clustering algorithms to see if natural groupings

correspond to known variable star classes. Specifically, we use k-means clustering with k set to the

number of true classes in the dataset (for a given dataset’s evaluation, e.g., k = 7 for Catalina, which

has 7 classes in our subset). We run k-means on the entire set of embeddings for that dataset (usually

using the test split or the full dataset if not doing classification). To mitigate randomness, we repeat

k-means with 10 different initializations and choose the clustering with the lowest intra-cluster

variance (the standard approach). We then evaluate clustering quality using the following metrics:

Normalized Mutual Information (NMI): NMI measures the mutual information between the

cluster assignments and the true class labels, normalized to range [0,1]. An NMI of 1 indicates

https://tinyurl.com/jwew993p
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perfect correlation (clusters exactly match classes), while NMI near 0 indicates no better than

random assignment. NMI is invariant to label permutations, which is suitable since cluster labels

are arbitrary.

Adjusted Rand Index (ARI): ARI evaluates pairwise clustering agreements, adjusted for

chance. It considers how often pairs of light curves are in the same cluster vs. the same true class.

ARI = 1 for a perfect clustering, and ARI ≈ 0 for random clustering (negative values are worse than

chance).

By comparing NMI/ARI across embeddings, we can tell which has more separable class structure

without any supervised training. A high NMI/ARI suggests that the embedding has essentially

learned to differentiate variable types on its own (perhaps by capturing differences in light curve

morphology). Models that yield poor clustering scores, close to zero, indicate that the embedding

might not encode class information (it could still encode other factors like light curve amplitude or

survey-specific features). We expect domain-specific models like ASTROMER to potentially excel

here if their unsupervised objective correlates with class patterns. Baseline features have been used

for clustering in some studies (e.g., to group variable stars by type), so they might show reasonable

performance. Random embeddings should give NMI and ARI close to 0 as a reference point.

We also visualize the embedding spaces using dimensionality reduction, with t-SNE, to provide

an intuitive picture of how well the clusters correspond to individual classes. For example, a 2D

t-SNE plot for ASTROMER embeddings might show distinct clusters for RR Lyrae vs. Cepheids, etc.

These visualizations will be included in the appendix and help qualitatively verify the clustering

metrics.

4.1.4.2. Downstream Classification (Linear Evaluation). To directly measure how useful the

embeddings are for classifying variable stars, we perform a “linear evaluation” experiment: we train

a simple classifier on the embeddings to predict the variable star class labels, while holding the

embeddings fixed. This simulates a scenario where one uses the pretrained embeddings as feature

inputs for a classification task but does not fine-tune the embedding model (hence “zero-shot” in



153

Table 4.2. K-means clustering results with metrics including normalized mutual
information (NMI) and adjusted rand index (ARI). Each experiment repeats three
times with random seed= 42, 100, 200 respectively and the numbers show the mean
(std). The general-purpose time series pretrained models demonstrate the best general
performance.

Methods NMI ARI F1

ASTROMER 0.1402(0.0374) 0.1762(0.0269) 0.2642(0.0457)
Moirai-small 0.1772(0.0080) 0.0310(0.0221) 0.2200(0.0237)
Chronos-tiny 0.2250(0.0004) 0.1627(0.0010) 0.3043(0.0021)
Chronos-Bolt-tiny 0.2256(0.0007) 0.1358(0.0006) 0.3164(0.0009)
Random Embeddings 0.0015 (0.0001) 0.0003 (0.0008) 0.1049(0.0013)
Hand-crafted Features 0.0720(0.0160) 0.0370(0.0430) 0.1662(0.0093)

terms of the embedding model). The classification models we use are intentionally lightweight to

ensure that any performance differences come from the quality of the embeddings rather than a

powerful classifier compensating for a weak embedding. We use a multilayer perceptron (MLP) with

three hidden layers of size 1024, 512 and 256 respectively, and an output layer for class predictions.

Detailed information on the classifiers and their hyperparameters for each embedding model are in

the Appendix.

Classification Metrics: We report standard multi-class classification metrics, including:

Accuracy: the overall fraction of correctly classified examples. This gives a high-level sense of

performance that nevertheless can be misleading for our imbalanced label set. Macro-averaged F1

Score: The F1 score (harmonic mean of precision and recall) computed per class and then averaged

equally across all classes. Macro-F1 is sensitive to performance on minority classes, treating each

class equally. This is important because some classes (e.g., Cepheids) have many fewer labels than

others (e.g., eclipsing binaries). A model that only does well on majority classes will have a low

macro-F1 even if the accuracy is high. Precision/Recall: We also include the overall precision and

recall to provide a more comprehensive evaluation on the classification performance of the the MLP

trained on different embeddings.

4.1.5. Benchmark Results
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Table 4.3. Hierarchical clustering (Ward’s Linkage) results with metrics including
normalized mutual information (NMI) and adjusted rand index (ARI). Since it is
a deterministic method, the results from three random seeds are identical. The
observation is consistent with K-means clustering’s results that general-purpose time
series pretrained models have the best general performance.

Methods NMI ARI F1

ASTROMER 0.1383 0.1449 0.2816
Moirai-small 0.1361 -0.0049 0.1656
Chronos-tiny 0.2121 0.0999 0.2215
Chronos-Bolt-tiny 0.2275 0.1399 0.3317
Random Embeddings 0.0012 0.0001 0.1119
Hand-crafted Features 0.0603 -0.0001 0.1600

Table 4.4. Classification results with metrics including accuracy, precision, recall
and F1 score. Each metric is averaged across different classes for each model. Each
experiment repeats three times with random seed=42,100,200 respectively and the
numbers show the mean (std)

Methods Accuracy Precision Recall F1

Astromer 0.4586 (0.1621) 0.1434 (0.0075) 0.1621 (0.0028) 0.1339 (0.0156)
Baseline RNN 0.6900 (0.0383) 0.5000 (0.0002) 0.6600 (0.0089) 0.5500 (0.0057)
Moirai-small 0.711 (0.0446) 0.5652 (0.0185) 0.6939 (0.0140) 0.5921 (0.0134)
Chronos-tiny 0.7745 (0.0168) 0.5943 (0.0014) 0.7603 (0.0055) 0.6449 (0.0080)
Chronos-Bolt-tiny 0.7397 (0.0129) 0.5687 (0.0095) 0.7155 (0.0037) 0.6123 (0.0089)
Random Embeddings 0.3383 (0.1572) 0.1367 (0.0240) 0.1457 (0.0022) 0.0956 (0.0466)
Handcrafted Features 0.6794 (0.0148) 0.5221 (0.0208) 0.3701 (0.0347) 0.3802 (0.0379)

4.1.5.1. Clustering. Tables 4.2 and 4.3 show that (1) the earned embeddings from pre-trained models

produce better clustering performance compared to hand-crafted features, and (2) domain-specific

pretrained models do not produce significantly better embeddings compared to general-purpose

time series pretrained models.

4.1.5.2. Classification Results. Classification performance. Table ?? and Figure ?? show that

(1) general-purpose time series pret-rained models’ embeddings produce the best MLP classifiers

compared to domain-specific pretrained models’ embeddings. (2) Compared to the clustering results

from table 4.2 and table 4.3, almost all models’ embeddings gain a better classification metric after

further training a MLP classifier on the embeddings. (3) The fully-supervised SOTA classifier, RNN,
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Figure 4.2. Ranking of classification performance on each class on each metric. The
results show that time series pretrained models’ embeddings achieve top ranking in
most of the classes, demonstrating a comparable or better performance compared to
hand-crafted features.

is the only domain-specific model that has comparable classification performance to a simple MLP

classifier trained on the embeddings from general-purpose time series pretrained models. However,

it comes with a significantly higher cost. The RNN takes ∼1,000 epochs to train and substantial

effort to try different strategies to counter class imbalance while it takes no more than 15 epochs to

train a MLP classifier on all time series pre-trained models’ embeddings. Furthermore, tuning is not

necessary. It already has very competitive classification results even we do not apply any strategy to

counter the data imbalance issue.

Classification robustness. During the experiments, we also notice that data imbalance issues

severely affect traditional fully-supervised classifier such as the strong baseline, an RNN, model.

For instance, if without applying any method to counter the data imbalance issue, the RNN model

would converge quickly in the training (the first several epochs) and always predict the same class in

the test set, as shown by fig. 4.3, presenting a disastrous prediction performance (near zero recall)

on all other classes. It shows the opposite for the results from general-purpose time series pretrained

models’ embeddings. They produce decent results even without any strategy conducted to counter
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Figure 4.3. Confusion matrices on the test set for the Chronos-Tiny and RNN model
without countering the data imbalance issue. RNN has a significant collapse while
Chronos-Tiny still gives decent classification performance.

the data imbalance issue (more than 50% recall for all classes except one class), demonstrating a

much better robustness.

4.1.6. Discussion and Conclusion

This study introduces StarEmbed, the first public, large-scale benchmark expressly designed to

evaluate light-curve representations from different types of models. By harmonizing expert-vetted

CSDR1 labels with ∼40,000 multi-band ZTF DR23 light curves, we deliver a rigorously curated,

seven-class dataset together with standardized splits and Croissant-formatted metadata, lowering the

barrier for reproducible research on astronomical time-series embeddings.

Using this benchmark, we perform a comprehensive comparison of (i) domain-specific em-

beddings (ASTROMER), (ii) embeddings from three state-of-the-art, general-purpose time-series

foundation models (Moirai and Chronos families), and (iii) three strong baselines including hand-

crafted features and a fully-supervised RNN. Two main findings emerge: (1) Zero-shot power of

foundation embeddings: without any in-domain fine-tuning, general-purpose models consistently

surpass both engineered hand-crafted features and the domain-specific ASTROMER embeddings in
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clustering and classification, while remaining remarkably robust to severe class imbalance. (2)

Cost-effectiveness and scalability: a small MLP trained for less than 15 epochs on frozen foundation

embeddings equals or exceeds the performance of a carefully tuned, imbalance-mitigated RNN that

required orders of magnitude more compute and experimentation time (∼1000 epochs).

Taken together, these results advocate a shift from bespoke, fully-supervised pipelines toward

off-the-shelf foundation representations plus lightweight task heads for variable-star analysis—and,

by extension, for other forthcoming petascale time-series challenges. By releasing all data, code,

and model wrappers, we hope StarEmbed will become a focal point for benchmarking advances in

self-supervised and foundation models, spur work on even broader time-series corpora, and catalyze

progress on downstream tasks such as anomaly detection, period estimation, and real-time alert

triage in next-generation sky surveys. The importance of this benchmark cannot be understated,

there are no direct comparisons of performance for machine learning light curve classification in

the astronomy literature because every study uses different observations and typically considers a

different set of classes. StarEmbed provides the first well-curated dataset to address this shortcoming

and will provide a foundation for new work on flagship experiments like LSST.

Limitations We conduct comprehensive experiments to show the hierarchy of quality of

embeddings from different types of models and demonstrate the potential of a general-purpose

pretrained embedding model for the astrophysics community. However, we leave a more thorough

analysis on the reasons behind these findings to future work.
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AM Muñoz Arancibia, A Bayo, M Catelan, et al. Atat: Astronomical transformer for time series
and tabular data. Astronomy & Astrophysics, 689:A289, 2024.

Erick Cantu-Paz and David E Goldberg. Efficient parallel genetic algorithms: theory and practice.
Computer methods in applied mechanics and engineering, 186(2-4):221–238, 2000.

Defu Cao, Furong Jia, Sercan O Arik, Tomas Pfister, Yixiang Zheng, Wen Ye, and Yan Liu.
Tempo: Prompt-based generative pre-trained transformer for time series forecasting, 2024. URL
https://arxiv.org/abs/2310.04948.

Paris Carbone, Asterios Katsifodimos, Stephan Ewen, Volker Markl, Seif Haridi, and Kostas
Tzoumas. Apache flink: Stream and batch processing in a single engine. Bulletin of the IEEE
Computer Society Technical Committee on Data Engineering, 36(4), 2015.

Rodrigo Carrasco-Davis, Esteban Reyes, Camilo Valenzuela, Francisco Förster, Pablo A Estévez,
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Dmitry Kamzolov. AdaBatchGrad: Combining adaptive batch size and adaptive step size. arXiv
preprint arXiv:2402.05264, 2024.

Ahmet Murat Ozbayoglu, Mehmet Ugur Gudelek, and Omer Berat Sezer. Deep learning for financial
applications: A survey. Applied soft computing, 93:106384, 2020.

Fabian Paischer, Thomas Adler, Vihang Patil, Angela Bitto-Nemling, Markus Holzleitner, Sebastian
Lehner, Hamid Eghbal-Zadeh, and Sepp Hochreiter. History compression via language models in
reinforcement learning. In International Conference on Machine Learning, pages 17156–17185.
PMLR, 2022. URL https://proceedings.mlr.press/v162/paischer22a.html.

Rui Pan, Tuan Dung Nguyen, Hardik Arora, Alberto Accomazzi, Tirthankar Ghosal, and Yuan-Sen
Ting. Astromlab 2: Astrollama-2-70b model and benchmarking specialised llms for astronomy.
In SC24-W: Workshops of the International Conference for High Performance Computing,
Networking, Storage and Analysis, pages 87–96. IEEE, 2024.

Yan Pan and Yuanzhi Li. Toward understanding why Adam converges faster than SGD for
transformers. arXiv preprint arXiv:2306.00204, 2023.

https://dlmf.nist.gov/
https://chat.openai.com/
https://proceedings.mlr.press/v162/paischer22a.html


182

Atul Pandey. Depth-wise convolution and depth-wise sep-
arable convolution. https://medium.com/@zurister/
depth-wise-convolution-and-depth-wise-separable-convolution-37346565d4ec,
2024. Accessed: 08.09.2024.

Jupinder Parmar, Shrimai Prabhumoye, Joseph Jennings, Mostofa Patwary, Sandeep Subramanian,
Dan Su, Chen Zhu, Deepak Narayanan, Aastha Jhunjhunwala, Ayush Dattagupta, Vibhu Jawa,
Jiwei Liu, Ameya Mahabaleshwarkar, Osvald Nitski, Annika Brundyn, James Maki, Miguel
Martinez, Jiaxuan You, John Kamalu, Patrick LeGresley, Denys Fridman, Jared Casper, Ashwath
Aithal, Oleksii Kuchaiev, Mohammad Shoeybi, Jonathan Cohen, and Bryan Catanzaro. Nemotron-
4 15B technical report. arXiv preprint arXiv:2402.16819, 2024.

Nikolaos Passalis, Anastasios Tefas, Juho Kanniainen, Moncef Gabbouj, and Alexandros Iosifidis.
Deep adaptive input normalization for time series forecasting. IEEE transactions on neural
networks and learning systems, 31(9):3760–3765, 2019.

Nikolaos Passalis, Anastasios Tefas, Juho Kanniainen, Moncef Gabbouj, and Alexandros Iosifidis.
Temporal logistic neural bag-of-features for financial time series forecasting leveraging limit order
book data. Pattern Recognition Letters, 136:183–189, 2020.

Adam Paszke, Sam Gross, Francisco Massa, Adam Lerer, James Bradbury, Gregory Chanan,
Trevor Killeen, Zeming Lin, Natalia Gimelshein, Luca Antiga, Alban Desmaison, Andreas Köpf,
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Fabian Pedregosa, Gaël Varoquaux, Alexandre Gramfort, Vincent Michel, Bertrand Thirion, Olivier
Grisel, Mathieu Blondel, Peter Prettenhofer, Ron Weiss, Vincent Dubourg, et al. Scikit-learn:
Machine learning in python. the Journal of machine Learning research, 12:2825–2830, 2011.

Adrián Arenal Pereira, Jordán Pascual Espada, Rubén González Crespo, and Sergio Rı́os Aguilar.
Platform for controlling and getting data from network connected drones in indoor environments.
Future Generation Computer Systems, 92:656–662, 2019.

Pierre Peretto and Jean-Jacques Niez. Long term memory storage capacity of multiconnected neural
networks. Biological Cybernetics, 54(1):53–63, 1986. URL https://link.springer.com/
article/10.1007/BF00337115.
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APPENDIX A

Supplement Materials for Chapter 2

A.1. Adaptive Batch Size Schedules for Distributed Training of Language Models with Data

and Model Parallelism

A.1.1. Additional Details of The Proposed Algorithm

Note that the use of PyTorch FSDP does not lead to significance difference in the implementation of the

norm test compared to its DDP implementation. We assume that the gradients of different parameter

shards are concatenated together in the following computation to simplify the representation.

A.1.1.1. The Overall Algorithm.
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Algorithm 6 DDP-Norm or FSDP-Norm for AdamW

Input: w1 ∈ Rd, m0 = v0 = 0d ∈ Rd, (α, λ, ε, β1, β2) ∈ (0,∞)5, Dn = {zi}i∈JnK ⊂ Z , number
of workers J ∈ N∗, number of gradient accumulation steps M ∈ N∗, number of training
samples N ∈ N∗, step counter k = 1, processed sample counter i = 0, initial (global) batch
size b0, initial microbatch size bM

0,J = b0/(JM)
while i < N do

Sample the i.i.d. data batch (indices) Bk uniformly from JnK of size bk := |Bk|
Split Bk evenly to each worker j ∈ { J }, each with Bk,j of size bk,J

for all j = 1, . . . , J in parallel do
Split Bk,j evenly to each gradient accumulation step m ∈ {M }, each with Bm

k,j of size
bM

k,J

Initialize∇LBk,j
(wk) = 0d

for m = 1, . . . , M do
Compute 1

M
∇LBm

k,j
(wk)

Accumulate gradients ∇LBk,j
(wk)← ∇LBk,j

(wk) + 1
M
∇LBm

k,j
(wk)

end for
end for
Compute the batch gradient gk := ∇LBk

(wk) with all-reduce
Compute the approximate gradient variance V̂ari∈Bk

(∇ℓi(wk)) with all-reduce

V̂ari∈Bk
(∇ℓi(wk)) := 1

J

∑
j∈JJK

(
∇LBk,j

(wk)− gk

)2

Compute the approximate norm test statistic

Tk ≡ T(wk;Bk, η) :=

∥∥∥V̂ari∈Bk
(∇ℓi(wk))

∥∥∥
1

η2∥gk∥2

if Tk > bk then
Increase the next global batch size bk+1 = ⌈Tk⌉
Round up the microbatch size bM

k+1,J = ⌈bk+1/(JM)⌉
Update the minibatch size bk+1,J = MbM

k+1,J

Update the global batch size again bk+1 = Jbk+1,J

else
bk+1 = bk

end if
mk = β1mk−1 + (1− β1)gk ▷ AdamW
vk = β2vk−1 + (1− β2)g2

k

m̂k = mk ⊙ (1− βk
1 )−1

v̂k = vk ⊙ (1− βk
2 )−1

wk+1 = (1− αλ)wk − αm̂k ⊙ (v̂
1
2
k + ε)−1

k ← k + 1
i← i + bk

end while
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A.1.2. Proofs of Main Text

We give a brief sketch of the omitted proof of the main text in this section. Notice that the

convergence analysis of the norm test for Adam largely follows that in Wang et al. (2023), where

more details and remarks of the analysis and rationales of its derivation can be found.

Remark A.1.1. Despite the similarity of the proof techniques, we emphasize that our setting

requires less restrictive assumptions. While Wang et al. (2023) assume the stochastic oracle of the

gradient (i.e., batch gradient in our case) has coordinate-wise affine variance, i.e., for any batch of

samples B ⊆ Dn and (σ, τ) ∈ (0,∞)2, we have

(∀i ∈ JdK)(∀w ∈ Rd) E
[
(∂iLB(w))2

]
⩽ σ2 + τ 2(∂iL(w))2.

We do not impose this global condition which is often difficult to verify in practical scenarios,

but instead we increase the (next) batch size such that the condition of the coordinate-wise (exact

variance) norm test with constant η ∈ (0, 1) is satisfied at the current iterate wk ∈ Rd with the

current batch Bk ⊆ Dn:

(∀i ∈ JdK) Ek

[
(∂iLBk

(wk)− ∂iL(wk))2
]
⩽ η2(∂iL(wk))2,

which implies

(∀i ∈ JdK) Ek

[
(∂iLBk

(wk))2
]
⩽ (1 + η2)(∂iL(wk))2,

which is also known as the coordinate-wise expected strong growth (E-SG) condition (Lau et al.,

2024c). Note that the coordinate-wise (E-SG) condition implies the coordinate-wise relaxed growth

(RG) condition (Bottou et al., 2018), adopting the nomenclature in Khaled and Richtárik (2023):

(∀i ∈ JdK) Ek

[
(∂iLBk

(wk))2
]
⩽ σ2 + τ 2(∂iL(wk))2,
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where τ 2 = 1 + η2 and σ ∈ (0,∞). Recall that we only require such a condition to hold at the

current iterate wk with the current batch Bk, through the enforcement of the coordinate-wise (exact

variance) norm test. Even though the exact variance test is not implemented in practice but its

approximate version instead, this is often a good heuristic to justify the convergence of the test.

Additional notation. To simplify notation, we denote the full gradient by Gk := ∇L(wk), and its

ith coordinate by Gk,i := ∂iL(wk).

A.1.2.1. Technical Lemmas. We state without proof the following technical lemmas from Wang

et al. (2023).

Lemma A.1.1. Let 0 < β2
1 < β2 < 1 and consider a sequence of real numbers (an)n∈N∗ ⊂ R. Let

b0 > 0, bk = β2bk−1 + (1− β2)a2
k, c0 = 0 and ck = β1ck−1 + (1− β1)ak. We have the following

inequality

(A.1.1)
K∑

k=1

|ck|2

bk

⩽
(1− β1)2

(1− β2)(1− β1/
√

β2)2

(
log
(

bK

b0

)
−K log β2

)
.

Lemma A.1.2. Consider the Adam iterates (wk)k∈N∗ generated by (2.1.6). Then we have

(∀k ∈ N∗) |wk+1,i − wk,i| ⩽ α
1− β1

√
1− β2

√
1− β2

1/β2
⩽ α

1− β1
√

1− β2

√
1− β1/β2

.

Proof Sketch. This is due to the definition of the Adam iterate and Cauchy–Schwarz’s

inequality. □

A.1.2.2. Proof of Theorem 2.1.1. Since the proof of Theorem 2.1.1 is highly similar to that in

Wang et al. (2023), we just provide a proof sketch. We state the formal theorem as follows.

Theorem A.1.1 (Formal version of Theorem 2.1.1). Suppose that Assumption 2.1.1 holds. Let

(wk)k∈N∗ be the Adam iterates generated by (2.1.6), where the batch size bk := |Bk| is chosen such

that the coordinate-wise (exact variance) norm test with constant η ∈ (0, 1) is satisfied at each

iteration k ∈ N∗. Then, if 0 < β1 ⩽
√

β2 − 8(1 + η2)(1− β2)/β2
2 and β2 ∈ (0, 1), we have
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(A.1.2)
K∑

k=1
E[∥∇L(wk)∥]

⩽

√√√√c2 + 2c1

d∑
i=1

[
log
(

2(K + 1)
d∑

i=1

√
v0,i + σ2 + 24d

τ 2c1√
β2

log
(

d
τ 2c1√

β2

)
+ 12τ 2
√

β2
c2

)]

×

√√√√2(K + 1)
d∑

i=1

√
v0,i + σ2 + 24d

τ 2c1√
β2

log
(

d
τ 2c1√

β2

)
+ 12τ 2
√

β2
c2,

where v0,i is the i-coordinate of v0, τ 2 = 1 + η2, σ ∈ (0,∞),

c1 :=
32Lα

(
1 + β1/

√
β2
)3

(1− β2)
(
1− β1/

√
β2
)3 + 16β2

1σ(1− β1)
β2
√

1− β2
(
1− β1/

√
β2
)3 + 64(1 + σ2)σ2L2α2d

β2
2

(
1− β1/

√
β2
)4

σ(1− β2)3/2
,

c2 := 8(1− β1/
√

β2)
α(1− β1)

+ 32
β2
(
1− β1/

√
β2
)2

d∑
i=1

E

 G2
1,i√
ṽ1,i

+ 2c1

d∑
i=1

log
 1√

β2v0,i

−K log β2

,

uk := wk − β1wk−1/
√

β2

1− β1/
√

β2
.

The proof consists of deriving a descent lemma on the sequence uk := wk−β1wk−1/
√

β2

1−β1/
√

β2
.

Lemma A.1.3. Suppose that all the assumptions in Theorem A.1.1 hold. We also define the function

φk := E
[
−α

〈
Gk,Gk ⊙ ṽ

− 1
2

k+1

〉]
. Then we have

E[L(uk+1)]

⩽ E[L(uk)]− α(1− β1)
4(1− β1/

√
β2)

E
[
−α

〈
Gk,Gk ⊙ ṽ

− 1
2

k

〉]
+ 2ασ

√
1− β2

(1− β2
1/β2)2

d∑
i=1

[
g2

k,i

vk,i

]

+ 4ατ 2

(1− β1/
√

β2)2
√

β2

d∑
i=1

E
[

1
β2

φk−1 − φk

]
+

d∑
i=1

2ασ
√

1− β2

(1− β1)(1− β1/
√

β2)
E
[

m2
k,i

vk,i

]

+ 64d(1 + τ 2)τ 2L2α3

β2
2(1− β1/

√
β2)3(1− β1)σ

√
1− β2

· E
[∥∥∥∥mk−1 ⊙ v

− 1
2

k−1

∥∥∥∥2
]

+
d∑

i=1

2ασβ2
1
√

1− β2

β2(1− β1)(1− β1/
√

β2)
E
[

m2
k−1,i

vk−1,i

]

+ LE

4α2
(

β1/
√

β2

1− β1/
√

β2

)2∥∥∥∥mk−1 ⊙ v
− 1

2
k−1

∥∥∥∥2
+ 3α2

(
1

1− β1/
√

β2

)2∥∥∥∥mk ⊙ v
− 1

2
k

∥∥∥∥2
.
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Proof Sketch. This bound is derived by bounding the “first-order term” and the “second-order

term”, similar to the derivation of a descent lemma for Lipschitz smooth functions but on the

sequence (uk)k∈N∗ . □

Lemma A.1.4. Suppose that all the assumptions in Theorem A.1.1 hold. Then we have

K+1∑
k=1

d∑
i=1

E[ṽ
1
2
k,i] ⩽ 2(K + 1)

d∑
i=1

√
v0,i + σ2 + 24dτ 2c1√

β2
log
(

dτ 2c1√
β2

)
+ 12τ 2c2√

β2
.

Proof Sketch. This bound is derived by a divide-and-conquer approach, considering the cases

|Gk,i| ⩾ σ/τ and |Gk,i| ⩽ σ/τ respectively. □

Proof Sketch of Theorem 2.1.1. The final bound is derived by first summing the inequality

in Lemma A.1.3 with the assumed condition of (β1, β2). Further application of Lemma A.1.1,

Cauchy–Schwarz’s inequality and Lemma A.1.4 implies the desired result. □
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A.1.3. Details of Numerical Experiments

We provide a summary table for the architecture of the language models we pretrained. More details

of these models can be found at Wang (2024); Zhang et al. (2024a); Geng and Liu (2023).

Model MicroLlama 300M TinyLlama 1.1B OpenLlama 3B

nparams 304.6M 1.1B 3.4B
dmodel 2048 2048 2048
nlayers 12 22 26
nheads 12 32 32
dhead 64 64 100

Table A.1. Specifications of models

We also summarize the training hyperparameters of the three sets of experiments in the following

tables.

Model MicroLlama 300M

Training samples (sequences) 2000000
Learning rate schedule Linear warmup + cosine decay
Learning rate warmup (samples) 20000 (1% of training samples)
Sequence length (tokens) 2048
Optimizer AdamW
Optimizer scaling rule None
(β1, β2) (0.9, 0.95)
ε 10−8

Peak learning rate 0.0004
Minimum learning rate 0.00004
Base micro batch size 4
Maximum micro batch size 8
Base global batch size 256
Maximum global batch size 8192
Base gradient accumulation steps 16
Data-parallel size 4
Weight decay 0.1
Weight decay skip bias No
Precision bfloat16
Gradient clipping 1.0
Test interval 1

Table A.2. Training hyperparameters for MicroLlama 300M

A.1.3.1. MicroLlama 300M.
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Model TinyLlama 1.1B

Training samples (sequences) 2000000
Learning rate schedule Linear warmup + cosine decay
Learning rate warmup (samples) 20000 (1% of training samples)
Sequence length (tokens) 2048
Optimizer AdamW
Optimizer scaling rule None
(β1, β2) (0.9, 0.95)
ε 10−8

Peak learning rate 0.0004
Minimum learning rate 0.00004
Base micro batch size 4
Maximum micro batch size 8
Base global batch size 128
Maximum global batch size 8192
Base gradient accumulation steps 16
Data-parallel size 4
Weight decay 0.1
Weight decay skip bias No
Precision bfloat16
Gradient clipping 1.0
Test interval 1

Table A.3. Training hyperparameters for TinyLlama 1.1B

A.1.3.2. TinyLlama 1.1B.
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Model OpenLlama 3B

Training samples (sequences) 2000000
Learning rate schedule Linear warmup + cosine decay
Learning rate warmup (samples) 20000 (1% of training samples)
Sequence length (tokens) 512
Optimizer AdamW
Optimizer scaling rule None
(β1, β2) (0.9, 0.95)
ε 10−8

Peak learning rate 0.0004
Minimum learning rate 0.00004
Base micro batch size 4
Maximum micro batch size 8
Base global batch size 128
Maximum global batch size 8192
Base gradient accumulation steps 16
Data-parallel size 4
Weight decay 0.1
Weight decay skip bias No
Precision bfloat16
Gradient clipping 1.0
Test interval 1

Table A.4. Training hyperparameters for OpenLlama 3B
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APPENDIX B

Supplement Materials for Chapter 3

B.1. RDAS: A Low Latency and High Throughput Raw Data Engine for Machine Learning

Systems

B.1.1. Additional Background

Robotics system. ROS (Robotics Operating System) (Quigley et al., 2009) is a system providing

communication layers on top of machine operating systems to a computation cluster. Heterogeneous

robots can use it to communicate with each other or a centralized cloud system. However, ROS

only provides an underlying communication infrastructure and it does not deal with a higher level

regarding data processing, which is where RDAS can step in.

Data format. Some other file formats are popular in data-logging scenarios. For instance, Ros

Bag file format 1 is the format that Ros uses to store Ros messages in files. However, it is bound to

Ros’s ecosystem. Another general-purpose message recording data format is the MCAP format 2.

However, both Bag and MCAP’s disadvantage compared the PCAP format our data engine uses is

that they capture data from the application layer while PCAP captures data from the lower network

layer according to the 7-layer OSI model (Zimmermann, 1980). Capturing from the network layer

is much faster. Besides, network layer has the additional network information that helps network

monitor and analysis. It is crucial for the scenarios that put the requirement for low latency, high

throughput and high robustness to extreme.

1https://wiki.ros.org/Bags/Format/2.0
2https://foxglove.dev/blog/introducing-the-mcap-file-format

https://wiki.ros.org/Bags/Format/2.0
https://foxglove.dev/blog/introducing-the-mcap-file-format
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Figure B.1. Detailed demonstration of the under-the-hood data structure of the
minimal example of the message book implementation. Using the game matching
example, the queue of Constraint 1 stores all the skill levels, and the queue of
Constraint 2 stores all the players. Both queues are implemented using std::vector.
Each level is a Struct that includes the index of the first player in this level and the
index of the last player in the queue of Constraint 2 so that it provides O(1) time to
access the linked list of players in that level. Besides, each level Struct also includes
the index of both the previous level and the next level in the queue of Constraint 1 so
that the retrieval code can easily traverse all levels according to their order.

B.1.2. Message Book Implementation

In the C++ implementation, we use the built-in std::vector data structure to implement a linked

list as each queue in the message book. Such an implementation combines the advantages of both

contiguous arrays and linked lists. It provides both O(1) time complexity for random access and for

element add/delete operations. Figure B.1 demonstrates the implementation in the two-constraint

scenario.

There are auxiliary low-level data structures to support major operations in the message book.

There are two hash maps. One maps the id to the index of the corresponding level in the queue

of Constraint 1 and the other maps the id to the index of the corresponding entity (player) in the

queue of Constraint 2. Besides, there are two vectors called FreeVector. One stores the indices of

entries in the queue of Constraint 1 that are free to be occupied and the other stores the indices of

entries in the queue of Constraint 2 that are free to be occupied. Last but not least, there are two int
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variables storing the indices of the first level and the last level in the queue of Constraint 1. The

major operations that the message book supports are as follows.

B.2. SWGA: A Distributed Hyperparameter Search Method for Time Series Prediction

Models

B.2.1. Hyperparameter

The hyperparameters we tuned for each model are as follows.

B.2.2. Dataset Information

We use 10 different multivariate time series datasets in the paper. They are all commonly used time

series datasets. These datasets are from different domains, of different resolutions, and have different

numbers of variates. We chose such diverse multivariate time series datasets to demonstrate our

method’s general efficacy. The following are some brief introductions and a table including the

details of the datasets we used.

Beijing PM2.53 includes hourly multivariate data from 2010 to 2014. SML20104 is a month

of home monitoring multivariate data of the resolution of 15 minutes. Appliance Energy5 has 4

months of energy use data of 10-minute resolution. Individual Household Electricity6 is 4 years of

electricity use. The Exchange dataset7 includes daily exchange rates in eight different countries from

1990 to 2016. The ETT(Electricity Transformer Temperature) dataset8 datasets are multivariate

time series. There are two collection sources of them with labels 1 and 2. There are two collection

resolutions that are 1 hour and 15 minutes. So, there are four specific datasets in this category:

ETTh1, ETTh2, ETTm1, and ETTm2. The Traffic dataset9 consists of hourly road occupancy rates
3https://archive.ics.uci.edu/dataset/381/beijing+pm2+5+data
4https://archive.ics.uci.edu/dataset/274/sml2010
5https://archive.ics.uci.edu/dataset/374/appliances+energy+prediction
6https://archive.ics.uci.edu/dataset/235/
individual+household+electric+power+consumption
7https://github.com/laiguokun/multivariate-time-series-data
8https://github.com/zhouhaoyi/ETDataset
9http://pems.dot.ca.gov
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Table B.1. Hyperparameters For Models

Model Hyperparameter Space

LSTM

learning rate [1e-6, 1e-1]
num layers [4, 64]
hidden size [4, 128]
max epochs [5, 100]
batch size {16, 32, 64, 128, 256, 512}
dropout [0.1, 0.5]

Catboost

learning rate {1e-2, 1e-3, 1e-4, 1e-5, 1e-6}
iterations [5, 80]
depth [4, 12]
random strength [1, 8]
l2 leaf reg [1e-3, 1e3]
bagging temperature [0, 10]

Lightgbm

learning rate {1e-2, 1e-3, 1e-4, 1e-5, 1e-6}
n estimators {5, 10, 20, 40, 80}
max depth {4, 6, 8, 10]}
lambda l2 {16, 32, 64, 128}

XGBoost

learning rate {1e-2, 1e-3, 1e-4, 1e-5, 1e-6}
n estimators [5, 80]
max depth [4, 12]
reg lambda [1e-3, 1e3]

iTransformer
learning rate {1e-2, 1e-3, 1e-4, 1e-5, 1e-6}
d model {32, 64, 96, 128, 160, 192, 224, 256 }
encoder layers [1, 10]

DLinear
learning rate {1e-2, 1e-3, 1e-4, 1e-5, 1e-6}
d model {32, 64, 96, 128, 160, 192, 224, 256 }
encoder layers [1, 10]

PatchTST
learning rate {1e-2, 1e-3, 1e-4, 1e-5, 1e-6}
d model {32, 64, 96, 128, 160, 192, 224, 256 }
encoder layers [1, 10]

from California’s Department of Transportation on San Francisco Bay area freeways. All datasets

are split into training, validation, and test sets in an 8:1:1 ratio chronologically.

(AE: Appliance Energy, IHE: Individual Household Electricity)
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Table B.2. Dataset Details

Dataset Number of Samples Number of Variates

Beijing PM2.5 43824 13
SML2010 4137 24
AE 19735 29
IHE 2075259 9
Exchange 7589 8
ETTh1 17421 7
ETTh2 17421 7
ETTm1 69681 7
ETTm2 69681 7
Traffic 17544 862

B.2.3. Computation Hardware and Software

All experiments are conducted on a cluster (except the distributed compute node experiment), where

each node has 8 NVIDIA GEFORCE RTX 2080 Ti GPUs and 4 12-core Intel XEON Silver 4214 @

2.20GHz. The total RAM is 790GB. The operating system is Ubuntu 18.04. The random seed we

used was {1, 2, 5, 10, 24}. The major software and framework we used are PyTorch10, scikit-learn11,

and Ray12.

For the scalability experiments, the computing setup consists of computation nodes equipped

with 16 Intel(R) Xeon(R) Gold 6230R CPUs and 1 A100 GPU each, with a combined RAM capacity

of 1024G.

B.3. STanHop: Sparse Tandem Hopfield Model for Memory-Enhanced Time Series

Prediction

B.3.1. Related Works and Limitations

Transformers for Time Series Prediction. As suggested in section 3.3.3 and (Hu et al., 2023;

Ramsauer et al., 2020), besides the additional memory functionalities, the Hopfield layers act as

10https://pytorch.org/
11https://scikit-learn.org/stable/
12https://www.ray.io/
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promising alternatives for the attention mechanism. Therefore, we discuss and compare STanHop-Net

with existing transformer-based time series prediction methods here.

Transformers have gained prominence in time series prediction, inspired by their success in

Natural Language Processing and Computer Vision. One challenge in time series prediction is

managing transformers’ quadratic complexity due to the typically long sequences. To address this,

many researchers have not only optimized for prediction performance but also sought to reduce

memory and computational complexity. LogTrans (Li et al., 2019) proposes a transformer-based

neural network for time series prediction. They propose a convolution layer over the vanilla

transformer to better capture local context information and a sparse attention mechanism to reduce

memory complexity. Similarly, Informer (Zhou et al., 2021) proposes convolutional layers in

between attention blocks to distill the dominating attention and a sparse attention mechanism where

the keys only attend to a subset of queries. Reformer (Kitaev et al., 2020) replaces the dot-product

self-attention in the vanilla transformer with a hashing-based attention mechanism to reduce the

complexity. Besides directly feeding the raw time series inputs to the model, many works focus on

transformer-based time series prediction by modeling the decomposed time series. Autoformer (Wu

et al., 2021) introduces a series decomposition module to its transformer-based model to separately

model the seasonal component and the trend-cyclical of the time series. FEDformer (Zhou et al.,

2022) also models the decomposed time series and they introduce a block to extract signals by

transforming the time series to the frequency domain.

Compared to STanHop, the above methods do not model multi-resolution information. Besides,

Reformer’s attention mechanism sacrifices the global receptive field compared to the vanilla

self-attention mechanism and our method, which harms the prediction performance.

Some works intend to model the multi-resolution or multi-scale signals in the time series with a

dedicated network design. Pyraformer (Liu et al., 2021a) designs a pyramidal attention module

to extract the multi-scale signals from the raw time series. Crossformer (Zhang and Yan, 2022)

proposes a multi-scale encoder-decoder architecture to hierarchically extract signals of different
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resolutions from the time series. Compared to these methods. STanHop adopts a more fine-grained

multi-resolution modeling mechanism that is capable of learning different sparsity levels for signals

in the data of different resolutions.

Furthermore, all of the above works on time series prediction lack the external memory retrieval

module as ours. Thus, our STanHop method and its variations have a unique advantage in that we

have a fast response to real-time unexpected events.

Hopfield Models and Deep Learning. Hopfield Models (Hopfield, 1984, 1982; Krotov and Hop-

field, 2016) have garnered renewed interest in the machine learning community due to the connection

between their memory retrieval dynamics and attention mechanisms in transformers via the Modern

Hopfield Models (Wu et al., 2024; Hu et al., 2024b, 2023; Ramsauer et al., 2020). Furthermore,

these modern Hopfield models enjoy superior empirical performance and possess several appealing

theoretical properties, such as rapid convergence and guaranteed exponential memory capacity. By

viewing modern Hopfield models as generalized attentions with enhanced memory functionalities,

these advancements pave the way for innovative Hopfield-centric architectural designs in deep

learning (Hu et al., 2024a; Hoover et al., 2023; Seidl et al., 2022; Fürst et al., 2022; Ramsauer et al.,

2020). Consequently, their applicability spans diverse areas like physics (Krotov, 2023), biology

(Schimunek et al., 2023; Kozachkov et al., 2023; Widrich et al., 2020), reinforcement learning

(Paischer et al., 2022), tabular learning (Xu et al., 2024), and large language models (Hu et al.,

2024a; Fürst et al., 2022).

This work pushes this line of research forward by presenting a Hopfield-based deep architecture

(StanHop-Net) tailored for memory-enhanced learning in noisy multivariate time series. In particular,

our model emphasizes in-context memorization during training and bolsters retrieval capabilities

with an integrated external memory component.

Sparse Modern Hopfield Model. Our work extends the theoretical framework proposed in (Hu

et al., 2023) for modern Hopfield models. Their primary insight is that using different entropic

regularizers can lead to distributions with varying sparsity. Using the Gibbs entropic regularizer,



211

they reproduce the results of the standard dense Hopfield model (Ramsauer et al., 2020) and

further propose a sparse variant with the Gini entropic regularizer, providing improved theoretical

guarantees. However, their sparse model primarily thrives with data of high intrinsic sparsity. To

combat this, we enrich the link between Hopfield models and attention mechanisms by introducing

learnable sparsity and showing that the sparse model from (Hu et al., 2023) is a specific case of our

model when setting α = 2. Unlike (Hu et al., 2023), our generalized sparse Hopfield model ensures

adaptable sparsity across various data types without sacrificing theoretical integrity. By making this

sparsity learnable, we introduce the GSH layers. These new Hopfield layers adeptly learn and store

sparse representations in any deep learning pipeline, proving invaluable for inherently noisy time

series data.

Memory Augmented Neural Networks. The integration of external memory mechanisms with

neural networks has emerged as a pivotal technique for machine learning, particularly for tasks

requiring complex data manipulation and retention over long sequences, such as open question

answering, and few-shot learning.

Neural Turing Machines (NTMs) (Graves et al., 2014) combine the capabilities of neural

networks with the external memory access of a Turing machine. NTMs use a differentiable controller

(typically an RNN) to interact with an external memory matrix through read and write heads. This

design allows NTMs to perform complex data manipulations, akin to a computer with a read-write

memory. Building upon this, Graves et al. (2016) further improve the concept through Differentiable

Neural Computers (DNCs), which enhance the memory access mechanism using a differentiable

attention process. This includes a dynamic memory allocation and linkage system that tracks the

relationships between different pieces of data in memory. This feature makes DNCs particularly

adept at tasks that require complex data relationships and temporal linkages.

Concurrently, Memory Networks (Weston et al., 2014) showcase the significance of external

memory in tasks requiring complex reasoning and inference. Unlike traditional neural networks that

rely on their inherent weights to store information, Memory Networks incorporate a separate memory
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matrix that stores and retrieves information across different processing steps. This capability allows

the network to maintain and manipulate a “memory” of past inputs and computations, which is

particularly crucial for tasks requiring persistent memory, such as question-answering systems where

the network needs to remember context or facts from previous parts of a conversation or text to

accurately respond to queries. This concept is further developed into the End-to-End Memory

Networks (Sukhbaatar et al., 2015), which extend the utility of Memory Networks (Weston et al.,

2014) beyond the limitations of traditional recurrent neural network architectures, transitioning

them into a fully end-to-end trainable framework, thereby making them more adaptable and easier

to integrate into various learning paradigms.

A notable application of memory-augmented neural networks is in the domain of one-shot

learning. The concept of meta-learning with memory-augmented neural networks, as explored by

Santoro et al. (2016), has demonstrated the potential of these networks to rapidly adapt to new tasks

by leveraging their external memory, highlighting their versatility and efficiency in learning. They

showcase the potential of these networks to adapt rapidly to new tasks, a crucial capability in scenarios

where data availability is limited. Complementing this, Kaiser et al. (2017) focus on enhancing

the recall of rare events and is particularly notable for its exploration of memory-augmented neural

networks designed to improve the retention and recall of infrequent but significant occurrences,

highlighting the potential of external memory modules in handling rare data challenges. This is

achieved through a unique soft attention mechanism, which dynamically assigns relevance weights

to different memory entries, enabling the model to draw on a broad spectrum of stored experiences.

This approach not only facilitates the effective recall of rare events but also adapts to new data,

ensuring the memory’s relevance and utility over time.

In all above methods, (Kaiser et al., 2017) is closest to this work. However, our approach diverges

in two key aspects: (Enhanced Generalization): Firstly, our external memory enhancements are

external plugins with an option for fine-tuning. This design choice avoids over-specialization on rare

events, thereby broadening our method’s applicability and enhancing its generalization capabilities
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across various tasks where the frequency and recency of data are less pivotal. (Adaptive Response

over Rare Event Memorization): Secondly, our approach excels in real-time adaptability. By

integrating relevant external memory sets tailored to specific inference tasks, our method can rapidly

respond and improve performance, even without the necessity of prior learning. This flexibility

contrasts with the primary focus on memorizing rare events in (Kaiser et al., 2017).

B.3.1.1. Limitations. The proposed generalized sparse modern Hopfield model shares the similar

inefficiency due to theO(d2) complexity13. In addition, the effectiveness of our memory enhancement

methods is contingent on the relevance of the external memory set to the specific inference task.

Achieving a high degree of relevance in the external memory set often necessitates considerable

human effort and domain expertise, just like our selection process detailed in appendix B.3.5.2. This

requirement could potentially limit the model’s applicability in scenarios where such resources are

scarce or unavailable.

13As a side note, Hu et al. (2024c) provides a characterization of the computational efficiency of all possible efficient
variants of the modern Hopfield model from the fine-grained complexity theory.
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B.3.2. Proofs of Main Text
B.3.2.1. Lemma 3.3.1.

Our proof relies on verifying that Ψ⋆ meets the criteria of Danskin’s theorem.

Proof of Lemma 3.3.1. Firstly, we introduce the notion of convex conjugate.

Definition B.3.1. Let F (p, z) := ⟨p, z⟩ −Ψα(p). The convex conjugate of Ψα, Ψ⋆ takes the form:

Ψ⋆(z) = Max
p∈∆M

⟨p, z⟩ −Ψα(p) = Max
p∈∆M

F (p, z).(B.3.1)

By Danskin’s theorem (Danskin, 2012; Bertsekas et al., 1999), the function Ψ⋆ is convex and its

partial derivative with respect to z is equal to that of F , i.e. ∂Ψ⋆/∂z = ∂F/∂z, if the following three

conditions are satisfied for Ψ⋆ and F :

(i) F (p, z) : P × RM → R is a continuous function, where P ⊂ RM is a compact set.

(ii) F is convex in z, i.e. for each given p ∈ P , the mapping z → F (p, z) is convex.

(iii) There exists an unique maximizing point p̂ such that F (p̂, z) = Maxp∈P F (p, z).

Since both ⟨p, z⟩ and Ψα are continuous functions and every component of p is ranging from 0

to 1, the function F is continuous and the domain P is a compact set. Therefore, condition (i) is

satisfied.

Since we require p ∈ ∆M (i.e. P = ∆M ) to be probability distributions, for any fixed p,

F (p, z) = ⟨p, z⟩ − Ψα(p) reduces to an affine function depending only on input z. Due to the

inner product form, this affine function is convex in z, and hence condition (ii) holds for all given

p ∈ P = ∆M .

Since, for any given z, α-EntMax only produces one unique probability distribution p⋆,

condition (iii) is satisfied. Therefore, from Danskin’s theorem, it holds

∇zΨ⋆(z) = ∂F

∂z
= ∂

∂z
(⟨p, z⟩ −Ψα(p)) = p = α-EntMax(z).(B.3.2)

□

B.3.2.2. Lemma 3.3.2.
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Our proof is built on (Hu et al., 2023, Lemma 2.1). We first derive T by utilizing Lemma 3.3.1 and

Remark B.3.1, along with the convex-concave procedure (Yuille and Rangarajan, 2003, 2001).

Then, we show the monotonicity of minimizingH with T by constructing an iterative upper

bound ofH which is convex in xt+1 and thus, can be lowered iteratively by the convex-concave

procedure.

Proof. From Lemma 3.3.1, the conjugate convex of Ψ, Ψ⋆, is always convex, and, therefore,

−Ψ⋆ is a concave function. Then, the energy functionH defined in (3.3.3) is the sum of the convex

functionH1(x) := 1
2⟨x,x⟩ and the concave functionH2(x) := −Ψ⋆(ΞTx).

Furthermore, by definition, the energy functionH is differentiable.

Every iteration step of convex-concave procedure applied onH gives

∇xH1(xt+1) = −∇xH2(xt),(B.3.3)

which implies that

xt+1 = ∇xΨ(Ξxt) = Ξα-EntMax(ΞTxt).(B.3.4)

On the basis of (Yuille and Rangarajan, 2003, 2001), we show the decreasing property of (3.3.3)

over t via solving the minimization problem of energy function:

Min
x

[H(x)] = Min
x

[H1(x) +H2(x)],(B.3.5)

which, in convex-concave procedure, is equivalent to solve the iterative programming

xt+1 ∈ argmin
x

[H1(x) + ⟨x,∇xH2(xt)⟩],(B.3.6)

for all t. The concept behind this programming is to linearize the concave functionH2 around the

solution for current iteration, xt, which makesH1(xt+1) + ⟨xt+1,∇xH2(xt)⟩ convex in xt+1.
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The convexity ofH1 and concavity ofH2 imply that the inequalities

H1(x) ⩾ H1(y) + ⟨(x− y),∇xH1(y)⟩,(B.3.7)

H2(x) ⩽ H2(y) + ⟨(x− y),∇xH2(y)⟩,(B.3.8)

hold for all x,y, which leads to

H(x) = H1(x) +H2(x)(B.3.9)

⩽ H1(x) +H2(y) + ⟨(x− y),∇xH2(y)⟩ := HU(x,y),(B.3.10)

where the upper bound ofH is defined asHU . Then, the iteration (B.3.6)

xt+1 ∈ argmin
x

[HU(x,xt)] = argmin
x

[H1(x) + ⟨x,∇xH2(xt)⟩],(B.3.11)

can makeHU decrease iteratively and thus decreases the value of energy functionH monotonically,

i.e.

H(xt+1) ⩽ HU(xt+1,xt) ⩽ HU(xt,xt) = H(xt),(B.3.12)

for all t. eq. (B.3.10) shows that the retrieval dynamics defined in (3.3.2) can lead the energy

functionH to decrease with respect to the increasing t. □

B.3.2.3. Lemma 3.3.3. To prove the convergence property of retrieval dynamics T , first we

introduce an auxiliary lemma from (Sriperumbudur and Lanckriet, 2009).
Lemma B.3.1 ((Sriperumbudur and Lanckriet, 2009), Lemma 5). Following Lemma 3.3.3, x is

called the fixed point of iteration T with respect toH if x = T (x) and is considered as a generalized

fixed point of T if x ∈ T (x). If x⋆ is a generalized fixed point of T , then, x⋆ is a stationary point

of the energy minimization problem (B.3.5).

Proof. Since the energy functionH monotonically decreases with respect to increasing t in

Lemma 3.3.2, we can follow (Hu et al., 2023, Lemma 2.2) to guarantee the convergence property
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of T by checking the necessary conditions of Zangwill’s global convergence. After satisfying

these conditions, Zangwill global convergence theory ensures that all the limit points of xt
∞
t=0 are

generalized fixed points of the mapping T and it holds limt→∞H(xt) = H(x⋆), where x⋆ are some

generalized fixed points of T . Furthermore, auxiliary Lemma B.3.1 implies that x⋆ are also the

stationary points of energy function H. Therefore, we guarantee that T can iteratively lead the

query x to converge to the local optimum ofH. □
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B.3.2.4. Theorem 3.3.1.

Proof. Compared with TDense, T only sample partial memory patterns near ξµ, which gives the

tighter bound:

∥T (x)− ξµ∥ ⩽ ∥TDense(x)− ξµ∥.(B.3.13)

For 2 ⩾ α ⩾ 1: Then, we derive the upper bound on ∥Tdense(x)− ξµ∥ based on (Hu et al., 2023,

Theorem 2.2):

∥Tdense(x)− ξµ∥ =
∥∥∥∥∥

M∑
ν=1

[Softmax(βΞTx)]νξν − ξµ

∥∥∥∥∥(B.3.14)

=

∥∥∥∥∥∥
M∑

ν=1,ν ̸=µ

[Softmax(βΞTx)]νξν − (1− Softmax(βΞTx))ξµ

∥∥∥∥∥∥(B.3.15)

⩽ 2ϵ̃m,(B.3.16)

where ϵ̃ := (M − 1) exp
{
−β∆̃µ(x)

}
= (M − 1) exp

{
−β(⟨ξµ,x⟩ −Maxν∈[M ]⟨x, ξν⟩)

}
. Conse-

quently, (3.3.6) results from above and (Ramsauer et al., 2020, Theorem 4,5).

For α ⩾ 2. Following the setting of α-EntMax in (Peters et al., 2019), the equation

2-EntMax(βΞTx) = Sparsemax(βΞTx)(B.3.17)

holds. According to the closed form solution of Sparsemax in (Martins and Astudillo, 2016), it

holds

[Sparsemax(βΞTx)]µ ⩽ [βΞTx]µ − [βΞTx](κ) + 1
κ

,(B.3.18)
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for all µ ∈ [M ]. Then, the sparsemax retrieval error is

∥TSparsemax(x)− ξµ∥ =
∥∥∥Ξ Sparsemax

(
βΞTx

)
− ξµ

∥∥∥ =
∥∥∥∥∥

κ∑
ν=1

ξ(ν)
[
Sparsemax

(
βΞTx

)]
(ν)
− ξµ

∥∥∥∥∥
⩽ m + mβ

∥∥∥∥∥
κ∑

ν=1

([
ΞTx

]
(ν)
−
[
ΞTx

]
(κ)

+ 1
βκ

)
ξ(ν)

m

∥∥∥∥∥(
By (B.3.18)

)
⩽ m + d

1/2mβ

[
κ

(
Max
ν∈[M ]

⟨ξν ,x⟩ −
[
ΞTx

]
(κ)

)
+ 1

β

]
.(B.3.19)

By the first inequality of Theorem 3.3.1, for α ⩾ 2, we have

∥T (x)− ξµ∥ ⩽ ∥TSparsemax(x)− ξµ∥ ⩽ m + d
1/2mβ

[
κ

(
Max
ν∈[M ]

⟨ξν ,x⟩ −
[
ΞTx

]
(κ)

)
+ 1

β

]
,

which completes the proof of (3.3.7). □

B.3.2.5. Lemma 3.3.4.
Our proof, built on (Hu et al., 2023, Lemma 2.1), proceeds in 3 steps:

• (Step 1.) We establish a more refined well-separation condition, ensuring that patterns

{ξµ}µ∈[M ] are well-stored inH and can be retrieved by T with an error ϵ at most R.

• (Step 2.) This condition is then related to the cosine similarity of memory patterns,

from which we deduce an inequality governing the probability of successful pattern

storage and retrieval.

• (Step 3.) We pinpoint the conditions for exponential memory capacity and confirm

their satisfaction.

Since the generalized sparse Hopfield shares the same well-separation condition (shown in

below Lemma B.3.2), it has the same exponential memory capacity as the sparse Hopfield

model (Hu et al., 2023, Lemma 3.1). For completeness, we restate the proof of (Hu et al., 2023,

Lemma 3.1) below.

Step 1. To analyze the memory capacity of the proposed model, we first present the following

two auxiliary lemmas.
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Lemma B.3.2. [Corollary 3.1.1 of (Hu et al., 2023)] Let δ := ∥TDense − ξµ∥ − ∥T − ξµ∥. Then,

the well-separation condition can be formulated as:

∆µ ⩾
1
β

ln
(

2(M − 1)m
R + δ

)
+ 2mR.(B.3.20)

Furthermore, if δ = 0, this bound reduces to well-separation condition of Softmax-based Hopfield

model.

Proof of Lemma B.3.2. Let TDense be the retrieval dynamics given by the dense modern Hopfield

model (Ramsauer et al., 2020), and ∥T (x)− ξµ∥ and ∥TDense(x)− ξµ∥ be the retrieval error of

generalized sparse and dense modern Hopfield model, respectively. By Theorem 3.3.1, we have

∥T (x)− ξµ∥ ⩽ ∥TDense(x)− ξµ∥.(B.3.21)

By (Ramsauer et al., 2020, Lemma A.4), we have

∥TDense(x)− ξµ∥ ⩽ 2ϵ̃m,(B.3.22)

where ϵ̃ := (M − 1) exp
{
−β∆̃µ

}
= (M − 1) exp

{
−β

(
⟨ξµ,x⟩ −Maxν∈[M ]⟨ξµ, ξν⟩

)}
. Then, by

the Cauchy-Schwartz inequality

|⟨ξµ, ξµ⟩ − ⟨x, ξµ⟩| ⩽ ∥ξµ − x∥ · ∥ξµ∥ ⩽ ∥ξµ − x∥m, ∀µ ∈ [M ],(B.3.23)

we observe that ∆̃µ can be expressed in terms of ∆µ:

∆̃µ ⩽ ∆µ − 2∥ξµ − x∥m = ∆µ − 2mR,(B.3.24)
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where R is radius of the sphere Sµ. Thus, inserting the upper bound given by (B.3.22) into (3.3.6),

we obtain

∥T (x)− ξµ∥ ⩽ ∥TDense(x)− ξµ∥ ⩽ 2ϵ̃m(B.3.25)

⩽ 2(M − 1) exp{−β(∆µ − 2mR)}m.(B.3.26)

Then, for any given δ := ∥TDense(x)− ξµ∥ − ∥T (x)− ξµ∥ ⩽ 0, the retrieval error ∥T (x)− ξµ∥

has an upper bound:

∥T (x)− ξµ∥ ⩽ 2(M − 1) exp{−β(∆µ − 2mR + δ)}m− δ ⩽ ∥TDense(x)− ξµ∥.(B.3.27)

Therefore, for T to be a mapping T : Sµ → Sµ, we need the well-separation condition

∆µ ⩾
1
β

ln
(

2(M − 1)m
R + δ

)
+ 2mR.(B.3.28)

□

Lemma B.3.3 ((Hu et al., 2023; Ramsauer et al., 2020)). If the identity

(B.3.29) ac + c ln c− b = 0,

holds for all real numbers a, b ∈ R, then c takes a solution:

(B.3.30) c = b

W0(exp(a + ln b)) .

Proof of Lemma B.3.3. We restate the proof of (Hu et al., 2023, Lemam 3.1) here for com-

pleteness.
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With the given equation ac + c ln c− b = 0, we solve for c by following steps:

ac + c ln c− b = 0,

a + ln c = b

c
,

b

c
+ ln

(
b

c

)
= a + ln b,

b

c
exp

(
b

c

)
= exp(a + ln b),

b

c
= W0(exp(a + ln b)),

c = b

W0(exp(a + ln b)) .

□

Then, we present the main proof of Lemma 3.3.4.

Proof of Lemma 3.3.4. Since the generalized Hopfield model shares the same well-separation

condition as the sparse Hopfield model (Hu et al., 2023), the proof of the exponential memory

capacity automatically follows that of (Hu et al., 2023). We restate the proof of (Hu et al., 2023,

Corollary 3.1.1) here for completeness.

(Step 2.) & (Step 3.) Here we define ∆min and θµν as ∆min := Minµ∈[M ] ∆µ and the angle

between two patterns ξµ and ξν , respectively. Intuitively, θµν ∈ [0, π] represent the pairwise

correlation of two patterns the two patterns and hence

∆min = Min
1⩽µ⩽ν⩽M

[
m2(1− cos θµν)

]
= m2[1− cos θmin],(B.3.31)

where θmin := Min1⩽µ⩽ν⩽M θµν ∈ [0, π].

From the well-separation condition (B.3.2), we have

∆µ ⩾ ∆min ⩾
1
β

ln
(

2(M − 1)m
R + δ

)
+ 2mR.(B.3.32)
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Hence, we have

m2[1− cos θmin] ⩾ 1
β

ln
(

2(M − 1)m
R + δ

)
+ 2mR.(B.3.33)

Therefore, we are able to write down the probability of successful storage and retrieval, i.e.

minimal separation ∆min satisfies Lemma B.3.2:

P

(
m2[1− cos θmin] ⩾ 1

β
ln
(

2(M − 1)m
R + δ

)
+ 2mR

)
= 1− p.(B.3.34)

By (Olver et al., 2010, (4.22.2)), it holds

cos θmin ⩽ 1− θ2
min
5 for 0 ⩽ cos θmin ⩽ 1,(B.3.35)

and hence

P

M
2

d−1 θmin ⩾

√
5M

2
d−1

m

[
1
β

ln
(

2(M − 1)m
R + δ

)
+ 2mR

] 1
2
 = 1− p.(B.3.36)

Here we introduce M 2/d−1 on both sides in above for later convenience.

Let ωd := 2π
d+1/2

Γ( d+1
2 ) , be the surface area of a d-dimensional unit sphere, where Γ(·) represents the

gamma function. By (Brauchart et al., 2018, Lemma 3.5), it holds

1− p ⩾ 1− 1
2γd−15

d−1
2 M2m−(d−1)

[
1
β

ln
(

2(M − 1)m
R + δ

)
+ 2mR

] d−1
2

,(B.3.37)

where γd is characterized as the ratio between the surface areas of the unit spheres in (d− 1) and d

dimensions, respectively: γd := 1
d

ωd−1
ωd

.

Since M = √pC
d−1

4 is always true for d, M ∈ N+, p ∈ [0, 1] and some real values C ∈ R, we

have

5
d−1

2 C
d−1

2 m−(d−1)

 1
β

ln
2
(√

pC
d−1

4 − 1
)
m

R + δ

+ 1
β


d−1

2

⩽ 1.(B.3.38)
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Then, we rearrange above as

5C

m2β

 ln
2
(√

pC
d−1

4 − 1
)
m

R + δ

+ 1

− 1 ⩽ 0,(B.3.39)

and identify

a := 4
d− 1

 ln
[

2m(√p− 1)
R + δ

]
+ 1

, b := 4m2β

5(d− 1) .(B.3.40)

By Lemma B.3.3, we have

C = b

W0(exp{a + ln b}) ,(B.3.41)

where W0(·) is the upper branch of the Lambert W function. Since the domain of the Lambert W

function is x > (−1/e,∞) and the fact exp{a + ln b} > 0, the solution for (B.3.41) exists. When

the inequality (B.3.38) holds, we arrive the lower bound on the exponential storage capacity M :

M ⩾
√

pC
d−1

4 .(B.3.42)

In addition, by the asymptotic expansion of the Lambert W function (Hu et al., 2023, Lemma 3.1), it

also holds M ⩾ MDense, where MDense is the memory capacity of the dense modern Hopfield model

(Ramsauer et al., 2020). □

B.3.3. Methodology Details

B.3.3.1. The Multi-Step GSH Updates. GSH inherits the capability of multi-step update for better

retrieval accuracy, which is summarized in below algorithm 7 for a given number of update steps κ.

In practice, we find that a single update suffices, consistent with our theoretical finding (3.3.6) of

Theorem 3.3.1.

B.3.3.2. GSHPooling and GSHLayer. Here we provide the operational definitions of the GSHPooling

and the GSHLayer.
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Algorithm 7 Multi-Step Generalized Sparse Hopfield Update for GSH

Input: κ ∈ R ⩾ 1,Q ∈ RlenQ×DQ ,K ∈ RlenK×DK ,WV ∈ RDK×d,WK ∈ RDK×DQ

for i→ 1 to κ do
Qnew = α-EntMax

(
βQ(KWK)T

)
K Hopfield Update

Q← Qnew

end for
Z = QWV

return Z

Definition B.3.2 (Generalized Sparse Hopfield Pooling (GSHPooling)). Given inputsY ∈ RlenY ×DY ,

and lenQ query patterns Q ∈ RlenQ×DK the 1-step Sparse Adaptive Hopfield Pooling update is

(B.3.43) GSHPooling(Y ) = α-EntMax
(
QKT /

√
Dk

)
V ,

Here we haveK,V equal toV = Y WKWV ,K = Y WK , and WV ∈ RDK×DK , WK ∈ RDK×DK .

Where d is the dimension of K. And the query pattern Q is a learnable variable, and is independent

from the input, the size of lenQ controls how many query patterns we want to store.

Definition B.3.3 (Generalized Sparse Hopfield Layer (GSHLayer)). Given inputs Y ∈ RlenY ×DY ,

and lenQ query patterns Q ∈ RlenQ×DK the 1-step Sparse Adaptive Hopfield Layer update is

(B.3.44) GSHLayer(R,Y ) = α-EntMax
(
RY T /

√
Dk

)
Y ,

Here R is the input and Y can be either learnable weights or given as an input.

B.3.3.3. Example: Memory Retrieval for Image Completion. The standard memory retrieval

mechanism of Hopfield Models contains two inputs, the query x and the associative memory set

Ξ. The goal is to retrieve an associated memory ξ most similar to the query x from the stored

memory set Ξ. For example, in (Ramsauer et al., 2020), the query x is a corrupted/noisy image

from CIFAR10, and the associative memory set Ξ is the CIFAR10 image dataset. All images are

flattened into vector-valued patterns. This task can be achieved by taking the query as R = x and

the associative memory set as Y = Ξ for GSHLayer with fixed parameters. After steps of updates,

we expect the output of the GSHLayer to be the recovered version of x.
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B.3.3.4. Pseudo Label Retrieval. Here, we present the use of the memory retrieval mechanism from

modern Hopfield models to generate pseudo-labels for queries R, thereby enhancing predictions.

Given a set of memory patterns Y and their corresponding labels Ylabel, we concatenate them

together to form the label-included memory set Ỹ . Take CIFAR10 for example, we can concatenate

the flatten images along with their one-hot encoded labels together as the memory set. For the query,

we use the input with padded zeros concatenated at the end of it. The goal here is to “retrieve”

the padding part in the query, which is expected to be the retrieved “pseudo-label”. Note that

this pseudo-label will be a weighted sum over all other labels in the associative memory set. An

illustration of this mechanism can be found in fig. 3.11. For the retrieved pseudo-label, we can either

use it as the final prediction, or use it as pseudo-label to provide extra information for the model.

B.3.3.5. Algorithm for STanHop-Net. Here we summarize the STanHop-Net as below algorithm.

Algorithm 8 STanHop-Net

Input: L ⩾ 1,Z ∈ RT ×C×D0
hidden

for ℓ→ 1 to L do
Zℓ

enc = STanHop
(
Coarse-Graining

(
Zℓ−1

enc , ∆
))

encoder forward
end for
Z0

dec = Edec learnable positional embedding
for ℓ→ 1 to L do decoder forward

Z̃ℓ
dec = STanHop

(
Zℓ−1

dec

)
Ẑℓ

dec = GSH
(
Zℓ

dec,Z
ℓ
enc

)
Žℓ

dec = LayerNorm
(
Ẑℓ

dec + Z̃ℓ
dec

)
Zℓ

dec = LayerNorm
(
Žℓ

dec + MLP
(
Žℓ

dec

))
end for
return ZL

dec ∈ RP
T

×C×Dhidden
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B.3.4. Additional Numerical Experiments

Here we provide additional experimental investigations to back up the effectiveness of our method.

B.3.4.1. Numerical Verification’s of Theoretical Results.

Faster Fixed Point Convergence and Better Generalization. In fig. B.2, to support our theoretical

results in section 3.3.4, we numerically analyze the convergence behavior of the GSH, compared

with the dense modern Hopfield layer Hopfield.

Figure B.2. The training and validation loss curves of STanHop (D), i.e. STanHop-Net
with dense modern Hopfield Hopfield layer, and STanHop-Net with GSH layer. The results
show that the generalized sparse Hopfield model enjoys faster convergence than the dense
model and also obtain better generalization.

In fig. B.2, we plot the loss curves for STanHop-Net using both generalized sparse and dense

modern models on the ETTh1 dataset for the multivariate time series prediction tasks.

The results reveal that the generalized sparse Hopfield model (GSH) converges faster than the

dense model (Hopfield) and also achieves better generalization. This empirically supports our

theoretical findings presented in Theorem 3.3.1, which suggest that the generalized sparse Hopfield

model provides faster retrieval convergence with enhanced accuracy.

Memory Capacity and Noise Robustness. Following (Hu et al., 2023), we also conduct experi-

ments verifying our memory capacity and noise robustness theoretical results (Lemma 3.3.4 and

Theorem 3.3.1), and report the results in fig. B.3. The plots present average values and standard

deviations derived from 10 trials.
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Figure B.3. Left: Memory Capacity measured by successful half-masked retrieval rates.
Right: Memory Robustness measured by retrieving patterns with various noise levels. A
query pattern is considered accurately retrieved if its cosine similarity error falls below a
specified threshold. We set error threshold of 20% and β=0.01 for better visualization. We
plot the average and variance from 10 trials. These findings demonstrate the generalized
sparse Hopfield model’s ability of capturing data sparsity, improved memory capacity and its
noise robustness.

Regarding memory capacity (displayed on the left side of fig. B.3), we evaluate the generalized

sparse Hopfield model’s ability to retrieve half-masked patterns from the MNIST dataset, in

comparison to the Dense modern Hopfield model (Ramsauer et al., 2020).

Regarding robustness against noisy queries (displayed on the right side of fig. B.3), we introduce

Gaussian noises of varying variances (σ) to the images.

These findings demonstrate the generalized sparse Hopfield model’s ability of capturing data

sparsity, improved memory capacity and its noise robustness.

B.3.4.2. Computational Cost Analysis of Memory Modules. Here we analyze the computational

cost between the Plug-and-Play memory plugin module and the baseline. We evaluate 2 matrices:

(i) the number of floating point operations (flops) (ii) number of parameters of the model. Note

that for Plug-and-Play module, the parameter amount will not be affected by the size of external

memory set. The result can be found in fig. B.4 and fig. B.5.

B.3.4.3. Ablation Studies.

Hopfield Model Ablation. Beside our proposed generalized sparse modern Hopfield model, we

also test STanHop-Net with 2 other existing different modern Hopfield models: the dense modern
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Figure B.4. The number of
floating-point operations (flops)
(in millions) comparison be-
tween Plug-and-Play, Tune-
and-Play and the baseline. The
result shows that the Plug-and-
Play, Tune-and-Play success-
fully reduce the required com-
putational cost to process an in-
creased amount of data.

Figure B.5. The number of
Multiply–accumulate operations
(MACs) (in millions) compar-
ison between Plug-and-Play,
Tune-and-Play and the baseline.
The result shows that both of our
memory plugin modules face lit-
tle MACs increasement while the
baseline model MACs increase
almost linearly w.r.t. the input
size.

Hopfield model (Ramsauer et al., 2020) and the sparse modern Hopfield model (Hu et al., 2023).

We report their results in table 3.6.

We terms them as STanHop-Net (D) and STanHop-Net (S) where (D) and (S) are for “Dense”

and “Sparse” respectively.

Component Ablation. In order to evaluate the effectiveness of different components in our model,

we perform an ablation study by removing one component at a time. In below, we denote Patch

Embedding as (PE), StanHop as (SH), Hopfield Pooling as (HP), Multi-Resolution as (MR). We

also denote their removals with “w/o” (i.e., without.)

For w/o PE, we set the patch size P equals 1. For w/o MR, we set the coarse level ∆ as 1. For

w/o SH and w/o HP, we replace those blocks/layers with an MLP layer with GELU activation and

layer normalization.
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The results are showed in table B.3. From the ablation study results, we observe that removing

the STanHop block gives the biggest negative impact on the performance. Showing that the STanHop

block contributes the most to the model performance. Note that patch embedding also provides a

notable improvement on the performance. Overall, every component provides a different level of

performance boost.

Table B.3. Component Ablation. We conduct component ablation by separately removing
Patch Embedding (PE), STanHop (SH), Hopfield Pooling (HP), and Multi-Resolution (MR).
We report the mean MSE and MAE over 10 runs, with variances omitted as they are all
⩽ 0.15%. The results indicate that while every single component in STanHop-Net provides
performance boost, the impact of STanHop block on model performance is the most significant
among all other components.

Models STanHop w/o PE w/o SH w/o HP w/o MR

Metric MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE

ET
Th

1

24 0.294 0.360 0.318 0.368 0.305 0.365 0.306 0.363 0.307 0.363
48 0.340 0.387 0.357 0.389 0.352 0.393 0.346 0.387 0.348 0.385

168 0.420 0.452 0.454 0.476 0.480 0.500 0.434 0.455 0.447 0.464
336 0.450 0.472 0.501 0.524 0.530 0.535 0.462 0.473 0.482 0.486
720 0.512 0.520 0.540 0.538 0.610 0.581 0.524 0.526 0.537 0.531

W
TH

24 0.292 0.341 0.318 0.365 0.335 0.375 0.340 0.374 0.325 0.373
48 0.363 0.402 0.386 0.421 0.414 0.439 0.385 0.420 0.391 0.427

168 0.499 0.515 0.504 0.521 0.507 0.519 0.503 0.525 0.520 0.509
336 0.499 0.515 0.514 0.529 0.532 0.541 0.513 0.528 0.533 0.542
720 0.548 0.556 0.570 0.565 0.569 0.565 0.539 0.548 0.555 0.557
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B.3.4.4. The Impact of Varying α. We examine the impact of increasing the value of α on memory

capacity and noise robustness. It is known that as α approaches infinity, the α-entmax operation

transitions to a hardmax operation (Peters et al., 2019; Correia et al., 2019). Furthermore, it is also

known that memory pattern retrieval using hardmax is expected to exhibit perfect retrieval ability,

potentially offering a larger memory capacity than the softmax modern Hopfield model in pure

retrieval tasks (Millidge et al., 2022). Our empirical investigations confirm that higher values of α

frequently lead to higher memory capacity. We report results only up to α = 5, as we observed that

values of α greater than 5 consistently lead to numerical errors, especially under float32 precision. It

is crucial to note, that while the hardmax operation (realized when α→∞) may maximize memory

capacity, its lack of differentiability renders it unsuitable for gradient descent-based optimization.

Figure B.6. Left: Memory Capacity measured by successful half-masked retrieval rates
w.r.t. different values of α on CIFAR10. Right: Memory Robustness measured by retrieving
patterns with various noise levels on CIFAR10. A query pattern is considered accurately
retrieved if its cosine similarity error falls below a specified threshold. We set error threshold
of 20% and β = 0.01 for better visualization. We plot the average and variance from 10 trials.
We can see that using hardmax (argmax) normally gives the best retrieval result as it retrieves
only the most similar pattern w.r.t. dot product distance. And setting α = 5 approximately
gives the similar result while having α = 5 keeps the overall mechanism differentiable.
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Figure B.7. Left: Memory Capacity measured by successful half-masked retrieval rates
w.r.t. different values of α on MNIST. Right: Memory Robustness measured by retrieving
patterns with various noise levels on MNIST. A query pattern is considered accurately
retrieved if its cosine similarity error falls below a specified threshold. We set error threshold
of 20% and β = 0.1 for better visualization. We plot the average and variance from 10 trials.
We can see that using hardmax (argmax) normally gives the best retrieval result as it retrieves
only the most similar pattern w.r.t. dot product distance. And setting α = 5 approximately
gives the similar result while having α = 5 keeps the overall mechanism differentiable.
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B.3.4.5. Memory Usage of STanHop and learnable α. To compare the memory and GPU usage,

we benchmark STanHop with STanHop-(D) (using dense modern Hopfield layers). In below fig. B.8

and fig. B.9, we report the footprints of from the weight and bias (wandb) system (Biewald et al.,

2020). The figures clearly demonstrate that the computational cost associated with learning an

additional α for adaptive sparsity is negligible.

Figure B.8. The GPU mem-
ory allocation between STanHop-
Net with and without learnable
alpha (STanHop-Net (D)). We
can see that with learnable alpha
does not significantly increase
reuired GPU memory.

Figure B.9. The percentage
of gpu utilization between
STanHop-Net with and without
learnable alpha (STanHop-Net
(D)). We can see that with learn-
able alpha does not significantly
increase the GPU utilization.

B.3.4.6. Time Complexity Analysis of STanHop-Net. Here we use the same notation as introduced

in the main paper. Let T be the number of input length on the time dimension, Dhidden be the hidden

dimension, P be patch size, Dout be the prediction horizon, lenQ be the size of query pattern in

GSHPooling.

• Patch embedding: O(Dhidden × T ) = O(T ).

• Temporal and Cross series GSH: O(D2
hidden × T 2 × P −2) = O(T 2 × P −2) = O(T 2)

• Coarse graining: O(D2
hidden × T ) = O(T )

• GSHPooling : O(Dhidden × lenQ × T 2 × P −2) = O(lenQ × T 2)

• PlugMemory: O(T 2)

• TuneMemory: O((T + Dout)2)
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Additionally, the number of parameters of STanHop-Net 0.78 million. As a reference, with

batch size of 32, input length of 168, STanHop-Net requires 2 minutes per epoch for the ETTh1

dataset. Meanwhile, STanHop-Net (D) also requires 2 minutes per epoch under same setting.

B.3.4.7. Hyperparameter Sensitivity Analysis. We conduct experiments exploring the parameter

sensitivity of STanHop-Net on the ILI dataset. Our results (in table B.5 and table B.6) show that

STanHop-Net is not sensitive to hyperparameter changes.

The way that we conduct the hyperparameter sensitivity analysis is that to show the model’s

sensitivity to a hyperparameter h, we change the value of h in each run and keep the rest of the

hyperparameters’ values as default and we record the MAE and MSE on the test set. We train and

evaluate the model 3 times for 3 different values for each hyperparameter. We analyze the model’s

sensitivity to 7 hyperparameters respectively. We conduct all the experiments on the ILI dataset.

Table B.4. Default Values of Hyperparameters in Sensitivity Analysis

Parameter Default Value

seg len (patch size) 6
window size (coarse level) 2
e layers (number of encoder layers) 3
d model 32
d ff (feedforward dimension) 64
n heads (number of heads) 2

Table B.5. MAEs for each value of the hyperparameter with the rest of the hyperpa-
rameters as default. For each hyperparameter, each row’s MAE score corresponds
to the hyperparameter value inside the parentheses in the same order. For example,
when lr is 1e-3, the MAE score is 1.313.

lr seg len window size e layers d model d ff n heads
(1e-3, 1e-4, 1e-5) (6, 12, 24) (2,4,8) (3,4,5) (32, 64, 128) (64, 128, 256) (2,4,8)

1.313 1.313 1.313 1.313 1.313 1.313 1.313
1.588 1.311 1.285 1.306 1.235 1.334 1.319
1.673 1.288 1.368 1.279 1.372 1.302 1.312
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Table B.6. MSEs for each value of the hyperparameter with the rest of the hyperpa-
rameters as default. For each hyperparameter, each row’s MSE score corresponds
to the hyperparameter value inside the parentheses in the same order. For example,
when lr is 1e-3, the MSE score is 3.948.

lr seg len window size e layers d model d ff n heads
(1e-3, 1e-4, 1e-5) (6, 12, 24) (2,4,8) (3,4,5) (32, 64, 128) (64, 128, 256) (2,4,8)

3.948 3.948 3.948 3.948 3.948 3.948 3.948
5.045 3.968 3.877 3.915 3.566 3.983 3.967
5.580 3.865 4.267 3.834 4.078 3.866 3.998
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B.3.4.8. Additional Multiple Instance Learning Experiments. We also evaluate the efficacy of

the proposed GSH layer on Multiple Instance Learning (MIL) tasks. In essence, MIL is a type of

supervised learning whose training data are divided into bags and labeling individual data points is

difficult or impractical, but bag-level labels are available (Ilse et al., 2018). We follow (Ramsauer

et al., 2020; Hu et al., 2023) to conduct the multiple instance learning experiments on MNIST.

Model. We first flatten each image and use a fully connected layer to project each image to the

embedding space. Then, we perform GSHPooling and use linear projection for prediction.

Hyperparameters. For hyperparameters, we use hidden dimension of 256, number of head as 4,

dropout as 0.3, training epoch as 100, optimizer as AdamW, initial learning rate as 1e− 4, and we

also use the cosine annealing learning rate decay.

Baselines. We benchmark the Generalized Sparse modern Hopfield model (GSH) with the

Sparse (Hu et al., 2023) and Dense (Ramsauer et al., 2020) modern Hopfield models.

Dataset. For the training dataset, we randomly sample 1000 positive and 1000 negative bags for

each bag size. For test data, we randomly sample 250 positive and 250 negative bags for each bag

size. We set the positive signal to the images of digit 9, and the rest as negative signals. We vary the

bag size and report the accuracy and loss curves of 10 runs on both training and test data.

Results. Our results (shown in the figures below) demonstrate that GSH converges faster than the

baselines in most settings, as it can adapt to varying levels of data sparsity. This is consistent with

our theoretical findings in Theorem 3.3.1, which state that GSH achieves higher accuracy and faster

fixed-point convergence compared to the dense model.

Figure B.10. The MIL experiment with bag size 5. From left to right: (1) Training data
accuracy curve (2) Training data loss curve (3) Test data accuracy curve (4) Test data accuracy
curve
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Figure B.11. The MIL experiment with bag size 10. From left to right: (1) Training data
accuracy curve (2) Training data loss curve (3) Test data accuracy curve (4) Test data accuracy
curve

Figure B.12. The MIL experiment with bag size 20. From left to right: (1) Training data
accuracy curve (2) Training data loss curve (3) Test data accuracy curve (4) Test data accuracy
curve

Figure B.13. The MIL experiment with bag size 30. From left to right: (1) Training data
accuracy curve (2) Training data loss curve (3) Test data accuracy curve (4) Test data accuracy
curve

Figure B.14. The MIL experiment with bag size 50. From left to right: (1) Training data
accuracy curve (2) Training data loss curve (3) Test data accuracy curve (4) Test data accuracy
curve
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Figure B.15. The MIL experiment with bag size 100. From left to right: (1) Training
data accuracy curve (2) Training data loss curve (3) Test data accuracy curve (4) Test data
accuracy curve
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B.3.4.9. STanHop-Net Outperforms DLinear in Settings Dominated by Multivariate Correla-

tions: A Case Study. The performance of STanHop-Net in the main text, as presented in table 3.6,

does not show a clear superiority over DLinear (Zeng et al., 2023). We attribute this to the nature of

the common benchmark datasets in table 3.6, which are not dominated by multivariate correlations.

To verify our conjecture, we employ a strongly correlated multivariate time series dataset as

a test bed, representing a practical scenario where multivariate correlations are the predominant

source of predictive information in input features. In such a scenario, following the same setting in

section 3.3.5.1, our experiments show that STanHop-Net consistently outperforms DLinear. We also

compare with another top-tier channel-independent method, PatchTST (Nie et al., 2022), and results

show that we outperform it.

Specifically, we follow the experimental settings outlined in section 3.3.5.1, but with a specific

focus on cases involving small lookback windows. This emphasis aims to reduce autoregressive

correlation in data with smaller lookback windows, thereby increasing the dominance of multivariate

correlations. We refer just a scenario as Cross-Sectional Regression14 (CSR) in time series modelling

(Reneau et al., 2023; Fama and French, 2020; Andrews, 2005) and (Wooldridge et al., 2016, Part 1).

Dataset. We evaluate our model on the synthetic dataset15 generated in the ICML2023 Feature

Programming paper (Reneau et al., 2023). Feature programming is an automated, programmable

method for feature engineering. It produces a large number of predictive features from any given

input time series. These generated features, termed extended features, are by construction highly

correlated. The synthetic dataset, containing 44 extended features derived from the taxi dataset

(see (Reneau et al., 2023, Section D.1) for the generation details), is thereby a strongly correlated

multivariate time series dataset.

14From a technical standpoint, this setting doesn’t fall under CSR, yet we refer to it as CSR to emphasize its utilization
of one time slice for predicting the next. Cross-sectional regression is valuable for understanding the simultaneous
impact of variables across different entities (i.e., multivariate correlations), providing insights that are complementary to
those obtained from autoregressive time-series analysis.
15https://www.dropbox.com/scl/fo/cg49nid4ogmd6f6sdbwqz/h?rlkey=jydf3ay1fzeotl5ws2s0cjnlc&
dl=0

https://www.dropbox.com/scl/fo/cg49nid4ogmd6f6sdbwqz/h?rlkey=jydf3ay1fzeotl5ws2s0cjnlc&dl=0
https://www.dropbox.com/scl/fo/cg49nid4ogmd6f6sdbwqz/h?rlkey=jydf3ay1fzeotl5ws2s0cjnlc&dl=0
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Baseline. We mainly compare our performance with DLinear (Zeng et al., 2023) as it showed

comparable performance in table 3.6. We also include an additional comparison with PatchTST

(Nie et al., 2022) to further showcase our method’s advantage in capturing multivariate correlations.

Setting. For both STaHop-Net and DLinear, we use the same hyperparameter setup as we used

in the ETTh1 dataset. For PatchTST, we used the same hyperparameter setup as its original paper.

We also conduct two ablation studies with varying lookback windows. We report the mean MAE,

MSE and R2 score over 5 runs.

Results. Our results (table B.7) demonstrate that STanHop-Net consistently outperforms DLinear

and PatchTST when multivariate correlations dominate the predictive information in input features.

Importantly, our ablation studies show that increasing the lookback window size, which reduces the

dominance of multivariate correlations, results in DLinear’s performance becoming comparable to,

rather than being consistently outperformed by, STanHop-Net. This explains why DLinear exhibits

comparable performance to STanHop-Net in table 3.6, when the datasets are not dominated by

multivariate correlations.

Channel-Independent and Channel-Dependent Methods. Recent studies have compared Channel-

Independent (CI) (Zeng et al., 2023; Nie et al., 2022) and Channel-Dependent (CD) (Yu et al.,

2024; Liu et al., 2023; Chen et al., 2023b; Luo and Wang, 2024) methods for time series prediction.

CI methods, like DLinear and PatchTST, treat multivariate time series as multiple independent

uni-variate tasks, often using simpler architectures like linear layers (Zeng et al., 2023). Conversely,

CD methods leverage operations like convolution and channel-wise attention to capture inter-channel

relationships and enhance performance.

Surprisingly, CI methods perform well with minimal model complexity and parameters, and

sometimes even outperform CD methods, as noted in (Zeng et al., 2023; Nie et al., 2022). However,

(Han et al., 2023) points out that while CD benefits from increased capacity, CI’s simple architecture

and limited samples in current benchmarks can significantly boost performance. Existing datasets are
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often too small for CD models to showcase their full potential, leading to potential underestimation

of CD model effectiveness on popular benchmarks like ETTh1, ILI etc.

Table B.7. Comparison between DLinear, PatchTST and StanHop-Net on the
synthetic dataset generated in (Reneau et al., 2023). This dataset is by construction a
strongly correlated multivariate time series dataset. We report the mean MAE, MSE
and R2 score over 5 runs. The A→ B denotes the input horizon A and prediction
horizon B. CSR (Cross-Sectional Regression): Focuses on using single time
step information from multivariate time series for predictions. Ablation1: With a
prediction horizon of 1, the lookback window is increasing, thereby the dominance
of multivariate correlations is decreasing. Ablation2: With a prediction horizon
of 2, the lookback window is increasing, thereby the dominance of multivariate
correlations is decreasing. Our results aligns with our expectations: STanHop-Net
uniformly beats DLinear (Zeng et al., 2023) and PatchTST (Nie et al., 2022) in
the Cross-Sectional Regression (CSR) setting. Importantly, our ablation studies
show that increasing the lookback window size, which reduces the dominance of
multivariate correlations, results in DLinear’s performance becoming comparable to,
rather than being consistently outperformed by, STanHop-Net. This explains why
DLinear exhibits comparable performance to STanHop-Net in table 3.6, when the
datasets are not dominated by multivariate correlations.

lookback→ horizon DLinear PatchTST STanHop-Net

MSE MAE R2 MSE MAE R2 MSE MAE R2

C
SR

1→ 1 0.896 0.615 0.256 0.332 0.341 0.728 0.329 0.375 0.633
1→ 2 1.193 0.794 0.001 0.460 0.417 0.625 0.417 0.428 0.552
1→ 4 1.211 0.806 -0.002 0.734 0.546 0.401 0.592 0.522 0.383
1→ 8 1.333 0.868 -0.100 1.227 0.744 -0.001 0.812 0.636 0.182
1→ 16 1.305 0.846 -0.069 1.755 0.947 -0.409 1.028 0.734 -0.058

A
bl

at
io

n1 2→ 1 0.514 0.504 0.573 0.332 0.355 0.729 0.328 0.366 0.710
4→ 1 0.373 0.417 0.690 0.332 0.357 0.729 0.328 0.364 0.712
8→ 1 0.328 0.380 0.727 0.322 0.361 0.737 0.327 0.367 0.715
16→ 1 0.319 0.372 0.736 0.324 0.371 0.735 0.323 0.361 0.717

A
bl

at
io

n2 2→ 2 0.771 0.632 0.359 0.458 0.426 0.626 0.424 0.425 0.630
4→ 2 0.423 0.439 0.645 0.460 0.429 0.624 0.410 0.415 0.643
8→ 2 0.647 0.441 0.646 0.439 0.429 0.642 0.402 0.412 0.655
16→ 2 0.419 0.435 0.652 0.447 0.446 0.635 0.435 0.433 0.626
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B.3.5. Experiment Details

Here we present the details of experiments in the main text.

B.3.5.1. Experiment Details of Multivariate Time Series Predictions without Memory En-

hancements.

Datasets. These datasets, commonly benchmarked in literature (Zhang and Yan, 2022; Wu et al.,

2021; Zhou et al., 2021).

• ETT (Electricity Transformer Temperature) (Zhou et al., 2021): ETT records 2 years

of data from two counties in China. We use two sub-datasets: ETTh1 (hourly) and ETTm1

(every 15 minutes). Each entry includes the “oil temperature” target and six power load

features.

• ECL (Electricity Consuming Load): ECL records electricity consumption (Kwh) for 321

customers. Our version, sourced from (Zhou et al., 2021), covers hourly consumption over

2 years, targeting “MT 320”.

• WTH (Weather): WTH records climatological data from approximately 1,600 U.S. sites

between 2010 and 2013, measured hourly. Entries include the “wet bulb” target and 11

climate features.

• ILI (Influenza-Like Illness): ILI records weekly data on influenza-like illness (ILI)

patients from the U.S. Centers for Disease Control and Prevention between 2002 and 2021.

It depicts the ILI patient ratio against total patient count.

• Traffic: Traffic records hourly road occupancy rates from the California Department of

Transportation, sourced from sensors on San Francisco Bay area freeways.

Training. We use Adam optimizer to minimize the MSE Loss. The coefficients of Adam optimizer,

betas, are set to (0.9, 0.999). We continue training till there are Patience = 3 consecutive epochs

where validation loss doesn’t decrease or we reach 20 epochs. Finally, we evaluate our model on test

set with the best checkpoint on validation set.
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Table B.8. Dataset Sources

Dataset URL

ETTh1 & ETTm1 https://github.com/zhouhaoyi/ETDataset
ECL https://archive.ics.uci.edu/dataset/321/electricityloaddiagrams20112014
WTH https://www.ncei.noaa.gov/data/local-climatological-data/
ILI https://archive.ics.uci.edu/ml/datasets/seismic-bumps
Traffic https://www.kaggle.com/shrutimechlearn/churn-modelling

Hyperparameters. For hyperparameter search, for each dataset, we conduct hyperparameter

optimization using the “Sweep” feature of Weights and Biases (Biewald et al., 2020), with 200

iterations of random search for each setting to identify the optimal model configuration. The search

space for all hyperparameters are reported in table B.9.

Table B.9. STanHop-Net hyperparameter space.

Parameter Distribution

Patch size P [6, 12, 24]
FeedForward dimension [64, 128, 256]
Number of encoder layer [1, 2, 3]

Number of pooling vectors [10]
Number of heads [4, 8]

Number of stacked STanHop blocks [1]
Dropout [0.1, 0.2, 0.3]

Learning rate [5e-4, 1e-4, 1e-5, 1e-3]
Input length on ILI [24, 36, 48, 60]

Input length on ETTm1 [24, 48, 96, 192, 288, 672]
Input length on other dataset [24, 48, 96, 168, 336, 720]

Course level [2, 4]
Weight decay [0.0, 0.0005, 0.001]

https://github.com/zhouhaoyi/ETDataset
https://archive.ics.uci.edu/dataset/321/electricityloaddiagrams20112014
https://www.ncei.noaa.gov/data/local-climatological-data/
https://archive.ics.uci.edu/ml/datasets/seismic-bumps
https://www.kaggle.com/shrutimechlearn/churn-modelling
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Figure B.16. The visualization of ILI dataset “OT” variate.

B.3.5.2. External Memory Plugin Experiment Details. The hyperparameter of the external

memory plugin experiment can be found in table B.9. For ILI OT, we set the input length as 24,

feed forward dimension as 32 and hidden dimension as 64. For prediction horizon 60, we set the

input length as 48, feed-forward dimension as 128 and hidden dimension as 256. For ETTh1, we

use the same hyperparameter set found via random search in table 3.6.

For the “bad” external memory set intervals, we pick 40 and 200 for ILI OT and ETTh1, which

represents 40 timesteps (weeks) earlier and 200 timesteps (hours) earlier. For ILI dataset, we set the

memory set size as 15 and for ETTh1, we set it as 20.

For Case 3 (ETTh1), we select construct the external memory pattern with interval 168 timesteps

earlier (equivalent to 1 week). For Case 4 (ETTm1), we select construct the external memory

pattern with interval 672 timesteps earlier (equivalent to 1 week).
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B.3.6. Additional Theoretical Background

Remark B.3.1. Peters et al. (2019) provide a closed-form expression for α-EntMax as

α-EntMax(z) = [(α− 1)z − τ(z)]
1

α−1 ,(B.3.45)

where we denote [t]+ := max{t, 0}, and τ is the threshold function RM → R such that
∑M

µ=1[(α−

1)z − τ(z)]
1

α−1 = 1 satisfies the normalization condition of probability distribution.

B.4.

B.4.1. Limitations

One of the limitations of our work is that the futures dataset is proprietary and not open sourced due

to the license.

B.4.2. Reproducibility

The code to reproduce the results of this paper is accessible at this link: https://www.dropbox.

com/scl/fo/9pw1wagwglelh2ftohy8h/AJXCZ_Bd4hh7qAM-SOlwEWk?rlkey=7xrqjetu317dcm61b3z486j4n&

st=nbcgbit3&dl=0

B.4.3. Background on Limit Order Book (LOB)

Global exchanges use matching engines to pair orders from bid and ask sides of market participants.

The Limit Order Book is the essential data structure organizing these orders, reflecting market

supply and demand. Three common order types exist: 1) Market orders are requests to buy or sell

a specified number of shares at the best available price, usually executed immediately. 2) Limit

orders are requests to buy or sell a specified number of shares at a specified price, often queued for

matching due to price constraints. 3) Cancel orders are requests to withdraw previously submitted

limit orders.

https://www.dropbox.com/scl/fo/9pw1wagwglelh2ftohy8h/AJXCZ_Bd4hh7qAM-SOlwEWk?rlkey=7xrqjetu317dcm61b3z486j4n&st=nbcgbit3&dl=0
https://www.dropbox.com/scl/fo/9pw1wagwglelh2ftohy8h/AJXCZ_Bd4hh7qAM-SOlwEWk?rlkey=7xrqjetu317dcm61b3z486j4n&st=nbcgbit3&dl=0
https://www.dropbox.com/scl/fo/9pw1wagwglelh2ftohy8h/AJXCZ_Bd4hh7qAM-SOlwEWk?rlkey=7xrqjetu317dcm61b3z486j4n&st=nbcgbit3&dl=0
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Figure B.17. Visualizing Limit Order Book Data: three bid and three ask levels of
varying price and volume are shown, as well as the mid-price.

Table B.10. CHF-2023 Features. CHF-2023 consists of three feature sets: a set of 20
Basic LOB features, a set of 26 Time-insensitive features, and a set of 20 Time-sensitive
features.

Feature Set Definitions Details

Basic LOB u1 = {P bid
i , V bid

i , P ask
i , V ask

i }n
i=1 5-level LOB Data

Time-insensitive u2 = {(P bid
i − P ask

i ), (P bid
i + P ask

i )/2}n
i=1 Spread & Mid-Price

u3 = {P ask
n − P ask

1 , P bid
1 − P bid

n , |P ask
i+1 − P ask

i |, |P bid
i+1 − P bid

i |}n−1
i=1 Price Differences

u4 =
{

1
n

∑n

i=1 P ask
i , 1

n

∑n

i=1 P bid
i , 1

n

∑n

i=1 V ask
i , 1

n

∑n

i=1 V bid
i

}
Price & Volume Means

u5 =
{∑n

i=1(P ask
i − P bid

i ),
∑n

i=1(V ask
i − V bid

i )
}

Accumulated Differences

Time-sensitive u6 =
{

dP ask
i /dt, dP bid

i /dt, dV ask
i /dt, dV bid

i /dt
}n

i=1
Price & Volume Derivation

B.4.4. Detailed Information of Datasets and Models in Benchmark

B.4.4.1. Models for Mid-price Trend Prediction.

• MLP, LSTM, CNN1, CNN2, CNNLSTM. Tsantekidis et al. (2017b) used Multilayer

Perceptron (MLP) and Long Short-Term Memory (LSTM) to predict future mid-price

movements. The same authors (Tsantekidis et al., 2017a) also proposed a Convolutional

Neural Network (CNN) model (CNN1), which employs a standard CNN architecture with

convolutional layers followed by fully connected layers. In 2020, the same research team

(Tsantekidis et al., 2020) proposed another CNN model (CNN2) and a CNNLSTM model

based on the described LSTM and CNN2. The key improvement of CNN2 is the use of

causal convolutions with ”full” padding, ensuring all convolutional layers produce outputs

with the same number of time steps. This matches labels to their correct time steps and
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prevents future data from influencing past predictions. The CNNLSTM model merges

CNN2 and LSTM, using CNN2 for feature extraction and passing the features to the LSTM

module for classification. In our experiments, we adjusted the CNN kernel size to match

the different number of features in each dataset.

• DAIN. Passalis et al. (2019) introduce Deep Adaptive Input Normalization (DAIN) for time

series forecasting. The main innovation of the method is learning to adaptively normalize

input data during model training via two feed-forward layers, an adaptive shifting layer and

scaling layer, instead of using fixed schemes like z-score normalization. Besides, they use

a gating layer to suppress irrelevant features. DAIN explores three possible neural network

architectures: MLP, CNN, and RNN. We choose the MLP architecture as it demonstrates

the highest empirical performance.

• CTABL, BINCTABL. Tran et al. (2018) propose the Temporal-Attention-Augmented

Bilinear Layer (TABL) model. The Bilinear Layer (BL) performs two linear transformations

on the input data along the feature and temporal dimensions to capture how stock prices

interact at a given point in time and how prices at an index progress over time. However,

within a BL, it is unclear how different time instance representations interact. TABL

addresses this by incorporating a temporal attention mechanism into the BL model to

learn the importance of each time instance relative to others. The input time series is

first passed through the feature dimension transformation, then through the temporal

attention mechanism, and finally through the temporal dimension transformation. In our

experiments, we use the C(TABL) variant of TABL for its superior empirical performance

over A(TABL) and B(TABL). Tran et al. (2021) improve upon TABL with BINCTABL,

which incorporates a Bilinear Normalization (BiN) strategy that normalizes the data along

the temporal and feature dimensions with learnable parameters to scale the normalization.

The authors compare BiN as a simpler and more intuitive approach compared to DAIN

when using TABL networks.
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• DEEPLOB. Zhang et al. (2019) propose Deep Convolutional Neural Networks for

Limit Order Books (DeepLOB). The authors employ a mid-price-based smooth data

labeling method to reduce noise and eliminate minor oscillations. DEEPLOB combines

convolutional layers and an Inception Module to extract features from the noisy financial data,

then uses a Long Short-Term Memory (LSTM) layer to capture longer time dependencies

among the extracted features. In our experiments, we adjust the kernel size of the last

convolution layer for different datasets.

• DEEPLOBATT. Zhang and Zohren (2021) introduce DeepLOB-Attention, an encoder-

decoder model built upon their previous work, DEEPLOB. DEEPLOBATT utilizes

DEEPLOB as the encoder and an Attention model (Luong et al., 2015) as the decoder.

The authors investigated both Attention and Seq2Seq as the decoder in their paper. Since

DEEPLOBATT outperforms DEEPLOB-Seq2Seq in nearly all experiments, we choose the

DEEPLOBATT model in our experiments and adjust the kernel size of the convolutional

block for different datasets according to the feature dimensions.

• TLONBoF. Passalis et al. (2020) propose Temporal Logistic Neural Bag-of-Features

(TLo-NBoF) (2020), a refined Bag-of-Features (BoF) formulation to better capture the

dynamics of time series data compared to existing BoF methods. They achieved this

by introducing a novel adaptive scaling mechanism and replacing the Gaussian density

estimation of regular BoF with a logistic kernel. The input time series is first passed

through a 1-D convolution layer to extract relationships between time instances. Then,

the TLONBoF formulation uses a learnable logistic kernel and codebook to aggregate the

feature vectors into short-term, mid-term, and long-term histograms that capture the overall

behaviors of the input time series. This adaptive method removes the need for sophisticated

initialization methods and facilitates smoother hyperparameter tuning.

• DLA. Guo and Chen (2022) propose a Dual-Stage Temporal Attention-Based Deep

Learning Architecture (DLA). It uses a dual-stage temporal attention mechanism to
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repeatedly highlight the most important time instances in input time series data. In the

first stage, temporal attention is performed on the input data to learn the importance of

each time instance relative to the others. The output of the attention is passed through a

stacked Gated Recurrent Unit (GRU) network to further enhance the representational state

of the input. In the second stage, temporal attention weights are adaptively assigned to

the hidden states of the GRU network. The model’s performance is benchmarked against

other models in the literature, such as CTABL (Tran et al., 2018), DEEPLOB (Zhang et al.,

2019), and TLONBoF (Passalis et al., 2020).

• TRANSLOB. Wallbridge (2020) proposes TransLOB, a new model architecture for LOB

data that uses Transformer blocks (Vaswani et al., 2023). The TRANSLOB architecture

consists of a causal convolution module and a causal transformer block to stay consistent

with the nature of time-series data. The convolutional module comprises 5 1-D convolution

layers with increasing dilation to capture relationships between short-term and long-term

time instances. The transformer block includes 2 masked self-attention encoders to

determine important time instance representations. The performance of TRANSLOB

is benchmarked against other state-of-the-art models such as CTABL, DEEPLOB, and

CNN-LSTM.

B.4.4.2. Models for Mid-price Forecasting. Besides the LOB Models including MLP, CNN1,

LSTM, BINCTABL, DAIN, and TRANSLOB mentioned above, we also include 4 state-of-the-art

time series forecasting models.

• PatchTST. Nie et al. proposes PatchTST (Nie et al., 2022), a multivariate time series

forecasting model based on vanilla Transformer architecture. It has two major novelties.

First, it uses the same model to predict each variate of a multivariate time series model

independently, making it technically a univariate time series model. Second, to better

capture time series’ local pattern, it models the time series in patch-wise (each patch

includes multiple consecutive time steps) rather than timestep-wise.



250

• iTransformer. To better capture variate-centric information rather than only temporal

dimension, Liu et al. (2023) proposes iTransformer. It uses the vanilla transformer

components in a novel way where it first embeds each series of a multivariate time series

into a token and then applies attention across all the tokens representing different series.

• DLinear. Besides transformer-based models, linear models are also showing top perfor-

mance in time series forecasting. Zeng et al. (2023) questions Transformer architecture’s

capability to properly capture temporal correlations in time series data. They propose a

simple baseline architecture, DLinear. It is a one-layer linear model with a decomposition

component. It first decomposes the raw time series input into a trend component and

a seasonal component. Then, two separate one-layer linear layers are applied on these

two components. Lastly, two components sum up in to the final prediction. DLinear

outperformans most of the Transformer-based time series prediction model and achieve

top-tier time series forecasting performance.

• TimeMixer. Along the line of better modeling temporal correlations from the time series

data, Wang et al. (2024a) proposes TimeMixer. It is a linear-layer-based model. Its major

novelty is to first preprocess the raw input time series into multiple time series of different

resolutions by downsampling. Then, they mix pairs of time series of different resolutions

by adding one of the time series to a transformation of the other. The transformation

consists of two linear layers and an intermediate GELU activation function. Lastly, they

use a linear layer to regress from the mixed time series to produce the final prediction.

B.4.5. Hyperparameters

table B.11, table B.12, and table B.13 include the hyperparameters we use in MPTP and MPRF. For

Mid-Price Trend Prediction (MPTP), we adhere to the hyperparameters specified in the original

papers for the models. We apply a patience of 8 for MPTP on the FI dataset and a patience of 3 for

the CHF dataset. For Mid-Price Return Forecasting (MPRF), we perform a grid search for the batch
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size, including {32, 64, 128} and the learning rate, including {0.01, 0.001, 0.0001, 0.00001} on

horizon 5. We employ a patience of 15 for the FI dataset and a patience of 2 for the CHF dataset.

Table B.11. Hyperparameters for Mid-Price Trend Prediction on the FI-2010 Dataset.
Dashes mean the corresponding module does not exist in the model architecture.

FI

Model Learning Rate Optimizer Batch Size Epochs Dropout MLP Hidden RNN Hidden
LSTM 0.001 Adam 32 100 0 64 40
MLP 0.001 Adam 64 100 0.1 128 -
CNN1 0.0001 Adam 64 100 - 32 -
CTABL 0.01 Adam 256 200 0.1 - -
DAIN 0.0001 RMSprop 32 100 0.5 512 -
DEEPLOB 0.01 Adam 32 100 - - 64
CNNLSTM 0.001 RMSprop 32 100 0.1 32 32
CNN2 0.001 RMSprop 32 100 - 32 -
TRANSLOB 0.0001 Adam 32 150 0.1 64 -
TLONBoF 0.0001 Adam 128 100 0.5 512 -
BINCTABL 0.001 Adam 128 200 0.1 - -
DEEPLOBATT 0.001 Adam 32 100 - - 64
DLA 0.01 Adam 256 100 0.5 - 100

Table B.12. Hyperparameters for Mid-Price Trend Prediction on CHF-2023 Dataset

CHF

Model Learning Rate Optimizer Batch Size Epochs Dropout MLP Hidden RNN Hidden
LSTM 0.001 Adam 1024 100 0 64 40
MLP 0.001 Adam 2048 100 0.1 128 -
CNN1 0.0001 Adam 1024 100 - 32 -
CTABL 0.01 Adam 2048 200 0.1 - -
DAIN 0.0001 RMSprop 2048 100 0.5 512 -
DEEPLOB 0.01 Adam 1024 100 - - 64
CNNLSTM 0.001 RMSprop 2048 100 0.1 32 32
CNN2 0.001 RMSprop 1024 100 32 - -
TRANSLOB 0.001 Adam 2048 150 0.1 64 -
TLONBoF 0.0001 Adam 1024 100 0.5 512 -
BINCTABL 0.001 Adam 1024 200 0.1 - -
DEEPLOBATT 0.001 Adam 1024 100 - - 64
DLA 0.001 Adam 1024 100 0.5 - 100
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Table B.13. Hyperparameters for Mid-Price Return Forecasting on the FI-2010
Dataset

FI

Model Learning Rate Optimizer Batch Size Epochs Dropout MLP Hidden RNN Hidden Transformer Hidden

MLP 0.0001 Adam 32 50 0.1 128 - -

LSTM 0.01 Adam 64 50 0.2 64 32 -

CNN1 0.0001 Adam 32 50 - - 32 -

BINCTABL 0.0001 Adam 64 50 0.1 128 32 -

DAIN 0.0001 Adam 128 50 0.5 - - -

TRANSLOB 0.0001 Adam 128 50 0.1 64 - 60

PATCHTST 0.0001 Adam 128 50 0.3 - - 128

DLINEAR 0.0001 Adam 128 50 - - - -

ITRANSFORMER 0.0001 Adam 128 50 0.1 - - 512

TIMEMIXER 0.0001 Adam 128 50 0.1 16 - -

B.4.6. Additional MPRF Results on Multivariate Synthetic Datasets

To further demonstrate CVML’s ability to capture cross-variate correlation, we generate a synthetic

dataset and test CVML’s performance on it. Compared to real datasets with latent cross-variate

correlations such as FI-2010 and CHF-2023, the synthetic dataset has well-defined cross-variate

correlations specified in the data generation code. The synthetic dataset’s target is a synthetic

electricity price, the other variates are electricity load, electricity production and temperature.

We generate the data in a way that the temperature affects the electricity load (e.g. cold and hot

temperature increase the electricity load), the electricity load and the production affect the electricity

price (e.g. higher load increases the price and higher production lower the price).

B.4.6.1. Synthetic Time Series Data Generation. The synthetic dataset consists of multiple time

series components with complex relationships and non-linear interactions. The data generation

process follows a hierarchical structure where intermediate variables influence the final target

variable (electricity price). There are totally six varieties: electricity price, load, production,

temperature, supply margin, price volatility. These varieties have cross-variate correlations. For
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Table B.14. Time Series Model Performance with and without CVML on the
Synthetic Dataset using basic LOB features.

MSE (↓) Corr (↑) R2 (↑)
Model K=1 K=5 K=10 K=1 K=5 K=10 K=1 K=5 K=10

PatchTST-CVML 0.807 0.7538 0.7589 0.4298 0.485 0.48 0.1818 0.2346 0.2296
PatchTST 1.0508 1.0441 1.0382 0.3907 0.3915 0.3991 -0.0654 -0.0602 -0.054

DLinear-CVML 0.7825 0.7733 0.8743 0.4585 0.4639 0.3364 0.2067 0.2147 0.1124
DLinear 0.8861 0.8847 0.8868 0.3188 0.3209 0.3159 0.1016 0.1017 0.0997

iTransformer-CVML 0.8544 0.8183 0.8179 0.4011 0.4235 0.4317 0.1337 0.1691 0.1697
iTransformer 1.1667 1.161 1.1706 0.339 0.3627 0.3628 -0.1829 -0.1789 -0.1884

TimeMixer-CVML 0.7469 0.7704 0.7539 0.493 0.4693 0.4865 0.2427 0.2177 0.2347
TimeMixer 0.7622 0.7596 0.7781 0.4774 0.4782 0.4586 0.2272 0.2287 0.2101

example, an increasing load of electricity leads to an increasing electricity price. An increasing

production of electricity leads to a decreasing electricity price. When the temperature is too high or

too cold, the load will increase. We introduce the detailed generation process of each variate as

follows.

Temperature Generation: Let t ∈ {0, 1, ..., n − 1} represent the time index for n hourly

observations. The temperature time series Tt is generated as:

(B.4.1) Tt = 20 + 10 sin(seasonal cycle) + 5 sin(daily cycle) + ϵT + δH − δC

where:

• seasonal cycle = 2πt
24×365.25

• daily cycle = 2πt
24

• ϵT ∼ N (0, 22) represents random fluctuations

• δH ∼ Bernoulli(0.05)× 8 represents heat waves

• δC ∼ Bernoulli(0.05)× 8 represents cold snaps



254

Load Generation: The electricity load Lt is modeled as (including base load, daily pattern, AC

usage, heating, seasonal pattern, weekday effect, and a random noise):

Lt = 1000 + 200 sin(daily cycle) + 1501Tt>25 + 1001Tt<10

+ 100 sin(seasonal cycle) + 501weekday + ϵL

(B.4.2)

where ϵL ∼ N (0, 302) and 1 represents the indicator function.

Production Generation: The production capacity Pt is generated through multiple components:

(B.4.3) Pt = (1.1Lt + 100 sin(daily cycle) + ϵP )×Mt ×Ot

where:

• ϵP ∼ N (0, 302)

• Mt ∼ Categorical([1.0, 0.7], [0.9, 0.1]) represents maintenance periods

• Ot ∼ Categorical([1.0, 0.3], [0.98, 0.02]) represents outages

Electricity Price Generation (Target Variable): The final price Yt is generated through a

complex interaction of components:

Yt = ((50 + 0.08Lt − 0.04Pt + 0.7(Tt − 20)2

+ 15 sin(daily cycle) + 10 sin(seasonal cycle))

×Rt × St ×Dt + ϵY )

(B.4.4)

where:

• Rt ∼ Categorical([1.0, 1.5, 0.7], [0.7, 0.15, 0.15]) represents regime changes

• St represents price spikes triggered by conditions:

St =


∼ Categorical([1.0, 2.5], [0.7, 0.3]) if Ct = 1

1.0 otherwise
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where Ct = 1 if any of the following conditions are met:

– Lt/Pt > 0.9 (high demand relative to production)

– Tt > 30 (very hot weather)

– Tt < 0 (very cold weather)

– Pt/Pbase,t < 0.5 (significant production issues)

• Dt ∼ Categorical([1.0, 0.4], [0.97, 0.03]) represents sudden price drops

• ϵY ∼ N (0, (0.3× 100)2) represents price noise

Derived Features. Additional features are computed from the primary variables:

supply margint = Pt − Lt

Lt

price volatilityt = σ({Yt−23, ..., Yt})

where σ represents the rolling standard deviation over a 24-hour window.

As shown in table B.15, this synthetic time series dataset, although it was defined in a specific

domain (electricity) for better interpretability, includes generic patterns that could be found across

different domains of multivariate time series. Specifically, it includes the following patterns:

multiple seasonality (e.g. weekly/monthly sales cycles, weekday/weekend differences in web traffic),

non-linear relationships, temporary anomalies and recoveries (e.g. electricity outage), periods of

high volatility followed by calmer periods (e.g. viral content spread on social media), multi-factor

interactions (e.g. inventory-price-demand relationships in supply chain) and stochastic components

that mirror real-world randomness. CVML’s good performance on this synthetic dataset shows

meaningful values for the broader time series forecasting field.
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Table B.15. Time Series Model Performance with and without CVML on
the synthetic electricity price dataset. The % column indicates the percentage
improvement from adding CVML.

MSE (↓) Corr (↑) R2 (↑)
Model K=1 K=2 K=3 K=5 K=10 % K=1 K=2 K=3 K=5 K=10 % K=1 K=2 K=3 K=5 K=10 %

PatchTST-CVML 0.653 1.071 1.370 1.893 2.646 3.1 0.070 0.113 0.165 0.191 0.241 86.2 0.005 0.007 0.028 0.033 0.054 958.3PatchTST 0.654 1.077 1.406 1.949 2.795 0.081 0.082 0.079 0.092 0.085 0.003 0.002 0.002 0.004 0.001

DLinear-CVML 0.650 1.042 1.352 1.796 2.548 5.9 0.104 0.192 0.205 0.291 0.313 174.9 0.010 0.035 0.040 0.082 0.089 814.3DLinear 0.652 1.073 1.402 1.945 2.782 0.080 0.081 0.074 0.083 0.084 0.006 0.006 0.005 0.006 0.005

iTransformer-CVML 0.654 1.084 1.402 2.002 2.649 14.6 0.054 0.070 0.088 0.121 0.249 140.5 0.002 -0.005 0.005 -0.024 0.053 104.8iTransformer 0.683 1.183 1.582 2.279 3.401 0.045 0.045 0.033 0.063 0.056 -0.041 -0.096 -0.123 -0.165 -0.216

TimeMixer-CVML 0.642 1.033 1.329 1.807 2.494 4.6 0.160 0.221 0.257 0.298 0.353 61.1 0.022 0.043 0.056 0.076 0.109 194.2TimeMixer 0.657 1.075 1.394 1.888 2.643 0.083 0.110 0.135 0.201 0.271 -0.001 0.004 0.011 0.035 0.055

B.4.7. Additional MPTP results on Bitcoin Dataset

We conduct further MPTP benchmark experiments on a public Bitcoin LOB datasets 16. Our

conclusion from benchmarking on the FI and CHF datasets is still valid on the crypto dataset,

which is that there is limited generalizability of current LOB model architectures and the underlying

characteristics of LOB data from different assets are different. As shown in table B.16, the ranking

of the LOB model performance is also different from the one on the FI-2010 dataset and CHF-2023

dataset.

B.4.8. Full MPTP Results on Different Feature Sets

table B.17 and table B.18 include the full results for LOB models on the MPTP task on the basic

feature set and the basic+time insensitive feature set. They support fig. 3.13.

B.4.9. Computational Resources

For all the experiments, we use a computation cluster with 1 node of 8 Nvidia A100 GPUs and 3

nodes of 8 Nvidia 2080Ti GPUs. The RAM is 1TB per node and there are 96 CPU cores per node.

16https://www.kaggle.com/datasets/siavashraz/bitcoin%2Dperpetualbtcusdtp%2Dlimit%2Dorder%
2Dbook%2Ddata/data

https://www.kaggle.com/datasets/siavashraz/bitcoin%2Dperpetualbtcusdtp%2Dlimit%2Dorder%2Dbook%2Ddata/data
https://www.kaggle.com/datasets/siavashraz/bitcoin%2Dperpetualbtcusdtp%2Dlimit%2Dorder%2Dbook%2Ddata/data
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Table B.16. Mid-price Trend Prediction F1 Scores (Mean&Standard Deviation)
on Basic LOB data + time-insensitive features + time-sensitive features. We
provide the F1 scores on mid-price trend predictions across horizons {1,2,3,5,10}
on for the Bitcoin LOB dataset. The model performance ranking is not consistent
with that on the FI-2010 and CHF-2023 datasets , further confirming that models’
prediction power for one asset is not automatically transferable to another asset.

Model K=1 K=2 K=3 K=5 K=10 avg

MLP 92.4 (0.2) 93.2 (0.1) 93.8 (0.1) 94.3 (0.1) 95.3 (0.0) 93.8
LSTM 86.2 (2.8) 94.7 (0.2) 95.2 (0.5) 96.3 (0.1) 97.2 (0.1) 94.0
CNN1 94.5 (0.7) 96.3 (0.2) 96.9 (0.2) 96.9 (0.1) 97.7 (0.1) 96.5
CTABL 53.9 (0.2) 64.3 (0.0) 72.1 (0.2) 80.9 (0.2) 92.3 (0.2) 72.7
DeepLOB 97.9 (0.1) 98.4 (0.0) 98.5 (0.1) 98.1 (0.0) 98.3 (0.0) 98.3
DAIN 34.7 (0.3) 53.3 (0.4) 66.9 (0.6) 79.8 (0.1) 87.1 (0.1) 64.4
CNN-LSTM 97.2 (0.1) 97.7 (0.2) 97.9 (0.1) 97.7 (0.1) 98.1 (0.0) 97.7
CNN2 97.1 (0.1) 98.1 (0.0) 98.2 (0.1) 97.9 (0.1) 98.1 (0.0) 97.9
TransLOB 95.9 (0.8) 98.2 (0.2) 98.3 (0.2) 98.0 (0.2) 98.4 (0.1) 97.8
TLONBOF 56.5 (1.0) 70.0 (0.9) 78.1 (0.7) 88.2 (0.3) 94.8 (0.1) 77.5
BinCTABL 50.5 (0.4) 60.3 (0.5) 65.1 (1.7) 73.1 (0.2) 90.4 (0.4) 67.9
DeepLOBAtt 97.6 (0.2) 98.1 (0.5) 98.7 (0.2) 98.4 (0.1) 98.5 (0.1) 98.3
DLA 57.1 (2.0) 69.2 (0.3) 74.4 (0.4) 81.0 (0.2) 89.0 (0.2) 74.2

avg 77.8 84.0 87.2 90.8 95.0 87.0

Table B.17. Mid-price Trend Prediction F1 Scores (Mean&Standard Deviation)
on Basic LOB data. 13 models relevant in the literature are benchmarked to compare
their F1 scores on across horizons {1,2,3,5,10} on the basic LOB feature set of the
FI-2010 and CHF-2023 datasets. For each horizon, the best model is bolded, and the
next best model is underlined.

FI-2010 CHF-2023

Model K=1 K=2 K=3 K=5 K=10 K=1 K=2 K=3 K=5 K=10

MLP 35.014 (4.545) 42.242 (2.038) 46.759 (0.918) 46.061 (0.904) 47.210 (2.887) 38.788 (1.487) 44.328 (0.760) 45.958 (0.518) 45.650 (0.210) 37.952 (1.522)
LSTM 64.809 (1.377) 57.882 (0.613) 65.205 (0.198) 66.898 (0.747) 58.850 (0.926) 47.280 (0.459) 49.762 (0.210) 50.710 (0.265) 48.411 (0.202) 43.972 (0.522)
CNN1 27.608 (0.000) 30.815 (0.096) 54.783 (4.891) 62.882 (0.828) 63.955 (0.705) 42.357 (1.899) 47.936 (0.912) 49.203 (0.587) 47.676 (0.390) 43.661 (1.056)
CTABL 67.353 (0.585) 60.531 (0.213) 66.186 (0.198) 70.736 (0.367) 71.244 (1.092) 43.902 (2.157) 45.986 (0.675) 46.429 (1.193) 46.432 (0.417) 43.867 (0.879)
DEEPLOB 70.018 (1.160) 62.357 (0.577) 70.403 (1.010) 75.924 (0.089) 77.551 (0.285) 45.926 (2.140) 48.324 (1.646) 49.166 (1.854) 47.465 (1.230) 41.233 (1.290)
DAIN 79.767 (0.050) 70.202 (0.110) 79.851 (0.036) 87.041 (0.029) 91.816 (0.075) 45.130 (0.759) 49.014 (0.274) 49.290 (0.211) 46.928 (0.211) 40.445 (0.529)
CNNLSTM 27.620 (0.000) 29.656 (1.210) 34.060 (2.43) 44.248 (10.898) 54.872 (6.768) 45.067 (3.705) 47.342 (1.175) 48.556 (2.505) 47.740 (1.173) 46.209 (0.198)
CNN2 27.620 (0.000) 27.914 (1.978) 33.315 (1.909) 50.086 (11.537) 61.930 (5.501) 42.357 (1.899) 47.936 (0.912) 49.203 (0.587) 47.676 (0.390) 43.661 (1.056)
TRANSLOB 51.020 (12.632) 40.976 (8.987) 50.876 (10.709) 60.748 (1.541) 59.715 (0.859) 49.189 (1.454) 50.379 (0.618) 50.739 (0.323) 48.690 (0.426) 45.931 (0.273)
TLONBoF 37.549 (1.759) 40.181 (3.560) 41.551 (2.348) 48.991 (1.371) 60.702 (6.665) 43.961 (1.370) 45.935 (0.839) 46.556 (0.382) 45.935 (0.970) 43.544 (1.084)
BINCTABL 80.985 (0.055) 71.168 (0.371) 80.734 (0.044) 87.553 (0.037) 92.074 (0.042) 44.800 (0.608) 46.041 (0.647) 46.063 (0.479) 45.759 (0.182) 44.124 (0.263)
DEEPLOBATT 69.435 (0.011) 62.936 (0.015) 59.100 (0.203) 73.083 (0.007) 77.028 (0.020) 47.955 (1.213) 50.176 (0.993) 50.744 (0.332) 49.104 (0.231) 43.938 (1.4981)
DLA 76.410 (0.028) 65.966 (0.012) 77.858 (0.006) 85.713 (0.005) 51.617 (0.010) 44.136 (5.060) 48.060 (3.583) 47.797 (3.055) 46.992 (0.337) 38.347 (1.026)

Mean 55.016 58.290 65.311 69.695 72.525 46.660 48.685 49.246 47.398 43.357

B.4.10. Full CVML Results on MPRF

table B.19 includes the full mean and standard deviation results for the time series models using

CVML. table B.20 contains ablation results on CVML using its two ablated variants, CVML-abla1
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Table B.18. Mid-price Trend Prediction F1 Scores (Mean&Standard Deviation)
on Basic LOB data + time-insensitive features. The F1 scores across horizons
{1,2,3,5,10} for the FI-2010 and CHF-2023 datasets on the basic LOB + time-
insensitive feature set of the FI-2010 and CHF-2023 datasets. For each horizon, the
best model is bolded, and the next best model is underlined.

FI-2010 CHF-2023

Model K=1 K=2 K=3 K=5 K=10 K=1 K=2 K=3 K=5 K=10

MLP 45.849 (1.995) 44.475 (1.324) 47.855 (0.570) 44.487 (1.209) 49.629 (0.564) 40.343 (1.641) 44.818 (2.101) 45.975 (0.924) 45.336 (0.712) 37.242 (0.679)
LSTM 74.261 (0.051) 65.072 (0.223) 72.295 (0.579) 76.537 (1.496) 60.141 (1.992) 48.779 (0.556) 50.464 (0.495) 51.178 (0.154) 48.805 (0.108) 45.511 (1.654)
CNN1 60.554 (13.194) 61.928 (0.308) 70.664 (0.174) 77.906 (0.520) 80.107 (1.099) 47.367 (1.303) 49.236 (0.847) 50.400 (0.461) 48.316 (0.376) 44.365 (1.459)
CTABL 77.336 (0.107) 68.265 (0.483) 76.910 (0.217) 82.573 (0.388) 84.356 (0.203) 44.012 (2.707) 46.187 (1.791) 45.916 (0.567) 45.667 (0.490) 43.930 (0.634)
DEEPLOB 79.047 (0.075) 69.773 (0.216) 78.797 (0.087) 85.249 (0.090 88.471 (0.177) 46.316 (2.756) 47.581 (1.547) 49.692 (1.162) 47.435 (1.381) 41.116 (2.251)
DAIN 79.935 (0.028) 80.190 (0.102) 79.905 (0.072) 87.151 (0.022) 92.222 (0.024) 45.773 (0.391) 48.475 (0.214) 48.607 (0.281) 46.767 (0.231) 41.913 (1.216)
CNNLSTM 38.279 (12.537) 36.006 (1.015) 36.181 (0.456) 36.845 (0.342) 76.312 (1.819) 44.696 (0.908) 48.517 (0.877) 49.729 (0.439) 47.392 (0.448) 45.782 (0.610)
CNN2 28.558 (0.666) 33.529 (1.818) 36.469 (0.541) 39.401 (2.606) 66.267 (7.428) 45.365 (1.145) 48.162 (0.672) 49.027 (0.372) 46.843 (1.082) 44.855 (0.766)
TRANSLOB 69.436 (5.014) 59.600 (3.084) 70.478 (0.758) 75.294 (2.101) 71.545 (6.861) 51.213(0.655) 52.294 (0.202) 51.752 (0.293) 48.984 (0.269) 46.418 (0.540)
TLONBoF 43.105 (8.616) 40.792 (1.035) 51.367 (1.609) 59.992 (3.051) 65.607 (3.224) 49.888 (0.896) 49.506 (0.680) 49.426 (0.288) 47.120 (0.375) 44.761 (0.195)
BINCTABL 81.024 (0.034) 71.547 (0.265) 80.896 (0.016) 87.849 (0.055) 92.541 (0.081) 46.309 (1.214) 46.844 (0.981) 47.218 (1.409) 46.388 (0.567) 44.313 (0.295)
DEEPLOBATT 75.652 (0.013) 58.878 (0.111) 68.990 (0.103) 67.337 (0.119) 56.923 (0.034) 48.388 (0.578) 50.737 (0.260) 51.192 (0.567) 49.229 (0.214) 43.939 (0.886)
DLA 77.143 (0.004) 67.721 (0.007) 78.241 (0.002) 85.417 (0.002) 58.703 (0.005) 48.128 (0.516) 50.080 (0.309) 50.092 (0.398) 47.888 (0.734) 39.499 (0.818)

Mean 63.860 58.290 65.311 69.695 72.525 46.660 48.685 49.254 47.398 43.357

and CVML-abla2. CVML-abla1 focuses exclusively on cross-variate correlations ang ignores

temporal relationships by performing convolution with a kernel size of 1. CVML-abla2 uses

depthwise convolution. We set the number of groups in the convolution equal to the number of

input channels, which allows the model to focus exclusively on temporal correlations and ignore

cross-variate correlations. The results demonstrate how these ablated versions compare to the

original CVML design, highlighting the architecture’s dual-correlation approach and its impact on

model performance.
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Table B.19. Full MPRF Results for table 3.12 with Mean and Std on Basic LOB
data with CVML

Model Metric K=1 K=2 K=3 K=5 K=10

PatchTST

MSE 0.653 (0.004) 1.071 (0.016) 1.370 (0.024) 1.893 (0.043) 2.646 (0.018)

Corr 0.070 (0.036) 0.113 (0.037) 0.165 (0.061) 0.191 (0.045) 0.241 (0.011)

R2 0.005 (0.005) 0.007 (0.015) 0.028 (0.017) 0.033 (0.022) 0.054 (0.007)

DLinear

MSE 0.650 (0.003) 1.042 (0.004) 1.352 (0.011) 1.796 (0.008) 2.548 (0.028)

Corr 0.104 (0.021) 0.192 (0.011) 0.205 (0.021) 0.291 (0.007) 0.313 (0.024)

R2 0.010 (0.004) 0.035 (0.004) 0.040 (0.007) 0.082 (0.004) 0.089 (0.010)

iTransformer

MSE 0.654 (0.002) 1.084 (0.014) 1.402 (0.007) 2.002 (0.046) 2.649 (0.014)

Corr 0.054 (0.039) 0.070 (0.007) 0.088 (0.014) 0.121 (0.027) 0.249 (0.018)

R2 0.002 (0.024) -0.005 (0.013) 0.005 (0.005) -0.024 (0.024) 0.053 (0.005)

TimeMixer

MSE 0.642 (0.004) 1.033 (0.006) 1.329 (0.007) 1.807 (0.029) 2.494 (0.056)

Corr 0.160 (0.009) 0.221 (0.009) 0.257 (0.007) 0.298 (0.009) 0.353 (0.008)

R2 0.022 (0.006) 0.043 (0.005) 0.056 (0.005) 0.076 (0.015) 0.109 (0.020)
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Table B.20. MPRF Results on Ablated CVMLs. The comparison to CVML’s
results in table 3.12 demonstrates CVML’s ability to capture cross-variate correlations
and temporal correlations.

CVML-abla1 (Cross-variate) CVML-abla2 (Temporal)

Model Metric K=1 K=2 K=3 K=5 K=10 K=1 K=2 K=3 K=5 K=10

PatchTST

MSE 0.6565 1.1168 1.3936 1.9292 2.7402 0.6531 1.0763 1.4063 1.9501 2.7983

Corr 0.0102 0.0572 0.1080 0.1204 0.1443 0.0826 0.0813 0.0784 0.0909 0.0835

R2 -0.0005 -0.0349 0.0107 0.0138 0.0206 0.0046 0.0026 0.0016 0.0031 -0.0002

DLinear

MSE 0.6501 1.0681 1.3680 1.842 0.25945 0.6526 1.0727 1.4016 1.9446 2.7819

Corr 0.0789 0.1031 0.1750 0.243 0.2710 0.0773 0.0810 0.0744 0.0814 0.0860

R2 0.009 0.0102 0.0288 0.0283 0.0726 0.0055 0.0060 0.0048 0.0059 0.0057

iTransformer

MSE 0.7341 1.272 1.488 1.9398 3.1331 0.6967 1.1605 1.5865 2.2183 3.4300

Corr 0.0372 0.061 0.069 0.1178 0.1000 0.0368 0.0460 0.0280 0.0646 0.0517

R2 -0.1188 -0.179 -0.056 0.0084 -0.1199 -0.0617 -0.0754 -0.1263 -0.1340 -0.2260

TimeMixer

MSE 0.637 1.038 1.329 1.806 2.508 0.6558 1.0791 1.4006 1.9031 2.6729

Corr 0.180 0.2142 0.257 0.296 0.342 0.0837 0.1047 0.1186 0.2114 0.2617

R2 0.030 0.039 0.057 0.077 0.104 0.0006 0.0000 0.0271 0.0271 0.0446

B.4.11. More Details of Experiments on Using Different Values for Alpha

For trend prediction, understanding the impact of the threshold parameter α on the classification of

financial data into Up, Down, or Stationary categories is essential. We start by setting α = 0.00002

for the CHF dataset, matching the parameters used in the FI-2010 study for direct comparison. We

then experiment with different values of α, specifically α = 0.00001 and α = 0.00004, to see how

changes in this threshold affect the trend prediction model. These tests reveal clear patterns, which

we display in Figures B.18, B.19, and B.20.

As α increases, fewer price movements qualify as Up or Down, and more get the Stationary

label. This happens because a higher α demands a larger price change to classify movements as
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Up or Down. In contrast, a lower α lets even small price changes trigger a change from Stationary.

Adjusting α thus allows us to fine-tune the model’s sensitivity to price movements, tailoring it to

specific financial datasets or desired sensitivity levels.

Figure B.18. Label Percentage with α = 0.00001. 1.0: Up, 2.0: Stationary, 3.0:
Down
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Figure B.19. Label Percentage with α = 0.00002. 1.0: Up, 2.0: Stationary, 3.0:
Down

Figure B.20. Label Percentage with α = 0.00004. 1.0: Up, 2.0: Stationary, 3.0:
Down
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Table B.21. Mid-price Trend Prediction F1 Scores on Basic LOB data features
for alpha=0.00004.

CHF-2023

Model K=1 K=2 K=3 K=5 K=10

MLP 42.179 42.623 44.683 43.670 39.676
LSTM 50.533 49.607 45.793 47.074 44.035
CNN1 44.180 47.410 44.294 44.485 43.375
CTABL 40.567 40.847 40.301 41.336 39.884
DEEPLOB 49.497 47.882 46.313 46.244 43.379
DAIN 46.920 44.002 44.659 46.027 41.730
CNNLSTM 48.993 47.387 46.308 46.046 43.793
CNN2 47.072 47.272 45.851 45.195 44.296
TRANSLOB 47.431 44.890 45.193 44.260 43.675
TLONBoF 41.419 42.129 40.742 41.930 40.319
BiN-CTABL 44.335 42.938 42.707 42.020 40.013
DEEPLOBATT 49.245 48.819 46.836 47.283 44.575
DLA 47.439 47.194 42.998 44.598 44.183

Mean 46.139 45.615 44.437 44.628 42.533

B.4.12. Experiments on Using Different Number of Levels of the LOB Data

This section investigates how varying the number of levels in the Limit Order Book (LOB) data

impacts model performance. Limit Order Books record buying and selling interest at various

price levels and are essential for understanding market dynamics. We conduct experiments using

Basic LOB data with the number of levels set to 2, 5, and 10. These experiments cover both trend

prediction and return forecasting tasks, providing insights into the optimal level of detail needed for

effective modeling.
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Table B.22. Mid-price Trend Prediction F1 Scores on Basic LOB data features
for alpha=0.00001.

CHF-2023

Model K=1 K=2 K=3 K=5 K=10

MLP 37.160 43.472 46.296 45.630 35.976
LSTM 47.929 48.284 50.695 50.484 43.474
CNN1 37.980 47.830 49.090 48.806 41.873
CTABL 45.024 45.697 47.326 44.944 44.788
DEEPLOB 48.541 47.775 50.258 47.477 38.535
DAIN 46.037 49.413 49.427 46.764 40.413
CNNLSTM 46.630 48.118 50.219 48.151 46.529
CNN2 45.833 49.907 50.226 50.272 44.971
TRANSLOB 50.066 50.895 50.824 49.692 46.628
TLONBoF 44.520 47.214 46.323 46.934 44.268
BiN-CTABL 44.151 44.391 45.379 45.584 44.094
DEEPLOBATT 46.917 49.485 50.723 49.926 44.128
DLA 47.439 49.996 50.136 47.377 36.444

Mean 45.248 47.883 48.994 47.849 42.471
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Table B.23. Mid-price Trend Prediction F1 Scores on 2 Levels of LOB Data.

FI-2010 CHF-2023

Model K=1 K=2 K=3 K=5 K=10 K=1 K=2 K=3 K=5 K=10

MLP 50.129 47.427 51.967 54.914 52.135 39.284 43.894 47.373 45.938 39.194

LSTM 63.049 56.332 62.413 64.816 62.992 45.546 49.411 50.455 48.496 44.446

CNN1 27.607 54.638 59.043 62.135 63.582 41.827 46.37 49.585 46.486 44.066

CTABL 62.837 57.618 62.278 64.526 66.870 42.843 45.12 46.767 46.201 43.261

DEEPLOB 62.860 56.910 63.237 66.150 69.092 42.716 47.772 48.706 47.88 41.84

DAIN 80.240 70.604 80.171 87.300 91.944 42.421 48.569 49.276 46.43 40.659

CNNLSTM 27.620 38.466 37.521 55.728 63.487 43.736 46.467 49.513 47.546 45.443

CNN2 32.536 51.300 59.027 64.464 63.577 40.458 47.429 47.416 48.031 46.229

TRANSLOB 59.367 53.775 58.834 59.119 59.647 49.064 50.553 50.659 48.375 46.35

TLONBoF 41.306 38.593 61.975 64.761 62.018 44.182 45.799 46.48 46.306 43.447

BiN-CTABL 81.001 71.754 80.762 87.453 92.070 44.27 44.04 45.977 46.177 43.517

DEEPLOBATT 63.553 58.110 64.063 67.241 66.445 46.533 48.812 49.591 48.163 41.297

DLA 79.689 70.186 80.426 87.467 52.417 45.275 49.681 49.407 47.184 38.708

Mean 56.292 55.824 63.209 68.160 66.636 43.704 47.225 48.570 47.155 42.958
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Table B.24. Mid-price Trend Prediction F1 Scores on 5 Levels of LOB Data.

FI-2010 CHF-2023

Model K=1 K=2 K=3 K=5 K=10 K=1 K=2 K=3 K=5 K=10

MLP 52.794 40.386 48.657 52.382 49.696 39.506 45.029 45.268 45.681 40.506

LSTM 67.331 58.830 65.323 67.757 63.964 47.494 49.760 51.036 48.519 44.913

CNN1 27.608 41.759 60.526 62.797 66.061 44.615 49.182 49.903 48.000 45.299

CTABL 66.114 58.894 66.118 71.151 70.679 39.754 45.039 46.313 45.650 43.467

DEEPLOB 69.551 61.271 69.204 73.892 75.685 47.815 45.593 45.579 45.070 38.657

DAIN 79.949 70.409 80.017 87.202 91.902 44.611 48.540 48.874 46.530 39.390

CNNLSTM 27.620 33.814 46.195 58.340 58.298 37.710 45.054 43.430 45.737 46.422

CNN2 27.620 30.295 38.296 62.642 67.814 47.251 48.248 50.136 47.565 43.717

TRANSLOB 61.506 53.964 59.260 60.364 61.561 46.320 49.216 50.823 47.853 45.845

TLONBoF 38.524 38.180 36.624 66.409 64.650 44.738 47.358 46.801 46.336 44.310

BiN-CTABL 81.049 71.030 80.737 87.563 92.041 45.134 46.116 45.965 45.781 44.234

DEEPLOBATT 67.191 63.967 67.897 74.033 75.205 46.818 48.918 50.525 48.729 46.580

DLA 80.214 69.412 80.224 87.092 54.495 34.711 41.011 41.816 46.870 36.906

Mean 57.467 53.247 61.468 70.125 68.619 43.498 46.851 47.386 46.794 43.014
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Table B.25. Mid-price Trend Prediction F1 Scores on 10 Levels of LOB Data.

FI-2010 CHF-2023

Model K=1 K=2 K=3 K=5 K=10 K=1 K=2 K=3 K=5 K=10

MLP 48.934 44.339 46.866 50.816 53.545 N/A N/A N/A N/A N/A

LSTM 66.601 58.858 65.400 67.607 59.442 N/A N/A N/A N/A N/A

CNN1 60.262 56.685 62.396 65.374 66.932 N/A N/A N/A N/A N/A

CTABL 69.677 63.095 69.761 74.298 74.625 N/A N/A N/A N/A N/A

DEEPLOB 71.415 62.300 70.862 75.947 77.880 N/A N/A N/A N/A N/A

DAIN 79.866 70.224 79.785 87.034 91.758 N/A N/A N/A N/A N/A

CNNLSTM 64.611 54.301 62.427 65.801 66.689 N/A N/A N/A N/A N/A

CNN2 61.623 50.089 59.730 62.955 61.092 N/A N/A N/A N/A N/A

TRANSLOB 61.120 54.331 60.015 62.266 60.777 N/A N/A N/A N/A N/A

TLONBoF 57.320 51.144 56.688 65.032 65.900 N/A N/A N/A N/A N/A

BiN-CTABL 81.042 71.372 80.761 87.587 92.078 N/A N/A N/A N/A N/A

DEEPLOBATT 69.302 64.018 66.629 72.033 71.523 N/A N/A N/A N/A N/A

DLA 79.932 70.259 79.883 86.778 51.224 N/A N/A N/A N/A N/A

Mean 64.818 57.239 64.175 68.775 66.252 N/A N/A N/A N/A N/A

B.4.12.1. Mid-price Trend Prediction.

B.4.12.2. Mid-price Return Forecasting.

B.4.13. Training Epochs of Models

In all the experiments, we use the early stopping strategy. The following table shows the actual

number of training epochs that each model was trained for before triggering the early stopping

condition.
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Table B.26. Mid-price Return Forecasting on 2 Levels of LOB data.

FI-2010 CHF-2023

Model Metric K=1 K=2 K=3 K=5 K=10 K=1 K=2 K=3 K=5 K=10

MLP
MSE 0.655 1.073 1.396 1.932 2.751 0.217 0.218 0.219 0.141 0.371
Corr 0.058 0.084 0.095 0.113 0.136 0.000 0.000 0.000 0.000 0.000
R2 0.002 0.005 0.008 0.012 0.017 0.000 0.000 0.000 0.000 0.000

LSTM
MSE 0.653 1.071 1.393 1.927 2.743 0.216 0.218 0.219 0.141 0.371
Corr 0.069 0.091 0.104 0.121 0.142 0.010 0.011 0.011 0.013 0.008
R2 0.005 0.008 0.0105 0.014 0.019 0.000 0.000 0.000 0.000 0.000

CNN1
MSE 0.654 1.071 1.394 1.930 2.747 0.216 0.218 0.219 0.141 0.371
Corr 0.065 0.089 0.101 0.115 0.138 0.000 -0.001 0.001 0.000 0.000
R2 0.003 0.006 0.009 0.013 0.018 0.000 0.000 0.000 0.000 0.000

CNNLSTM
MSE 0.655 1.074 1.400 1.940 2.768 0.217 0.218 0.219 0.141 0.371
Corr 0.051 0.069 0.078 0.094 0.114 0.000 0.000 0.000 0.000 0.000
R2 0.002 0.004 0.005 0.008 0.011 0.000 0.000 0.000 0.000 0.000

CNN2
MSE 0.657 1.080 1.409 1.961 2.794 0.216 0.218 0.219 0.141 0.371
Corr 0.024 0.060 0.067 0.079 0.098 0.000 0.000 0.000 0.000 0.000
R2 -0.002 -0.001 -0.001 -0.003 0.002 0.000 0.000 0.000 0.000 0.000

PatchTST
MSE 0.659 1.086 1.421 1.979 2.841 0.219 0.217 0.220 0.142 0.371
Corr 0.069 0.078 0.078 0.084 0.086 0.000 0.000 0.000 0.000 0.000
R2 -0.004 -0.006 -0.009 -0.012 -0.015 -0.052 -0.055 -0.035 -0.002 0.007

DLinear
MSE 0.695 1.136 1.478 2.038 2.892 0.226 0.216 0.227 0.142 0.371
Corr 0.026 0.024 0.024 0.034 0.042 0.000 0.000 0.000 0.000 0.000
R2 -0.058 -0.052 -0.049 -0.042 -0.034 -0.043 0.000 -0.036 -0.013 -0.002

iTransformer
MSE 0.699 1.164 1.525 2.116 3.054 0.217 0.218 0.219 0.142 0.371
Corr 0.039 0.038 0.041 0.059 0.071 0.000 0.000 0.000 0.000 0.000
R2 -0.065 -0.078 -0.083 -0.082 -0.092 -0.085 -0.089 -0.066 -0.074 -0.075

TimeMixer
MSE 0.671 1.099 1.435 1.983 2.827 0.218 0.219 0.220 0.141 0.371
Corr 0.033 0.045 0.049 0.064 0.077 0.001 0.001 0.001 0.001 0.001
R2 -0.021 -0.018 -0.019 -0.014 -0.011 -0.006 -0.005 -0.005 -0.003 -0.002

B.5. Hopformer: Homogeneity-Pursuit Transformer for Time Series Forecasting

B.5.1. Appendix / supplemental material

B.5.1.1. Proof of Theorem 3.5.1.
Lemma B.5.1 ((Leung and Barron, 2006)). Let M be a finite set of candidate models with |M |

denoting its cardinality. For each model m ∈ M , define r̂m = E∥ĝm − η∥2 as the empirical risk

estimate of model m.
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Table B.27. Mid-price Return Forecasting on 5 Levels of LOB data.

FI-2010 CHF-2023

Model Metric K=1 K=2 K=3 K=5 K=10 K=1 K=2 K=3 K=5 K=10

MLP
MSE 0.658 1.075 1.398 1.933 2.749 0.216 0.217 0.218 0.140 0.370
Corr 0.062 0.073 0.087 0.114 0.143 0.045 0.076 0.057 0.081 0.066
R2 -0.003 0.003 0.006 0.011 0.017 0.001 0.006 0.003 0.006 0.004

LSTM
MSE 0.654 1.072 1.395 1.930 2.745 2.747 0.218 0.219 0.141 0.371
Corr 0.064 0.086 0.099 0.118 0.140 0.011 0.005 0.012 0.014 0.008
R2 0.003 0.006 0.009 0.012 0.018 0.000 -0.000 0.000 0.000 0.000

CNN1
MSE 0.653 1.071 1.393 1.928 2.742 0.217 0.220 0.220 0.136 0.364
Corr 0.067 0.089 0.105 0.121 0.145 0.068 0.056 0.076 0.191 0.136
R2 0.004 0.007 0.010 0.0142 0.0204 - 0.002 -0.008 -0.002 0.036 0.018

CNNLSTM
MSE 0.656 1.078 1.406 1.949 2.766 2.788 0.218 0.219 0.141 0.371
Corr 0.042 0.061 0.071 0.093 0.121 -0.000 0.000 0.000 0.002 0.001
R2 0.000 0.001 0.001 0.003 0.004 -0.000 0.000 -0.000 0.000 -0.000

CNN2
MSE 0.658 1.079 1.406 1.950 2.777 0.217 0.218 0.219 0.141 0.371
Corr 0.041 0.069 0.083 0.096 0.119 0.011 0.011 0.011 0.014 0.008
R2 -0.003 3.797 0.001 0.002 0.007 0.000 0.000 0.000 0.000 0.000

PatchTST
MSE 0.659 1.086 1.421 1.979 2.841 0.306 0.310 0.293 0.185 0.490
Corr 0.070 0.077 0.078 0.084 0.086 0.000 0.000 0.000 -0.001 0.000
R2 -0.004 -0.006 -0.009 -0.012 -0.016 -0.415 -0.423 -0.335 -0.311 -0.320

DLinear
MSE 0.702 1.1412 1.488 2.058 2.926 0.288 0.289 0.289 0.183 0.466
Corr 0.021 0.027 0.028 0.031 0.036 0.000 0.000 0.000 0.000 0.000
R2 -0.07 -0.057 -0.057 -0.052 -0.046 -0.330 -0.322 -0.317 -0.296 -0.255

iTransformer
MSE 0.696 1.157 1.426 2.124 3.026 0.224 0.223 0.221 0.144 0.386
Corr 0.040 0.043 0.044 0.058 0.072 0.000 0.000 0.000 -0.001 -0.001
R2 -0.060 -0.072 -0.069 -0.086 -0.082 -0.0362 -0.020 -0.010 -0.020 -0.041

TimeMixer
MSE 0.677 1.099 1.432 1.983 2.823 0.284 0.294 0.265 0.179 0.490
Corr 0.030 0.050 0.056 0.065 0.081 0.000 0.000 0.000 0.000 0.000
R2 -0.032 -0.018 -0.016 -0.014 -0.009 -0.311 -0.346 -0.208 -0.260 -0.320

Define the aggregation weights wm are given by:

(B.5.1) wm = πm exp(−r̂m/4)∑
m′∈M πm′ exp(−r̂m′/4) ,

where πm = exp(−Cm) satisfying
∑

m∈M πm ⩽ 1 with Cm denote complexity penalty term

associated with model m.
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Table B.28. Mid-price Return Forecasting on 10 Levels of LOB data.

FI-2010 CHF-2023

Model Metric K=1 K=2 K=3 K=5 K=10 K=1 K=2 K=3 K=5 K=10

MLP
MSE 0.645 1.055 1.378 1.904 2.723 N/A N/A N/A N/A N/A
Corr 0.170 0.181 0.177 0.187 0.177 N/A N/A N/A N/A N/A
R2 0.018 0.023 0.021 0.026 0.027 N/A N/A N/A N/A N/A

LSTM
MSE 0.639 1.042 1.349 1.885 2.745 N/A N/A N/A N/A N/A
Corr 0.205 0.218 0.219 0.199 0.181 N/A N/A N/A N/A N/A
R2 0.042 0.048 0.048 0.039 0.032 N/A N/A N/A N/A N/A

CNN1
MSE 0.631 1.034 1.350 1.891 2.716 N/A N/A N/A N/A N/A
Corr 0.226 0.219 0.214 0.198 0.190 N/A N/A N/A N/A N/A
R2 0.051 0.048 0.046 0.039 0.036 N/A N/A N/A N/A N/A

CNNLSTM
MSE 0.659 1.044 1.351 1.910 2.766 N/A N/A N/A N/A N/A
Corr 0.159 0.204 0.217 0.196 0.171 N/A N/A N/A N/A N/A
R2 0.051 0.048 0.046 0.039 0.036 N/A N/A N/A N/A N/A

CNN2
MSE 0.620 1.026 1.345 1.943 2.797 N/A N/A N/A N/A N/A
Corr 0.239 0.222 0.229 0.181 0.112 N/A N/A N/A N/A N/A
R2 0.056 0.049 0.045 0.007 0.001 N/A N/A N/A N/A N/A

PatchTST
MSE 0.662 1.088 1.419 1.968 2.831 N/A N/A N/A N/A N/A
Corr -0.061 -0.060 0.087 -0.053 0.077 N/A N/A N/A N/A N/A
R2 -0.054 -0.058 -0.015 -0.067 -0.037 N/A N/A N/A N/A N/A

DLinear
MSE 0.655 1.077 1.404 1.952 2.802 N/A N/A N/A N/A N/A
Corr 0.054 0.059 0.056 0.052 0.042 N/A N/A N/A N/A N/A
R2 0.003 0.002 0.003 0.002 0.001 N/A N/A N/A N/A N/A

iTransformer
MSE 0.658 1.087 1.426 1.985 2.857 N/A N/A N/A N/A N/A
Corr 0.074 0.076 0.063 0.086 0.081 N/A N/A N/A N/A N/A
R2 -0.002 -0.007 -0.013 -0.023 -0.021 N/A N/A N/A N/A N/A

TimeMixer
MSE 0.660 1.081 1.410 1.937 2.735 N/A N/A N/A N/A N/A
Corr 0.060 0.077 0.086 0.119 0.161 N/A N/A N/A N/A N/A
R2 -0.005 -0.002 -0.001 0.010 0.023 N/A N/A N/A N/A N/A

Then, the unbiased risk estimate for µ̂ satisfies:

(B.5.2) r̂ =
∑

m∈M

wmr̂m < min
m∈M
{r̂m + 4Cm}
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Table B.29. Average Training Epochs for Mid-price Trend Prediction for Basic
LOB features.

FI-2010 CHF-2023

Model K=1 K=2 K=3 K=5 K=10 K=1 K=2 K=3 K=5 K=10

MLP 1.3 5.0 4.7 3.3 3.3 4.0 5.8 3.2 3.8 3.2
LSTM 8.0 6.0 8.3 12.7 10 5.4 4.6 4.2 3.4 3.6
CNN1 1.0 1.0 8.7 13.3 11 5.4 6 5 4.4 3.0
CTABL 5.7 3.3 5.7 4.3 4.7 3.6 2.0 2.2 3.4 2.2
DEEPLOB 11.3 8.8 8.0 7.5 4.8 6.2 6.2 6.2 4.8 3.0
DAIN 8.3 7.0 8.0 5.7 6.0 4.8 5.0 4.4 3.8 1.2
CNNLSTM 1.0 1.0 4.0 8.3 10.0 4.0 2.8 4.4 5.6 3.4
CNN2 1.0 1.0 3.0 6.7 6.7 3.4 3.0 5.0 4.2 3.4
TRANSLOB 8.2 8.8 5.6 13 8.8 3.8 1.8 2.4 3.2 2.0
TLONBoF 3.3 4.7 2.7 3 11.7 3.6 3.4 4.2 4.0 3.2
BiN-CTABL 3.6 5.6 4.4 3.8 2.8 3.8 3.4 3.2 2.0 2.2
DEEPLOBATT 6 7.5 4.5 4.3 5.8 3.0 3.0 2.6 2.8 2.4
DLA 17 12.8 26 28.2 13.2 5.6 5.6 4.4 3.8 3.2

Table B.30. Average Training Epochs for Mid-price Trend Prediction for Basic
LOB + time insensitive features.

FI-2010 CHF-2023

Model K=1 K=2 K=3 K=5 K=10 K=1 K=2 K=3 K=5 K=10

MLP 6.7 6.0 6.7 2.7 4.7 3.4 3.6 3.4 3.6 4.2
LSTM 9.3 9.7 11.3 11.7 6.7 4.0 2.4 4.0 3.6 2.8
CNN1 17.7 17.7 17 20 19.3 5.4 4.4 5.2 5.2 3.6
CTABL 4.0 5.7 4.3 2.7 6.7 1.8 2.4 2.2 2.6 3.6
DEEPLOB 11.5 9.3 8.0 8.0 6.0 4.6 3.8 3.8 4.4 3.2
DAIN 6.7 5.0 5.7 5.0 5.3 4.0 4.0 1.6 1.8 1.0
CNNLSTM 12.3 11.0 7.3 4.7 6.0 2.6 3.4 4.2 5.2 3.8
CNN2 2.3 9.7 6.7 5.0 4.0 4.4 4.4 5.0 4.2 4.0
TRANSLOB 22.2 19.2 21.2 17.6 12.3 2.2 3.0 2.4 2.2 3.2
TLONBoF 3.3 4.0 5.0 6.7 11.3 6.4 4.4 3.4 3.6 4.2
BiN-CTABL 3.2 2.2 4 4.2 2.8 3.0 2.0 2.2 2.6 2.2
DEEPLOBATT 4.0 4.3 3.3 3.0 3.3 3.2 3.8 3.0 2.8 1.8
DLA 13.2 11.4 9.8 6.8 6.8 4.2 4.8 4.6 3.6 3.2



272

Table B.31. Average Training Epochs for Mid-price Trend Prediction for Basic
LOB + time insensitive + time sensitive features.

FI-2010 CHF-2023

Model K=1 K=2 K=3 K=5 K=10 K=1 K=2 K=3 K=5 K=10

MLP 3.7 4.3 3.7 3.0 3.3 2.4 4.4 4.0 3.4 3.2
LSTM 11.7 13.0 12.0 11.0 3.0 4.0 3.8 3.8 3.0 3.8
CNN1 18.0 22.3 16.7 19.0 20.7 5.2 3.6 5.0 5.2 3.6
CTABL 5.0 6.0 5.3 7.0 8.0 2.4 1.8 1.4 4.0 3.4
DEEPLOB 10.0 12.0 10.3 7.0 5.8 2.8 3.6 4.0 3.8 2.4
DAIN 5.3 6.0 5.3 6.3 4.7 5.0 3.4 1.0 1.2 1.0
CNNLSTM 8.0 6.3 7.0 6.0 5.7 2.6 2.2 3.4 4.8 2.6
CNN2 6.7 6.7 6.3 6.7 3.3 3.8 2.4 3.2 2.6 3.4
TRANSLOB 16.6 19.6 18.6 16.6 9 3.0 2.0 1.4 2.2 2.0
TLONBoF 6.7 17.0 16.3 17.0 10.7 5.2 4.0 4.0 2.2 2.6
BiN-CTABL 2.2 9.2 7.8 4.8 3.8 4.0 2.4 3.0 1.6 3.0
DEEPLOBATT 4.3 4.3 4.3 2.3 3.0 3.0 4.0 3.0 3.2 1.8
DLA 2.8 5.4 7.4 9.2 2.2 4.4 3.8 3.2 2.2 2.8

Table B.32. Average Training Epoch for Mid-price Return Forecasting.

FI-2010 CHF-2023

Model K=1 K=2 K=3 K=5 K=10 K=1 K=2 K=3 K=5 K=10

MLP 3.1 2.6 5 9 7.6 3 3 3 2.6 3

LSTM 3 5 7 2 1.6 4 5 5 4.6 4.3

CNN1 3 5.6 5 5.3 3.3 3.3 5 2 3 2

CNNLSTM 4 3.3 4.3 3.3 3.3 3 3 3.3 3.3 3

CNN2 2.3 2.3 3 1.3 2.6 3.3 5 5 4 3

PatchTST 8 7 7 6 7.3 5 4 4 5 5

DLinear 14 14 13 15 14 9 8 8 9 10

iTransformer 2.6 2.3 2 2 1.3 2.3 2.6 2 3.3 2

TimeMixer 9 8.3 8.6 9.3 8 4.6 6 5 5 4
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Proof. Let m̂ ∈ arg minm∈M{r̂m + 4Cm}. Then, we can write:

r̂m = 4
[
log πm

wm

− log
∑
m′

πm′ exp(−r̂m′/4)
]

= r̂m̂ + 4
[
Cm̂ − log wm

πm

+ log wm̂

]
.

Therefore:

r̂ =
∑

m∈M
wmr̂m = r̂m̂ + 4[Cm̂ −D(w∥π) + log wm̂] < min

m∈M
{r̂m + 4Cm}.

□

The proof of Theorem 3.5.1 follows from letting

r̂p = 1
σ2

n∑
k=1

(
X

(i)
t,k − gω̂p

(Z(i)
t,k)
)2

+ 2|p|

B.5.1.2. Proof of Theorem 3.5.2.
Lemma B.5.2 ((Xu and Raginsky, 2017)). Consider a pair of random variables X and Y with joint

distribution PX,Y , Let X be an independent copy of X , Y be an independent copy of Y , such that

PX,Y = PX ⊗ PY . Let f be σ-subgaussian under PX,Y = PX ⊗ PY , then

∣∣∣E[f(X, Y )]− E[f(X, Y )]
∣∣∣ ⩽ √

2σ2I(X; Y ),

Let X = RT , Y = W and f(s, w) = 1
T −d

∑T
i=d+1 ℓ(w, xi), then we can express the empirical

risk as LRT
(w) = f(RT , w), and the population risk LP(w) = EP [f(RT , w)].

Thus, the generalization error reformulates as

E[LP(W)− LRT
(W)] = E[f(RT , W)]− E[f(RT , W)].

Definition B.5.1 (Stationarity). A random sequence S∞ is stationary when all its finite-dimensional

distributions are time-invariant: for all t and all non-negative integers i and j, the random vectors

St:t+i and St+j:t+i+j have the same distribution.
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Definition B.5.2 (β-Mixing). Consider a stationary random sequence S∞ defined on a probability

space (Ω, Σ, P∞). Denote Si:j := (Si, Si+1, . . . , Sj), S∞ := S−∞:∞ an infinite dimensional

sequence. Denote Pi:j and P∞ as the associated joint distributions, and σi:j = σ(Si:j) and σ∞ =

σ(S∞) as the σ-fields. Let P0 be the restriction of P∞ to σ−∞:0, Pa be the restriction of P∞ to

σa:∞, and P0⊗a be the restriction of P∞ to σ(S∞:0, Sa:∞). The coefficient of absolute regularity, or

β-mixing coefficient, βa, is given by

βa := ∥P0 × Pa − P0⊗a∥T V ,

where ∥ · ∥T V is the total variation norm. A stochastic process is absolutely regular, or β-mixing, if

βa → 0 as a→∞.

Lemma B.5.3. Assuming the loss function ℓ(w, R) is σ-subgaussian, if the target time series is

stationary and β-mixing, then there exists a constant a > 0 such that 2am ⩽ T ensuring that the

empirical loss f(RT , w) is σ√
m

-subgaussian.

Proof. We divide the sequence Sd+1:T into 2m blocks of length a, such that 2ma + d = T .

Identify the blocks as follows:

Uj = {Ri : 2(j − 1)a + d + 1 ⩽ i ⩽ (2j − 1)a + d},

Vj = {Ri : (2j − 1)a + d + 1 ⩽ i ⩽ 2ja + d}.

Let U be the sequence of odd blocks, and let V be the sequence of even blocks. With the mixing

conditions (need β-mixing assumption), we choose a large enough so that the odd blocks are almost

independent, but at the same time small enough so that the odd blocks behave similarly to the

original mixing sequence. Let U′ be a sequence of identically distributed independent blocks such

that each block has the same distribution as a block from the original sequence:

L(U ′
j) = L(Uj) = L(U1).
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By the linearity of subgaussianity, the block-wise empirical average is given by:

f̂Uj
(w) = 1

a

∑
i∈Uj

ℓ(w, Ri)

remains σ-subgaussian. By (Yu, 1994), for the odd blocks sequence fU(w) = 1
m

∑m
j=1 f̂Uj

(w), we

have

logE
[
eλ(fU(w)−E(fU(w)))

]
≲ logE

[
eλ(fU′ (w)−E(fU′ (w)))

]
⩽

λ2σ2

2m
,

which implies that fU(w) is σ√
m

-subgaussian.

Applying the same construction to the sequence of even blocks, the total empirical loss

f(RT , w) can be viewed as the sum of two σ√
m

-subgaussian variables. By the linearity property of

subgaussianity, it follows that f(RT , w) is also σ√
m

-sub-Gaussian.

□

Applying Lemma B.5.2 and Lemma B.5.3, we obtain the generalization bound as in (3.5.11)

E[LP(W)− LRT
(W)] ⩽

√
2σ2

m
I(RT ; W).

We follow the blocking technique from the proof above to divide Sd+1:N into 2m blocks of length

a, ensuring that sufficiently spaced blocks are approximately independent under the assumption of

mixing.

By the data processing inequality, we have

I(W + ∆W;RT |PW|RT
) ⩽ I(∆W;RT |PW|RT

, W).

Using the chain rule and the assumption that W is independent of RT , the mutual information can

be decomposed as

I(W;RT |PW|RT
) + I(∆W;RT |PW|RT

, W) = I(∆W;RT |PW|RT
, W).
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Combining these results with 3.5.11, and apply the standard inequality that mutual information is

always upper bounded by entropy (I
({

Wi
q, Wi

k, Wi
v

}
i∈I

;RT

)
⩽ H

({
Wi

q, Wi
k, Wi

v

}
i∈I

)
), we

obtain the generalization bound

E[LP(W)− LRT
(W)] ⩽

√
2σ2

m
I(∆W;RT |PW|RT

, W)

=
√

2σ2

m
I
({

Wi
q, Wi

k, Wi
v

}
i∈I

;RT |PW{q,k,v}|RT
, W

)

⩽

√
2σ2

m
H
({

Wi
q, Wi

k, Wi
v

}
i∈I

)

⩽

√√√√6σ2

m
qr
∑
i∈I

(din + dout),

where Wi
q, Wi

k, Wi
v ∈ Rdin×dout . The last inequality holds because entropy is upper bounded by

the uniform distribution over its possible support set.

Remark. For a more general setting that each attention head i ∈ I with:

• Query matrix: Wi
q ∈ Rdin×dk ,

• Key matrix: Wi
k ∈ Rdin×dk ,

• Value matrix: Wi
v ∈ Rdin×dv .

Thus, the total entropy bound is:

H
({

Wi
q, Wi

k, Wi
v

}
i∈I

)
⩽ qr

∑
i∈I

[2(din + dk) + (din + dv)].

Applying the mutual information bound, we conclude:

I
({

Wi
q, Wi

k, Wi
v

}
i∈I

;RT

)
⩽ qr

∑
i∈I

[2(din + dk) + (din + dv)].

Remark. Consider a pre-trained model with weights W0 (independent of RT ) and LoRA’s

learned low-rank parameters ∆W = BA. Since W = W0 + ∆W and W0 are fixed, I(RT ; W) =

I(RT ; ∆W). If ∆W contains d parameters in total (with a suitably discretized or bounded range),
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an upper bound on its entropy is H(∆W) ≈ d log |Range|. For low-rank A ∈ Rm×r, B ∈ Rr×n,

d = r(m + n) which is much smaller than the full model’s parameter count mn. Thus one can

derive I(RT ; W) ⩽ H(∆W) = O(r(m + n)) (in bits). As r, m, n are modest for LoRA, the

information bound is dramatically smaller. This back-of-the-envelope derivation aligns with the

idea that LoRA’s limited parameter count yields a provably smaller I(RT ; W), reinforcing why it

generalizes well under the stability condition.

B.5.2. Additional Experiments on SPA

Figure B.21. Simulated grocery-sales example (grey curves are individual regressors
encoding trend, seasonality, and promotion effects). Left: Linear mixture of three regressors
over 100 time steps with added noise—SPA matches ordinary least-squares (LR) aggregation.
Middle: Non-linear combination of 20 regressors over 50 time steps—SPA outperforms LR
by capturing interaction effects. Right: Same non-linear setting over 200 time steps—SPA
continues to beat LR, demonstrating robustness as series length grows.

B.5.3. Computation Resources

We run experiment on an Ubuntu server with 4 × 1080Ti GPUs and 96 CPUs.

We further provide supplementary analyses and visualizations to deepen our understanding

of Hopformer’s capabilities and limitations. Section B.5.4 describes the generation process for

our synthetic datasets. Section B.5.5 evaluates Hopformer’s robustness on real-world datasets

and discusses observed limitations. In Section B.5.6, we visualize Hopformer’s inference process,

demonstrating the inference. Practical implementation 17 and reproducibility are detailed in Section

B.5.7. Section B.5.8 integrates Hopformer with Chronos, Moirai (Woo et al., 2024a; Liu et al.,
17Data and code are available at https://www.dropbox.com/scl/fo/q4t08x79w1jxq2tnkz15d/
ACXuC5nO6yS17cH696oaP0g?rlkey=e9ogypv287u8232l06dzn0u28&dl=0.

https://www.dropbox.com/scl/fo/q4t08x79w1jxq2tnkz15d/ACXuC5nO6yS17cH696oaP0g?rlkey=e9ogypv287u8232l06dzn0u28&dl=0
https://www.dropbox.com/scl/fo/q4t08x79w1jxq2tnkz15d/ACXuC5nO6yS17cH696oaP0g?rlkey=e9ogypv287u8232l06dzn0u28&dl=0
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2024b), and Lag-Llama (Rasul et al., 2024). Lastly, Section B.5.9 examines fine-tuning efficiency

(Hu et al., 2022; Gupta et al., 2024a) on these models and Section B.5.10 visualizes the forecasting

results of different models.

Through these evaluations, we conclusively illustrate Hopformer’s robustness to varying context

and prediction lengths and affirm its broad applicability, highlighting consistent performance gains

when integrated with foundation models such as Chronos, Moirai, and Lag-Llama.

B.5.4. Synthetic Data

Synthetic Sale data - Sale1. We generate synthetic store sales data across 200 stores, each

parameterized by independent and identically distributed (i.i.d.) parameters drawn from normal

distributions. Each store i has unique parameters including amplitude Ai, frequency fi, baseline

sales Bi, and covariate sensitivities such as promotion effect Pi, temperature effect Ti, price effect

Ci, promotion probability pi, temperature noise σTi
, and sales noise σSi

. The mean and standard

deviation of each of the parameters are in Table B.33. The sales data for each store at time t are

generated as follows:

Salesi,t = Bi+Ai·sin
(

2πt

fi

)
+Pi·promotioni,t+Ti·temperaturei,t+Ci·pricei,t+ϵi,t, ϵi,t ∼ N (0, σ2

Si
)

Here, the promotion occurrence is sampled using the store-specific promotion probability pi. The

temperature follows a seasonal pattern with added Gaussian noise parameterized by σTi
. The term

εi,t represents Gaussian noise with standard deviation σSi
, capturing real-world randomness in sales.

The covariates (promotion, temperature, and price) are known in advance and used as inputs for

forecasting.

Table B.33. Mean and standard deviation of store-specific parameters

A f B P T C p σT , σS

Mean 80 {7,14,30,90} 200 30 0.3 -12 0.20 2.0, 10.0
Std. Dev. 30 – 80 10 0.1 5 0.05 0.5, 3.0
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Figure B.22 illustrates key aspects of the synthetic Sale1 dataset. The left panel shows

the distribution of store-specific parameters such as promotion effects, baseline sales, and trend

coefficients, highlighting the diversity across stores. The right panel presents sample sales trajectories

from randomly selected stores, demonstrating realistic seasonality and promotion-driven variability

embedded in the generated data.

(a) Distribution of store-specific parameters used for
synthetic data (Sale1) generation (e.g., promotion
effect, baseline sales, trend).

(b) Sample sales trajectories from randomly selected
stores in Sale1. Seasonal and promotional effects
are clearly visible.

Figure B.22. Illustration of synthetic dataset (Sale1) generation. Left: parameter
distribution across stores. Right: sample time series showing temporal dynamics.

Synthetic Sale data - Sale2. We simulate realistic sales patterns across 200 stores by parameter-

izing each store with a high-dimensional vector of behavioral and structural attributes sampled

independently. Each is parameterized by independent and identically distributed (i.i.d) parameters

drawn from normal distributions, where the mean and standard deviation are shown in Table B.34.

For each store i, we define the daily sales yi,t as a combination of trends, seasonality, covariate

interactions, and stochastic noise:

yi,t = Bi + αit + Ai sin
(

2πt

fi

)
+ Si sin

(2πt

365

)
︸ ︷︷ ︸

trend + intra-cycle + annual seasonality

+Ecov
i,t + εi,t
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Here, Bi is the baseline sales, αi is the trend coefficient, Ai is the amplitude of intra-cycle seasonality

with frequency fi, and Si controls the strength of annual seasonality. The term εi,t ∼ N (0, σ2
Si

) is

Gaussian noise. The covariate effect Ecov
i,t incorporates multiple nonlinear and interactive effects:

Ecov
i,t = βpromo · promoi,t + βholiday · holidayt + βweekend · weekendt + βcompetitor · comp promoi,t

+ βinventory · inventoryi,t + mi,t + βtemp · (1− |Ti,t − T ∗
i |) + βprice · priceηi

i,t

where: promoi,t, holidayt, and weekendt are binary indicators for promotion, holiday, and weekend;

comp promoi,t indicates competitor promotions; inventoryi,t and mi,t represent inventory effects

and exponentially decayed marketing memory, respectively; Ti,t is the daily temperature and T ∗
i

is the store-specific optimal temperature; priceηi
i,t models nonlinear price elasticity with elasticity

coefficient ηi. These represents known covariates in the dataset.

Table B.34. Parameter distributions used for complex synthetic data generation.

Symbol A B f βpromo βweekend βholiday βtemp T ∗ βprice η

Mean 80 200 {7,14,30,90} 30 15 40 0.3 22 -12 1.5
Std 30 80 — 10 5 15 0.1 3 5 0.3

Symbol βcomp βmkt λ βinv S α p pcomp σT σS

Mean -15 0.4 0.85 0.2 30 0.01 0.2 0.15 2.0 10.0
Std 5 0.1 0.05 0.05 10 0.005 0.05 0.05 0.5 3.0

Table B.23 illustrates key aspects of the synthetic Sale2 dataset. The left panel shows

the distribution of store-specific parameters such as promotion effects, baseline sales, and trend

coefficients, highlighting the diversity across stores. The right panel presents sample sales trajectories

from randomly selected stores, demonstrating realistic seasonality and promotion-driven variability

embedded in the generated data.

Synthetic Electricity Load Generation. We simulate regional electricity load patterns using

a high-fidelity parametric model that incorporates weather, calendar, infrastructure, and market
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(a) Distribution of store-specific parameters used for
synthetic data (Sale2) generation (e.g., promotion
effect, baseline sales, trend).

(b) Sample sales trajectories from randomly selected
stores in Sale2. Seasonal and promotional effects
are clearly visible.

Figure B.23. Illustration of synthetic dataset (Sale2) generation. Left: parameter
distribution across stores. Right: sample time series showing temporal dynamics.

dynamics. For each region r and time t, the electricity load Lr,t is modeled as:

Lr,t = Br + αrt︸ ︷︷ ︸
trend

+ Dr(t) + Wr(t) + Yr(t)︸ ︷︷ ︸
daily, weekly, yearly patterns

+Ecov
r,t + εr,t

Here, Br is the base load, αr is the regional trend (load growth), and Dr(t), Wr(t), Yr(t) are the

daily, weekly, and yearly seasonal patterns. The covariate component Ecov
r,t accounts for complex

external influences:

Ecov
r,t = βtemp · fT (Tr,t) + βhumid ·Hr,t + βwind ·Wr,t + βsolar · Sr,t

+ βweekend ·Weekendt + βholiday · Holidayt + βDST · DSTt + βoutage · PlannedOutaget

The function fT (·) captures the nonlinear sensitivity to temperature using region-specific parameters

(e.g., piecewise or quadratic effects). Additional noise εr,t ∼ N (0, σ2
r) accounts for random

fluctuations. Additionally, the nonlinear effect of temperature on load is modeled using asymmetric
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thresholds for heating and cooling:

fT (T ) = γcool ·max(0, T − T C)2 + γheat ·max(0, T H − T )2,

where: T is the observed temperature; T C is the cooling threshold (e.g., 22°C); T H is the heating

threshold (e.g., 15°C); γcool, γheat are the sensitivity coefficients for cooling and heating loads. This

formulation captures the fact that electricity demand rises nonlinearly when temperatures deviate

from the comfort band.

For market simulation, we also define a dynamic electricity price:

Pr,t = βbase + βpeak · I[Lr,t > Capr]γr + νr,t

Here, I[Lr,t > Capr] is an indicator for capacity exceedance, with exponent γr modeling price

spikes, and νr,t ∼ N (0, σ2
P ) denotes price noise. The framework supports renewable volatility and

substitution through additional interaction terms.

Table B.35 summarizes the parameter ranges used to generate realistic electricity load and price

patterns across regions. These ranges govern variability in demand behavior, weather sensitivity,

calendar effects, and market responses, enabling the simulation of heterogeneous grid conditions

reflective of residential, commercial, industrial, and mixed-use regions.

(a) Region 1 — Summer (b) Region 1 — Winter (c) Region 2 — Summer (d) Region 2 — Winter

Figure B.24. Load decomposition over one representative week for two regions
across summer and winter. Each panel visualizes base demand, weather influence,
calendar signals, and total load.
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Table B.35. Parameter ranges used to generate region-specific electricity load and
price patterns.

Category Symbol Min Max

Base Load & Seasonality Br (base load, MW) 500 5000
Ayear (yearly amplitude) 0.15 0.35
αr (load trend) -0.02 0.04

Temperature Sensitivity T ∗ (optimal temp) 18.0 23.0
T C (cooling threshold) 22.0 27.0
T H (heating threshold) 12.0 18.0
γcool (cooling slope) 0.02 0.06
γheat (heating slope) 0.01 0.04

Weather Sensitivity βhumid 0.001 0.005
βwind -0.005 0.002
βsolar -0.02 -0.005

Calendar Effects βweekend -0.25 -0.05
βholiday -0.30 -0.10
βDST -0.05 0.05

Infrastructure Effects βoutage -0.20 -0.05

Renewables βrenew (substitution) 0.20 0.80
Vr,t (volatility) 0.01 0.05

Price Model βbase (price base) 20 60
βpeak (peak multiplier) 1.5 4.0
σP (price volatility) 0.05 0.20

Capacity Constraints Capr 0.80 0.95
γr (price exponent) 1.5 3.0

Noise Components σL (load noise) 0.01 0.05
σP (price noise) 0.05 0.15

Figure B.24 visualizes the weekly decomposition of electricity load across two regions under

contrasting seasonal conditions. The top row shows Region1’s load components during summer and

winter weeks, while the bottom row depicts the same for Region2. These plots highlight the distinct

roles of temperature, calendar effects, and renewable volatility in shaping regional demand, and

emphasize how seasonal dynamics interact differently across geographic and structural profiles.
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B.5.5. Robustness on Real-world datasets

We evaluate the robustness of Hopformer on the real-world EPF dataset (Wang et al., 2024b) by

varying the context length and prediction length. The results show that integrating Hopformer with

Chronos consistently improves the performance of vanilla Chronos across all settings—zero-shot,

full fine-tuning, and LoRA fine-tuning. Note that the performance of Hopformer variants differs

slightly from the main experiment section, as we conducted additional hyperparameter tuning for

the GBDT-based covariate regressors (e.g., XGBoost, LightGBM) to ensure a fairer comparison.

Table B.36. Forecasting performance of Hopformer, Chronos-bolt-small (Chronos), and
their hybrid variants on the EPF dataset across varying context length. Each cell reports
MASE. Bold values highlight the two best-performing models per row. The prediction length
is fixed at 24 and number of rolling window is 20. The number of gradient steps for full fine
tuning and LoRA fine tuning is 100.

Models Hopformer Cross-Sectional Chronos

Variants 0-
shot

Full LoRA SPA Lasso Best Equal 0-
shot

Full LoRA

EP
F

32 1.433 1.423 1.429 2.033 2.017 2.203 2.133 1.804 1.804 1.804
64 0.908 0.901 0.904 1.343 1.327 1.513 1.444 1.100 1.091 1.096

128 0.802 0.794 0.795 1.175 1.161 1.323 1.287 0.918 0.914 0.915
256 0.732 0.725 0.727 1.135 1.116 1.218 1.174 0.785 0.787 0.788
512 0.662 0.655 0.658 1.141 1.118 1.033 0.986 0.662 0.672 0.671

Table B.36 summarizes the Mean Absolute Scaled Error (MASE) of Hopformer (built on top of

Chronos) and vanilla Chronos when the available context ranges from 32 to 512 time steps. Table

B.37 summarizes the MASE of the models across varying prediction length. Four findings stand out.

(i)Zero-shot performance: Hopformer consistently beats Chronos at every context length, with

the largest gain (∼ 37.1%) at the shortest window of 32 steps, as visualized in Figure B.25. This

suggests that the covariate-driven expert pool provides valuable signal when historical information

is scarce. (ii) Fine-tuned performance: After full-parameter or LoRA fine-tuning, Hopformer still

yields lower error than Chronos. Removing covariate effects in the first stage appears to simplify
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Table B.37. Forecasting performance of Hopformer, Chronos-bolt-small (Chronos), and
their hybrid variants on the EPF dataset across varying prediction length. Each cell reports
MASE. Bold values highlight the two best values per row. The context length is fixed at 256.
The number of rolling windows is 10 for prediction length of 24 and 72, and is 4 for 120.
The number of gradient steps for full fine tuning and LoRA fine tuning is 100.

Models Hopformer Cross-Sectional Chronos

Variants 0-
shot

Full LoRA SPA Lasso Best Equal 0-
shot

Full LoRA

EP
F 24 0.796 0.786 0.789 1.209 1.188 1.299 1.194 0.896 0.904 0.904

72 0.875 0.864 0.866 1.625 1.601 1.317 1.293 1.043 1.022 1.036
120 0.896 0.919 0.916 1.856 1.822 1.354 1.363 1.154 1.165 1.151

the residual dynamics, making the subsequent transformer easier to adapt. (iii) Cross-sectional

aggregation: In this two-covariate setting, SPA and Lasso deliver comparable accuracy, indicating

that with a very small covariate set the sparsity prior in SPA offers little advantage over a standard

ℓ1-penalised regression. (iv) Long-horizon prediction: Hopformer also surpasses Chronos at every

horizon, as visualized in Figure B.25. The largest gain (∼ 25.8%) locates at the longest horizon

of 120 steps, again demonstrating the value of the covariate-driven expert pool as the prediction

window expands.
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Figure B.25. Model robustness across varying context lengths and forecast horizons.
Only the informative portion of each figure is shown for clarity.
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B.5.5.1. Limitation and Discussion. Hopformer is designed to leverage future covariates; when

these are absent its benefit naturally diminishes. Although Hopformer achieves strong results on

most benchmarks, two practical constraints limit the breadth of our evaluation.

Illness and M5: On the Illness benchmark (Wang et al., 2024b) the series come with seven past

covariates but no future ones, so the cross-sectional stage receives little forward-looking signal and

Hopformer largely reduces to its residual transformer, yielding only marginal gains over Chronos.

The situation is different for the M5 (Makridakis et al., 2022) competition data: rich item-level

covariates are available, yet the full dataset contains around 30K hierarchically linked series and

several million training points. Training the required gradient-boosted covariate regressors at that

scale demands tens of gigabytes of system RAM and many hours of hyper-parameter search, which

exceeded the fixed computational budget for this submission. Handling such industry-size datasets

will require memory-efficient regressors (e.g., online trees) or sharded training pipelines—an

important direction for future work.

Datasets without covariates: For univariate or multivariate series (Aksu et al., 2024; Godahewa

et al., 2021; Makridakis and Hibon, 2000; Makridakis et al., 2018) that lack future covariates, the

cross-sectional stage collapses to a zero-prediction expert, making Hopformer equivalent to its

residual transformer sub-model (e.g., Chronos). Because this setting provides no opportunity to

test the proposed aggregation mechanism, we omit those results from the main paper and treat

pure-series forecasting as an orthogonal problem. Extending Hopformer with automated feature

extraction or self-supervised pretraining may restore an advantage in covariate-free domains, and

we plan to investigate this in future work.

B.5.6. Visualization of Hopformer Inference

Figure B.26 decomposes Hopformer’s inference pipeline on the Sale1 benchmark. A clear pattern

emerges: once the covariate signal (row 3) including promotional, temperature, and price effect is

removed from input time series (row 2), the remaining series (row 3) become markedly smoother
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Figure B.26. Decomposition of Hopformer’s prediction pipeline on the Sale1 dataset.
Each column corresponds to a store. Row 1: ground truth and final forecast; Row 2:
cross-sectional stage (covariate aggregation); Row 3: residual transformer output; Row
4: covariate trajectories. Removing covariate effects (Row 1 → 3) yields a smoother,
quasi-periodic residual series, illustrating the division of labour between the two stages.

and more periodic, with promotional spikes eliminated. This confirms that the expert pool has

successfully captured most exogenous variation, leaving the residual module to be a simpler and

precisely structured pattern.

This qualitative evidence complements our quantitative results: Hopformer isolates high-variance

exogenous effects in the first stage and hands a simpler forecasting task to the residual transformer,

leading to the accuracy gains reported in Method Section.
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B.5.7. Code usage

Here, we desribe the simple usage of Hopformer library 18 The Predictor wrapper exposes

Hopformer through the same API as autogluon.timeseries.Predictor, so existing AutoGluon

(Shchur et al., 2023) scripts require only a one–line replacement. Listing 1 trains a Hopformer model

on the Sale1 dataset and produces 24-step forecasts. Any AutoGluon regressor (e.g. XGBoost

(Chen and Guestrin, 2016), LightGBM (Ke et al., 2017), CatBoost (Prokhorenkova et al., 2018))

can be dropped into the expert pool by editing the regressor types list, and fine-tuning can be

toggled with a single Boolean flag.

Listing 1 Minimal hopformer usage. The interface mirrors autogluon.timeseries.Predictor,
enabling effortless integration into existing pipelines.

1 from autogluon.timeseries import TimeSeriesDataFrame
2 from hopformer import Predictor # Hopformer wrapper
3
4 # ---------- load & split data ----------
5 df = TimeSeriesDataFrame.from_path("store_sales_data.csv")
6 train, test = df.train_test_split(prediction_length=24)
7
8 # ---------- fit Hopformer ----------
9 model = Predictor(

10 prediction_length = 24,
11 target = "target",
12 known_covariates_real = ["promotion", "temperature", "price"],
13 regressor_types = ["LR", "XGB", "GBM", "CAT"],
14 aggregation_strategy = ("SPA", {}),
15 bolt_model_path = "bolt_small",
16 )
17 model.fit(train, time_limit=120, fine_tune=True, use_lora=True)
18
19 # ---------- forecast ----------
20 context = test.slice_by_timestep(-512-24, -24) # context window
21 konwn_cov = test.slice_by_timestep(-24, None) # future covariates
22 forecast = model.predict(data=context, known_covariates=konwn_cov)
23 forecast.to_csv("forecasts.csv")
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Table B.38. Forecasting performance (MASE and MAPE; lower is better) of four state-
of-the-art foundation models—Chronos, Moirai, Moirai-MoE, and Lag-Llama—before and
after integration with Hopformer’s cross-sectional stage (denoted as “Hop”). “Uni” and
‘Multi” denotes univariate and multivariate time series prediction. Experiments use 0-shot
setting, a context length of 256, a forecast horizon of 24, and metric is averaged over 20
rolling windows. Moirais and Lag-Llama use 100 samples per forecast. Boldface highlights
the best best-performing methods for each set of model variants. Highlighting Hop only for
clearer view.

Models Chronos Moirai Moirai-moe Lag-Llama
Variants Uni Hop Uni Mutli Hop Uni Mutli Hop Uni Hop

EP
F MASE 0.785 0.732 0.952 0.915 0.821 0.886 0.845 0.768 1.168 0.773

MAPE 1.414 1.355 1.245 1.427 1.550 1.363 1.312 1.580 2.387 1.626

El
ec

. MASE 0.706 0.668 1.185 1.199 1.125 0.994 1.029 0.939 1.421 1.395
MAPE 0.074 0.070 0.128 0.125 0.123 0.109 0.116 0.103 0.172 0.167

Sa
le

1 MASE 0.577 0.576 1.274 1.187 1.337 2.721 1.923 1.878 1.217 1.183
MAPE 0.562 0.562 1.217 1.225 1.073 0.738 0.798 0.714 1.013 0.885

Sa
le

2 MASE 0.561 0.326 0.702 0.707 0.482 0.652 0.705 0.455 0.702 0.482
MAPE 0.555 0.399 0.875 0.956 0.636 0.703 0.781 0.580 0.881 0.598

B.5.8. Ablation Study: Hopformer with Moirai and Lag-Llama

Table B.38 investigates the effectiveness and generality of Hopformer’s two-stage forecasting

framework, particularly assessing the gain from its cross-sectional stage across time series foundation

models—Chronos-bolt-small(Chronos), Moirai-small, Moirai-MoE-small, and Lag-Llama.

Three observations are particularly notable. (i) The inclusion of Hopformer’s cross-sectional

aggregation consistently improves forecasting performance across all four foundational models and

datasets, highlighting its generalizability. For instance, on the EPF dataset, integrating the cross-

sectional stage (Hop) reduces the Chronos MASE from 0.785 to 0.732 (5.3% improvement), Moirai

from 0.952 (multi) to 0.821 (13.1%), Moirai-MoE from 0.886 (multi) to 0.768 (11.8%), and Lag-

Llama from 1.168 to 0.773 (39.5%). (ii) These improvements underscore the robustness and broad

compatibility of the Hopformer framework: regardless of differences in architectural complexity

(e.g., MoE vs. standard transformer models), adding a dedicated cross-sectional aggregation stage

effectively isolates and leverages covariate information. Such results demonstrate that the Hopformer
18Data and code are available at https://tinyurl.com/32rn9dvy.

https://tinyurl.com/32rn9dvy
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paradigm—extracting and modeling residuals after explicit covariate adjustment—is a universally

beneficial design choice, significantly boosting the predictive power of contemporary foundation

models. (iii) Notably, Hopformer-enhanced models often outperform the native multivariate versions

of Moirai and Moirai-MoE. For instance, on the Sale2 dataset, Hopformer applied to Chronos

achieves a MASE of 0.326, compared to 0.707 and 0.705 from multivariate Moirai and Moirai-

MoE respectively. This suggests that Hopformer offers a more effective and interpretable way to

incorporate exogenous information than direct multivariate modeling. We visualize the forecasting

results in SectionB.5.10.

B.5.9. Ablation Study: Fine Tuning Time Series Foundational Models

Through this ablation study, we provide insight into how finetuning could improve the forecasting

performance of two state-of-the-art foundational models. Table B.39 compares the effectiveness

of zero-shot forecasting with that of full-shot forecasting and of forecasting with a model that was

finetuned using LoRA. All experiments use a context length of 512, a forecast horizon of 24, 100

Monte Carlo samples per forecast, and 20 rolling windows. Note that we performed zero shot

forecasting on a computer different from the one used for zero-shot forecasting in the ablation study

in Section B.5.8. For LoRA finetuning, we update only the query, key, value, and output projection

matrices with rank=8, scaling factor α = 16, and a 5 % dropout rate, in 100 gradient steps; full-shot

models likewise train for 100 steps on all parameters.

Although the results varied across models and datasets, in most cases, the LoRA-finetuned

model matches or even slightly outperforms the full-shot variant. For example, on the EPF dataset,

full-shot Chronos attains an MASE of 0.674 and an MAPE of 1.252, while LoRA finetuning nearly

matches in performance with MASE = 0.720 and MAPE = 1.265. An instance in which we see

LoRA surpassing full-shot finetuning is Moirai on the EPF dataset: LoRA has MASE 0.709 and

MAPE 0.108, which outperforms full-shot finetuning (0.849/0.127). These results demonstrate that
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a lightweight, 100-step LoRA update can recover—and in several cases exceed—the accuracy of

full-shot training, though its benefit varies by dataset.

Table B.39. Forecasting performance (MASE and MAPE; lower is better) of Chronos and
Moirai on the four datasets. Boldface highlights the best-performing metsosohod for each
variant.

Models Chronos Moirai
Variants 0-shot Full LoRA 0-shot Full LoRA

EP
FMASE 0.662 0.674 0.720 0.809 0.849 0.709

MAPE 1.180 1.252 1.265 0.119 0.127 0.108

Sa
le

1MASE 1.095 0.927 0.971 0.621 0.527 0.500
MAPE 0.951 0.679 0.707 0.823 0.677 0.580

Sa
le

2MASE 0.542 0.307 0.301 0.566 0.545 0.557
MAPE 0.518 0.315 0.309 2.440 2.222 4.452

El
ec

.MASE 0.817 0.770 0.756 0.984 0.757 0.870
MAPE 0.083 0.079 0.078 0.402 0.407 0.442
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B.5.10. Forecasting Visualizations from Table B.38.

Figure B.27. Forecasting results on the Sales1 dataset. top: Moirai-MoE; middle: Moirai;
bottom: Lag-Llama.
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Figure B.28. Forecasting results on the EPF dataset. top: Moirai-MoE; middle: Moirai;
bottom: Lag-Llama.
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APPENDIX C

Supplement Materials for Chapter 4

C.1. StarEmbed: A Benchmark for Evaluating Pre-trained Light-Curve Embeddings in

Variable Star Classification

C.1.1. Additional Experiments of Random Forest Classifier

In this section, we attach additional experiment results of using a random forest classifier instead of

a MLP classifier to train on the embeddings.

Table C.1. Classification results of the random forest classifier with metrics
including accuracy, precision, recall and F1 score. Each metric is averaged across
different classes for each model. Each experiment repeats three times with random
seed=42,100,200 respectively and the numbers show the mean (std).

Methods Accuracy Precision Recall F1

Astromer 0.6755 (0.0001) 0.0966 (0.0000) 0.1428 (0.0000) 0.1152 (0.0000)
Baseline RNN 0.6900 (0.0383) 0.5000 (0.0002) 0.6600 (0.0089) 0.5500 (0.0057)
Moirai-small 0.8220 (0.0012) 0.7230 (0.0007) 0.5082 (0.0048) 0.5507 (0.0030)
Chronos-tiny 0.8620 (0.0008) 0.7204 (0.0042) 0.5974 (0.0025) 0.6363 (0.0022)
Chronos-Bolt-tiny 0.8254 (0.0005) 0.7051 (0.0015) 0.5454 (0.0006) 0.5799 (0.0005)
Random Embeddings 0.6758 (0.0000) 0.0965 (0.0000) 0.1429 (0.0000) 0.1152 (0.0000)
Handcrafted Features 0.9193 (0.0003) 0.8651 (0.0033) 0.7720 (0.0010) 0.8034 (0.0014)

Table C.2. Classification results of the MLP classifier with metrics including
accuracy, precision, recall and F1 score (Add Astromer 2 over table 4.4). Each
metric is averaged across different classes for each model. Each experiment repeats
three times with random seed=42,100,200 respectively and the numbers show the
mean (std).

Methods Accuracy Precision Recall F1

Astromer 2 0.5345 (0.1056) 0.3720 (0.0364) 0.5384 (0.0406) 0.3875 (0.0514)
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Figure C.1. Ranking of classification performance using the random forest classifier
on each class on each metric. The results show that the random forest classifier
with hand-crafted features achieves top ranks in most of the classes and time series
pretrained models and RNN are ranked the second mostly.
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Figure C.2. MLP vs. random forest performance for class EW.
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Figure C.3. MLP vs. random forest performance for class EA.
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Figure C.4. MLP vs. random forest performance for class RRab.
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Figure C.5. MLP vs. random forest performance for class RRc.
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Figure C.6. MLP vs. random forest performance for class RRd.
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Figure C.7. MLP vs. random forest performance for class RS CVn.
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Figure C.8. MLP vs. random forest performance for class LPV.

Figure C.2 to Figure C.8 demonstrate the comparison between the classification results of the

MLP classifier and the random forest classifier. Each classifier exhibit advantages over the other on

some of the metrics and classes.
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Table C.3. Best hyper-parameters for baseline RNN

Method Hyper-parameters Training time (s)
Baseline RNN batch size=256, learning rate=0.0001, dropout=0.0 90000

Table C.4. Best hyper-parameters for each model with the MLP classifier

Method Hyper-parameters Training epochs
Astromer 1 batch size=32, learning rate=0.0001, dropout=0.0 17
Astromer 2 batch size=32, learning rate=0.0001, dropout=0.0 23
Moirai-small batch size=64, learning rate=0.001, dropout=0.0 11
Chronos-tiny batch size=32, learning rate=0.0001, dropout=0.0 26
Chronos-Bolt-tiny batch size=128, learning rate=0.0001, dropout=0.1 17
Random Embeddings batch size=128, learning rate=0.0001, dropout=0.0 5
Hand-crafted Feat. batch size=32, learning rate=0.0001, dropout=0.1 30

Table C.5. Best hyper-parameters for each model with the random-forest classifier

Method Hyper-parameters Training time (s)
Astromer 1 max depth=10, min samples split=2, n estimators=100 42.8
Astromer 2 max depth=30, min samples split=10, n estimators=500 450
Moirai-small max depth=None, min samples split=2, n estimators=200 300
Chronos-tiny max depth=None, min samples split=5, n estimators=200 300
Chronos-Bolt-tiny max depth=None, min samples split=5, n estimators=500 630
Random Embeddings max depth=10, min samples split=2, n estimators=100 42.6
Hand-crafted Feat. max depth=20, min samples split=2, n estimators=100 32.9

C.1.2. Full List of Hyperparameters

C.1.3. Visualizations of Embeddings

We include the UMAP visualizations for the embeddings from each embedding models to provide

more intuitions regarding the embedding space. As shown by Figure C.9, all time series pretrained

models’ embeddings are showing clear distinction and distribution of different clusters corresponding

to different ground truth classes. In comparison, as a baseline, the random embeddings show no

clear clusters at all. Astromer 1’s embeddings and hand crafted features do not show clear clusters

either. Astromer 2’s embeddings show clearer cluster distribution but for some classes, the clusters

are not distinctive with others either. These UMAP visualizations further demonstrate the promising

potentials of using time series pretrained models as light curve embedding models.
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Figure C.9. UMAP projections for each embedding model included in our analysis
using the test set. Inset plots at the bottom of each figure show clustering of different
classes.
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C.1.4. Full List of Hand-crafted Features

We select handcrafted features from the libraries of established software packages: FATS (Nun et al.,

2015) and light curve (Malanchev et al., 2021). Each feature described here is computed for each

passband individually and the embeddings are formed by concatenating the feature lists of the g and

r embeddings. Tables C.6 and C.7 show the full list of features and descriptions from FATS and

light curve, respectively.

Table C.6. FATS features and plain-language descriptions

Feature Intuitive one-sentence comment
PeriodLS Identifies the dominant repetition cycle in a light curve

with the Lomb–Scargle periodogram.
Period fit Reports how unlikely the detected period is to arise

from random noise (lower value = more significant).
Psi CS Quantifies how tightly points cluster when the light

curve is folded on the detected period.
Psi eta Applies the η variability index to the folded curve,

indicating scatter within one cycle.
Autocor length Gives the time lag after which successive measurements

cease to resemble each other.
PairSlopeTrend Compares rises versus falls in the last 30 points to flag

any recent monotonic trend.
Freq{N} harmonics amplitude {M} Amplitude of the M -th harmonic of the N -th strongest

frequency in a multi-sine fit.
Freq{N} harmonics rel phase {M} Phase offset of that harmonic relative to its fundamental

component (in radians, wrapped to [−π, π]).
CAR sigma Measures the short-timescale “jitter” amplitude cap-

tured by a continuous-time AR(1) model.
CAR tau Characteristic damping timescale over which variations

decay in the same CAR(1) model.
CAR mean Long-term average magnitude implied by the CAR(1)

fit.
See here for a detailed description:

http://isadoranun.github.io/tsfeat/FeaturesDocumentation.html

C.1.5. Astrophysical Description of Classes

Our dataset contains seven total classes of periodic variable stars: EW, EA, RRab, RRc, RRd, RS

CVn, and LPV. Here, we provide a high-level astrophysical description for each of these classes,

http://isadoranun.github.io/tsfeat/FeaturesDocumentation.html


300

including each class’ observational characteristics and utility. In some cases, multiple classes are

closely related so we describe them together.

C.1.5.1. Eclipsing Binaries (EW, EA). Eclipsing binary stars are pairs of stars orbiting each other

and aligned with the observer in such a way that either star periodically blocks the light from the

other. When neither star is eclipsed, the system is at maximum brightness, but when one star is

eclipsed by the other, the total brightness of the system is suppressed, giving the binary star system

periodic light curve behavior. This type of variability is described as extrinsic because it is not due

to astrophysical properties of the stars themselves. Sub-categorization of eclipsing binaries is based

on the configuration of the stars in the pair.

EW-type eclipsing binaries (also called W Ursae Majoris-type after the original EW system) are

contact binaries. In this case, the two stars, typically dwarf stars, share a common outer envelope

which entirely encapsulates them. This common envelope allows for the exchange of mass and

energy between the pair, equilibrating their temperature. Their light curves exhibit constant and

smooth variations where the dips from either star being eclipsed are of similar or identical depth.

EW-type variables typically have short periods (0.2 ≲ P [d] ≲ 0.5), with a notably unsolved period

cut-off at ∼ 0.2 days (Rucinski, 2007; Drake et al., 2014a). These systems are astrophysically

valuable, in part, because they are expected to emit gravitational waves due to their tight orbits, and

they also have the possibility of merging and triggering transient events (Tylenda et al., 2011).

EA-type eclipsing binaries (also called Algol-type binaries after the original EA system) are

detached binaries. In this case, the two stars are not in contact and thus can have different

temperatures and more varied orbits, manifesting as different light curve properties. The ellipticity

of the orbit and the brightnesses of the stars affect the spacing and depths of the brightness dips.

Multiple additional factors can affect their light curves, e.g., the presence of an accretion disk. EA

systems tend to have longer periods than EW systems due to their wider orbits: 0.3 ≲ P [d] ≲ 100.

EA systems are key for studying binary stellar evolution and populations, especially the exchange of

mass between stars in a binary.
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C.1.5.2. Active Binaries (RS CVn). RS Canum Venaticorum (RS CVn) stars are also stars in

binary systems and are characterized by one of the stars exhibiting large magnetic spots on its surface.

This manifests as observable variability as the RS CVn stars also have rapid rotational velocities.

The resulting light curve affect also depends on the difference between the star’s rotational period

and the systems orbital period, and most RS CVn systems are tidally locked, meaning the two

periods are closely matched. Some RS CVn are also eclipsing binaries, so their light curves can

also show variability due to eclipses. Their periods tend to be 3 ≲ P [d] ≲ 14. RS CVn systems

serve as extreme testbeds for studying stellar magnetic phenomena and evolution.

C.1.5.3. RR Lyrae (RRab, RRc, RRd). RR Lyrae stars are low-mass stars exhibiting pulsations,

cyclically expanding and contracting radially due to internal changes in opacity. Because RR Lyrae

occur with only a small range of intrinsic brightnesses, their distances can be easily measured from

their observed brightness. Among other utilities, this allows RR Lyrae to be used for measuring

distances within the Milky Way and to nearby Galaxies. Their periods are also related to their

chemical composition, so they can provide crucial information about Galactic structure and formation.

Some RR Lyrae, mostly RRab, also exhibit long-term modulations of their light curve amplitudes

and phases through the Blazhko effect, although the physical mechanism behind this effect remains

uncertain.

RR Lyrae can occur in different pulsation modes which define the various RR Lyrae subclasses.

RRab stars pulsate in the fundamental mode; RRc in the first-overtone; and RRd are double-mode

pulsators. RRab stars have light curves with a rapid brightening episode followed by a gradual

fading, producing a sawtooth-like pattern. RRab typically have periods 0.4 ≲ P [d] ≲ 1.0. RRc

stars exhibit sinusoid-like variability with typical periods of 0.2 ≲ P [d] ≲ 0.5. They also tend to

exhibit a constant, slow drift in their periods. RRd stars pulsate in both the fundamental mode and

the first-overtone and thus show a combination of two periodic signals in their light curves, typically

with the first-overtone dominating.
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C.1.5.4. Long Period Variables (LPVs). LPVs are giant stars exhibiting pulsations with periods of

3 ≲ P [d] ≲ 1000. They include multiple subtypes each with different period-luminosity relations

but we, as in (Drake et al., 2014a), consider these a single class. They pulsate with a similar

mechanism to the RR Lyrae but have dramatically larger radii. Their outer layers are not very tightly

bound to the rest of the star, which can lead to the star expunging mass and polluting the surrounding

environment with gas. Thus, studying LPVs provides insights into the cycles of gas into and out of

stars. Their period-luminosity relations also allow LPVs to act as distance measures.

C.1.6. Potentials of Fine-Tuned Time Series Pretrained Models

We perform a fine-tuning study on a small subset of ZTF light-curve data to further explore time

series pretrained models’ potential capacity on fitting on the light curve data. Taking Chronos as an

example, we try fine-tuning Chronos on a small set of ZTF light curves to show that Chronos has

the sufficient architecture and capacity to perfectly fit the light curve dynamics.

We select 20 g-band light curves—10 labeled class 1 (EW) and 10 labeled class 5 (RRc) to

try fine-tuning the model to do light curve forecasting. We preprocess the irregular time series by

removing observations flagged as poor quality, resampling the irregular time series to a uniform

0.0025 MJD grid, picking the single measurement with the smallest magnitude error per bin, and

padding data with NaNs when no observation exists. Then, we pre-train Chronos-small model with

context length = 128, forecast horizon = 32, token size = 4096, upper limit = 1.2, lower limit = 0.8,

and min past = 64.

Figure C.10 illustrates two example forecasts. Top panel shows a success case. After about 50k

gradient steps Chronos tracks magnitude variations to within less than or equal to 0.0001 mag MAE,

confirming the architecture can memorize a light curve. The bottom panel shows a failure case

where there are < 128 valid points, so we posit the model does not have enough context to predict

the future. Other failure modes show the opposite extreme: 200 points with high irregularity also

lead to poor forecasting. Uniform context sampling during training rarely lands on the same dense
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Figure C.10. Chronos forecasts on two example ZTF light curves used in our fine-
tuning study.

segments encountered at inference, producing large MSE mtric (>0.005). These errors suggest that

although Chronos is capable of perfectly fitting the light curve dynamics, it has some requirements

to have a success. Chronos is sensitive to (i) very sparse sequences and (ii) long sequences where

the fixed context window captures inconsistent local statistics.

We also conduct further experiments to explore fine-tunign or pre-training potentials of Chronos

on the highly irregular ZTF data. Preliminary experiments of directly fine-tuning Chronos on the

unprocessed raw time series shows extreme difficulties in decreasing the training loss. The training

loss would saturate after first several training steps. Thus, we start with pre-processing the data
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into a more regular series by segmenting the raw series into a series of 24-hour buckets. Then, we

calculate the weighted average of all the magnitude observations in each bucket using the inverse of

the measurement error as the weights. After this processing, most consecutive values in the series

have a gap of 24 hours and the general error of the series has been lowered. Then, we pick a very

small subset from the total dataset and conduct fine-tuning and pre-training on it.

Figure C.11. Left: Training loss dynamics of fine-turning on different data sizes.
Right: Training loss dynamics of pre-training on data size 64.

From Figure C.11, we can see that even with a very small data size (less than 5000 light curves),

the training loss takes an extremely many steps to reach the saturated stage. As a reference, the

Chronos original pre-training process took 200K steps. This demonstrates a limitation on the

efficiency of fine-tuning or pre-training Chronos on the ZTF data. Further future work needs to be

conducted to significantly improve the efficiency of training on much larger light curve datasets of

more than millions of light curves.
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Table C.7. light curve features and plain-language descriptions

Feature Intuitive one-sentence comment
Amplitude Half the peak-to-peak range—how far the light curve swings

between brightest and faintest points.
AndersonDarlingNormal Scores how strongly the magnitude distribution departs from an

ideal bell curve.
BeyondNStd Proportion of data points that sit more than N standard deviations

away from the mean, flagging outliers.
Cusum Total vertical span of the running cumulative sum, revealing

slow drifts or trends.
Eta Von Neumann ratio: compares successive-point differences to

overall scatter to catch rapid variability.
EtaE Eta re-weighted by time gaps so uneven sampling doesn’t skew

the variability estimate.
InterPercentileRange(p) Distance between the p and (1− p) quantiles—a robust width

such as the IQR (when p=0.25).
Kurtosis Indicates whether the distribution is more peaked or heavy-tailed

than a normal curve.
LinearFit Slope, error, and fit quality for a straight line that accounts for

measurement uncertainties.
LinearTrend Slope and error of a simple least-squares line that ignores the

error bars.
MagnitudePercentageRatio Ratio of inner to outer percentile widths, contrasting core spread

with overall spread.
MaximumSlope Steepest single-step change in magnitude per unit time between

consecutive points.
Mean Ordinary average magnitude.
Median Mid-point magnitude that splits the data into equal halves.
MedianAbsoluteDeviation Typical absolute distance from the median—a robust scatter

measure.
MedianBufferRangePercentage Fraction of points that fall inside a narrow buffer zone around

the median.
OtsuSplit Statistics describing the two groups produced by Otsu’s auto-

matic thresholding of magnitudes.
PercentAmplitude Largest absolute deviation of any point from the median magni-

tude.
ReducedChi2 Reduced χ2 showing how well the data match their (weighted)

mean given the quoted errors.
Skew Tells whether the distribution leans toward brighter or fainter

extremes (positive or negative tail).
StandardDeviation Classical root-mean-square scatter of the magnitudes.
StetsonK Error-weighted “peakedness” measure that is robust to outliers

in light-curve shape.
WeightedMean Average magnitude that gives greater weight to points with

smaller measurement errors.
See here for a detailed description:

https://github.com/light-curve/light-curve-python

https://github.com/light-curve/light-curve-python
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