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Abstract

This thesis introduces advanced computational methods that integrate optical physics

withmachine learning to improve the design and analysis ofmodern imaging and sensing

systems. Thesemethods combinephysics-basedmodeling, global optimization, anddata-

driven learning to enhance the precision, stability, and interpretability of such systems

under complex real-world conditions. The thesis is structured around three core projects,

outlined below.

First, we present a Time-of-Flight infrared camera based on multi-wavelength in-

terferometry, enabling high-resolution 3D depth sensing with sub-millimeter accuracy

using conventional CMOS sensors. We further introduce machine learning models for

single-shot phase unwrapping under noise conditions.

Second, we advance the spectroscopic analysis of thin solid films by improving

transmittance and reflectance processing methods through global optimization and neu-

ral architectures that explicitly encode the underlying physics. These models enable ac-

curate extraction of the complex refractive index of the thin films.

Third, we model and reverse engineer the functioning of semiconductor gamma-

ray detectors, with a focus on CdZnTe-based technologies. Through a combination of

PDE solvers, digital twin simulations, and hybrid deep learning frameworks, we achieve

precise material defect characterization and sub-millimeter 3D event reconstruction.
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Glossary

• Bandgap: The energy difference between the conduction band and valence band of

a material. Photons with energy below the bandgap cannot excite electrons across

the gap, determining the optical absorption edge.

• DielectricFunction: A complex-valued functiondescribinghowamaterial responds

to an electromagnetic field, directly related to the complex refractive index in non-

magnetic materials.

• Differentiable Model: A forward model or simulator that is fully differentiable, en-

abling the use of gradient-based optimization for solving inverse problems. Typi-

cally implemented in frameworks like PyTorch.

• Digital Twin: A computational model that replicates the behavior of a physical sys-

tem using simulations, enabling prediction, analysis, optimization, or control.

• Dispersion Model: A mathematical model that expresses the wavelength depen-

dence of a material’s dielectric function using a set of real-valued parameters.

• Ellipsometry: An optical technique thatmeasures the change in polarization of light

upon reflection, used to characterize thin film thickness and complex refractive in-

dex.
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• Fabry–Perot Interference: Interference patterns arising from multiple reflections

within a thin film, producing oscillations in the transmission or reflection spectra.

• Film Sample: A structure consisting of a thin target material (film) deposited on top

of a typically transparent substrate, used for optical measurements.

• Forward Problem: The simulation of a physical process given known input param-

eters, often used to develop digital twins of sensors or imaging systems.

• Inverse Problem: The process of inferring the underlying causes or physical pa-

rameters from observed measurements, often ill-posed and requiring optimization

or learning methods to solve.

• Inverse Synthesis: A computational method to determine the optical properties of

thin films by fitting theoretical transmission or reflection spectra to experimental

data.

• MonteCarloMethod: Anumerical simulation technique that uses randomsampling

to approximate physical processes, often used for fast but statistically accurate ap-

proximations in radiation transport models.

• Optical Characterization: The process of determining a material’s wavelength de-

pendent optical functions, particularly the complex refractive index composed of

the real part n and the extinction coefficient κ.

• Phase Unwrapping: A computational technique used to reconstruct a continuous

phase map from wrapped phase data, which are typically recorded modulo 2π.

• ProbabilisticModel: A simulator that incorporates randomness oruncertainty,mean-

ing repeated runs with the same inputsmay produce slightly different outputs. Use-
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ful for modeling stochastic physical systems such as radiation detectors.

• Scintillator: A material that emits light when exposed to high-energy radiation,

used in gamma-ray detection. Often comparedwith direct semiconductor detectors

like CdZnTe.

• Spectrophotometry: The study of howmaterials reflect and transmit light intensity

as a function of wavelength.

• Swanepoel / Envelope Method: A computational technique for extracting thin film

optical properties by analyzing the upper and lower envelopes of oscillatory trans-

mission or reflection spectra.

• Synthetic Wavelength: The long envelope wavelength of the beat wave calculated

computationally from the interference of two optical waves.

• Thin Solid Film: A material layer (typically in the nanometer to micrometer range)

deposited on a thick, usually transparent substrate.

• Transmission /ReflectionSpectra: Spectral curves showing thewavelength-dependent

transmittance or reflectance (ranging from0 to 1) of a film sample, often used to per-

form the material characterization.
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Chapter 1

Introduction

Traditionally, the development of imaging and sensing technologies has relied on the

foundation from optical physics and mathematical modeling. Over the last few decades,

the increasing availability of computational resources, numerical methods, and large

datasets has also opened the door to data-driven and advanced optimization approaches.

These techniques can adapt to realistic noise, canmodel complex semi-empirical physical

knowledge, and scale to high dimensional data. Across diverse fields (such as biomedical

imaging, materials characterization, and astrophysics), sensing applications are becom-

ing increasingly complex, driving the demand for novel computational methods that in-

tegrate the rigor of physics-basedmodeling with the flexibility and scalability ofmachine

learning.

Our general approach combines the simulation of forwardmodels that describe the

physical process with inverse methods that estimate quantities of interest through opti-

mization or learning. Central to this framework is the development of customized dif-

ferentiable simulators, which not only allow for the generation of synthetic data for su-

pervised training, but also enable the direct estimation of physical parameters via auto-

matic differentiation. These simulators can be further embedded within machine learn-
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ingmodels to constrain the solution space and enforce physical consistency during train-

ing. In this way, the thesis bridges analytical modeling and modern learning-based in-

ference, providing robust and interpretable solutions to challenging inverse problems.

The thesis is organized around three primary application areas, which are outlined be-

low. The work presented in this thesis is based on a series of publications authored by

the candidate, forming a coherent narrative centered around physics-informed compu-

tational imaging and inverse problem solving.

The first part focuses on the development of a single-shot 3D imaging system based

on SyntheticWavelength Interferometry (SWI) [1]–[3]. In this approach, a scene is illumi-

natedwith two coherent laser beams of slightly differentwavelengths in the near-infrared

range, and the interference pattern is recorded using a conventional CMOS sensor. Clas-

sical interferometric algorithms allow for the extraction of optical fields at each wave-

length. However, due to the sub-micron scale of the optical wavelengths, the recovered

phase information is severely affected by speckle noise, particularly when imaging ev-

eryday diffuse objects with surface roughness exceeding the wavelength. To overcome

this, we computationally synthesize the beat wave formed by the superposition of the two

original optical waves. This beat produces a synthetic wavelength much longer than the

individual optical wavelengths. Therefore, the synthetic wave exhibits reduced speckle

noise and preserves depth information, allowing for high-precision 3D surface recon-

struction. The achievable accuracy depends on the synthetic wavelength selected, which

can be typically tuned from a few microns to several centimeters depending on the ap-

plication. One of the key challenges in this technique is phase unwrapping: recovering

the continuous depthmap values from the wrapped synthetic phase, particularly under

noisy conditions. To address this, we employ a customized learning-based single-shot

unwrapping algorithm.
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The second core project turns to the optical characterization of thin solid films us-

ing transmission and reflection spectroscopy. Thin-filmmetrology plays a central role in

materials science, yet traditional methods often rely on idealized assumptions or man-

ual tuning, limiting their applicability in real-world experimental conditions and mass

characterization for industrial applications. We begin by revisiting classical curve-fitting

approach, where material parameters are iteratively adjusted until the theoretical spec-

tral response aligns with measured data. We extend the analytical formulation [4] of the

forwardmodel to handlemore complex film geometries (such as highlywedged surfaces)

andnon-ideal substrates that exhibit partial absorption. Thesemodifications improve the

realism and fidelity of the simulations, allowing the forward model to serve as a digital

twin of the spectrophotometric setup. For the inverse problem, we enhance the classi-

cal Swanepoel (envelope) method [5] using a global optimization procedure to estimate

the envelope boundaries with greater robustness. We then transition to data-driven tech-

niques [6], [7]: first, by emulating the envelope extraction process using convolutional

neural networks, and later by directly solving the inverse problem via supervised learn-

ing, mapping transmission spectra to film parameters.

The third core project centers on the modeling and characterization of cadmium

zinc telluride (CdZnTe) gamma-ray detectors. These detectors are widely used in nuclear

medical imaging but are sensitive to bulk material defects and inhomogeneities in the

material properties. First, we construct a precise digital twin of the detector using a

physics-based forwardmodel [8], [9] that incorporates the model for 3D charge transport

(drift dynamics, thermal diffusion, and Coulomb repulsion), charge fluctuations (recom-

bination, trapping, and detrapping), and signal generation (based on the Shockley-Ramo

theorem). This simulator reproduces realistic electrical signals generated by individual

γ−photon interactions. The forward differentiablemodel is then used to solve the inverse
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problem [10]: localizing the 3D position of the gamma-ray event and estimating the de-

posited energy. We employ both data-drive solvers and optimization based approaches,

with automatic differentiation and global solvers such as the Slime Mold Algorithm.

In addition to these three core domains, my Ph.D. journey also encompasses sev-

eral complementary projects exploring broader applications of computational imaging

and inverse modeling. These include: the identification and classification of modern art

fibers using polarized light microscopy [11]; the development of 3D dynamic holographic

displays based on spatial lightmodulators with extended etendue [12]; ellipsometric stud-

ies of thin films using polarized spectroscopy [13], [14]; the preservation of deteriorated

Dali holograms through 3D generative AI models from multi-angle 2D images; and the

application of physics-informed neural networks to the study of stellar structure via dif-

ferential equation solvers in astrophysical imaging.
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Chapter 2

Single-shot interferometric camera

We present a novel single-shot interferometric ToF camera targeted for precise 3D mea-

surements of dynamic objects. The camera concept is based on Synthetic Wavelength

Interferometry, a technique that allows retrieval of depth maps of objects with optically

rough surfaces at submillimeter depth precision. In contrast to conventional ToF cam-

eras, our device uses only off-the-shelf CCD/CMOS detectors and works at their native

chip resolution (as of today, theoretically up to 20 Mp and beyond). Moreover, we can

obtain a full 3Dmodel of the object in single-shot, meaning that no temporal sequence of

exposures or temporal illumination modulation (such as amplitude or frequency modu-

lation) is necessary, which makes our camera robust against object motion.

In this chapter, we introduce the novel camera concept and show first measure-

ments that demonstrate the capabilities of our system. We present 3D measurements of

small (cm-sized) objects with > 2 Mp point cloud resolution (the native pixel resolution

of our used detector) and up to sub-mm depth precision. We also report a “single-shot

3D video” acquisition and a first single-shot “Non-Line-of-Sight” measurement. Our tech-

nique has great potential for high-precision applications with dynamic objectmovement,

e.g., in AR/VR, industrial inspection, medical imaging, and imaging through scattering
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media like fog or human tissue.

2.1 Introduction

3D imaging techniques are progressively replacing conventional photographs, which can-

not capture the complexity of real-world objects. A 3Dmodel provides information about

an object’s surface shape, slope, or texture - essential properties in object analysis. Once

we obtain a realistic 3D model of an object, we can reproduce it under different illumi-

nations and rigid transformations using computer graphics techniques. These features

make 3D imaging very useful for many applications, including medical diagnostic imag-

ing, quality inspection of manufactured products, and autonomous driving.

There are numerous 3D imaging techniques in the literature, which can be mainly

classified into three groups. The first group corresponds to triangulation-based tech-

niques, which are one of the most commonly used techniques in industrial inspection

or 3D metrology on macroscopic rough surfaces. Examples include active and passive

stereo, line- or fringe-projection techniques, or focus-searching methods [15]–[19]. How-

ever, the depth precision of related methods scales with the stand-off distance, and oc-

cluded parts of the object cannot bemeasured. The second group refers to all reflectance-

basedmethods, which typically use specific lighting conditions and then capture the light

reflected or scattered off the object’s surface to estimate its surface slope. Some exam-

ples includephotometric stereo anddeflectometry [20]–[25]. These systemsoftenbecome

highly complicated to calibrate, and the integration from the surface normal to surface

shape is problematic in some cases. The third category corresponds to all Time-of-Flight-

based (ToF) approaches [26]–[28], that calculate the optical pathlength between camera

and object or scene to obtain its shape. ToF cameras of all types (pulsed, amplitude mod-
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ulated, etc) and optical interferometers are prominent examples for this group. While

conventional ToF cameras directly measure the travel time of light, interferometric cam-

eras measure the optical pathlength difference via interference patterns produced by an

object and a reference beam. ToF-based approaches are beneficial for many applications

because they are robust to occlusions and thedataprecisiondoesnot dependon the stand-

off distance of the camera.

As mentioned, conventional “ToF cameras" typically exploit amplitude-modulated

light sources either as pulsed illumination (LIDAR) [29], [30] or in the form of “continuous

waves with amplitude modulation" (CWAM) [31]–[33]. These cameras generally require

specific sensor architectures with a high temporal resolution. The main restriction of

these cameras is their (still) fairly limited pixel resolution and their low depth precision,

which is roughly on the order of centimeters. This makes conventional ToF cameras use-

ful for basic estimation or detection tasks of larger objects (for example, to know if there

is an object in front of an autonomous driving vehicle, or to estimate the pose of a human).

However, they cannot be used for applications that require high data precision, such as

specific tasks in medical imaging, industrial inspection, or optical metrology. Moreover,

some ToF camera schemes require a sequence of exposures to calculate a 3D scene or

exploit raster-scanning of a laser dot (i.e., are not “single-shot"). That makes them sus-

ceptible to fast object motions.

On the other hand, the main drawback of standard (single-wavelength) interfero-

metric ToF cameras is that they are limited to the measurement of objects with optically

smooth (specular) surfaces [34]–[36]. When an optically rough surface is illuminatedwith

coherent light, the backscattered light field forms a “speckle pattern". Since the phase of

this speckle field is randomized, we cannot recover information about the optical path-
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length difference and hence, the depth map of the object. In practice, standard interfer-

ometric techniques become helpful only in particular fields, e.g., to study the nanome-

chanicalmotion of some objects, or for high-precision surface testing of lenses or smooth

technical parts.

Multifrequency interferometric ToF cameras [35], [37]–[42] have shown that the in-

terferometric principles canalso extend tomacroscopic objectswith rough surfaces. These

methods use the information from two (ormore) interferometricmeasurements at differ-

ent optical wavelengths to disambiguate the random-phase fluctuations of the object beam.

Nevertheless, recent implementations of these techniques for Computer Vision applica-

tions [26], [43]–[46] still require sophisticated sensors or are limited to static objects (that

is, they are not motion-robust).

In this contribution, we present a novelmultifrequency interferometric ToF camera

concept anddevice that overcomes thedescribed limitations of the state-of-the-art (SOTA)

ToF cameras shown above. Our demonstrated camera prototype scans object surfaces in

single-shot with up to submillimeter depth precision. Here, “single-shot"means that only

one camera image is necessary to generate a full-field high-quality 3Dmodel. This feature

makes our ToF camera robust against object motion. Moreover, the camera only uses off-

the-shelf CMOS or CCD detector technology, that is, it theoretically even works with stan-

dard smartphone cameras. No specialized detector architecture (like PMDs [31], SPADs

[47], or lock-in detection [48]) is required. The lateral point cloud resolution of our cam-

era is equal to the pixel resolution of the used CMOS/CCD chip - theoretically up to 20Mp

and beyond, given the current state of the art in CMOS camera technology [49]. These

capabilities give our camera significant advantages with respect to the current SOTA in

ToF camera technology and allow for many high-precision 3D imaging applications that
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previously were not possible with ToF cameras. We summarize the specific contributions

of our work as follows:

• We devised and developed a novel ToF camera technology. This technology is based

on a previously introduced method called “Synthetic Wavelength Interferometry"

(SWI) [26], [37]–[42]. Compared to previous demonstrations of SWI for Computer

Vision applications [43]–[46], our method allows to scan optically rough object sur-

faces in single-shot using only off-the-shelf CMOS/CCD camera technology.

• We demonstrate ToF-based 3D measurements of static objects with rough surfaces

with up to 330 µm depth precision and 2 Megapixel lateral point cloud resolution

(equivalent to the pixel resolution of the employed CMOS camera). The measure-

ments shown in Figs. 2.3 and 2.4 exploit multifrequency phase unwrapping proce-

dures [50] to increase the depth sensitivity of the sensing principle, which means

that these measurements are not single-shot. Later, Figs. 2.5 and 2.6 show real

single-shotmeasurements. Finally, wedemonstrate the 3Dvideo reconstructionof a

moving object from sequential single-shotmeasurements. To the best of our knowl-

edge, this is the first demonstration of an SWI-based video sequence for Computer

Vision applications.

• To combine the high-depth precision of multifrequency measurements with the

motion robustness of single-shotmeasurements, wehavedevelopedadeep-learning-

based algorithm for single-shot phase unwrapping. Compared to other SOTA phase

unwrapping procedures [51]–[54], our algorithm is specifically tailored to our ac-

quired data structures and integrates seamlessly into our data processing pipeline.

We demonstrate first single-shot measurements unwrapped with our algorithm.
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Figure 2.1: Schematic setup and computational procedure of our novel single-shot ToF camera sys-
tem. (a) Object (the camera FoV is 66 mm × 66 mm). (b) The lens system images the object onto
a CCD/CMOS chip. An object beam at two wavelengths illuminates the object and two reference
beams at two different wavelengths directly illuminate the chip at two different (vertical and hor-
izontal) angles. (c) The captured image I(x,y) along with a zoom-in window. The image consists
of speckles that are overlayed with crossed fringes. (d) Fourier transform of the captured image.
(e) By shifting, filtering, and inverse Fourier transform, the speckled complex fields (amplitude
and phase) at both optical wavelengths (see section 2.2) can be recovered from only one camera
image. (f) Using the SWI principle, we generate the synthetic phasemap ϕ(Λ) to calculate the 3D
depth map of the object.

• We use our novel single-shot technique to acquire a “Non-Line-of-Sight" measure-

ment of a point object hidden behind a scatterer. To the best of our knowledge, this

experiment documents the first ever SWI-based single-shot measurement through

scattering media.

2.2 Principles and computational framework

2.2.1 ToF camera concept

OurToFcamera concept is basedonSyntheticWavelength Interferometry (SWI), amethod

for multifrequency interferometry [37]–[42]. SWI exploits the spectral diversity of mul-

tiple measurements at multiple wavelengths to image objects with optically rough sur-
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faces. The basic principle is summarized as follows: An optically rough surface is illu-

minated with coherent light (at wavelength λ1), and the complex field E(λ1) scattered off

the object’s surface ismeasured using an optical interferometer. This field exhibits strong

wavefront aberrations due to the mentioned speckle. Macroscopic optical pathlength in-

formation (i.e., the shape of the object) can not be recovered from E(λ1) (see Fig. 2.1e

and Appendix A). Eventually, the static object is again illuminated with a slightly differ-

ent wavelength λ2, and a new field E(λ2) is obtained. Assuming that both illumination

sources originate from the exact same location (e.g., the same fiber tip), the fields E(λ1)

and E(λ2) are subject to the same microscopic and macroscopic pathlength variations.

After calculating the difference between their phasemaps ϕ(λ1) − ϕ(λ2), the phase aber-

rations imparted by the microscopic pathlength variations cancel each other out. The

phasemap difference only contains the macroscopic pathlength variations on the order

of a “Synthetic Wavelength" Λ = λ1λ2

|λ1−λ2| (see Fig. 2.1f and Appendix A).

If λ1 and λ2 are spaced close enough (see analysis in [26], [55], [56]) the resulting

“synthetic field" E(Λ) does not exhibit speckle artifacts and can be processed like a “nor-

mal" ToF camera image or unspeckled optical interferogram. Thismeans that the object’s

depth can be calculated by

z =
1

2

ϕ(Λ) · Λ
2π

. (2.1)

One possible way to calculate the synthetic field E(Λ) is computational mixing of

E(λ1) and E(λ2),

E(Λ) = E(λ1) · E∗(λ2) = |E(λ1)| · |E(λ2)| · ei(ϕ(λ1)−ϕ(λ2))

= |E(λ1)| · |E(λ2)| · eiϕ(Λ)
(2.2)
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where E∗(λ2) denotes the complex conjugate of E(λ2).

Recent work [43], [44], [46], [55] has introduced different ToF cameras for Computer

Vision applications which are based on this synthetic wavelength principle. Despite the

ability for “full-field" measurements and measurements showing high-depth precision,

the introduced systems had one significant drawback: at least two sequentially captured

camera images were needed to reconstruct the object’s depth maps. One would capture

the field E(λ1) and then repeat the measurement using a different wavelength to obtain

E(λ2). This approach works for static scenes but completely fails for dynamic scenes.

If the object moves between the two sequential images, the optical pathlength variances

between both images will differ. Therefore, the correlation between both speckle fields

(needed to calculate the synthetic wavelength term) is lost. It turns out that this problem

is muchmore severe than “conventional" motion artifacts (such as those from structured

light imaging systems), as minimal object movements can induce significant changes in

the observed speckle patterns. This presents a severe drawback becausemany real-world

applications include scenes that naturally move at least on a microscopic scale (e.g., in

medical imaging, autonomous driving, or AR/VR). We refer to section A.3 of Appendix A

for related experiments and further description on this problem.

2.2.2 Proposed method

The significant limitation of current SWI principles has stimulated the idea for this contri-

bution. Our novel idea draws inspiration from spatial heterodyning, off-axis holography,

and single-sideband demodulation procedures [57]–[68]. Our new setup configuration

(see Fig. 2.1a and 2.1b) only uses standard CCD/CMOS camera technology and can oper-

ate in single-shot. Our approach can be summarized as follows: We couple a portion of
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Figure 2.2: Picture of our lab setup. Two identical tunable lasers emit light in the NIR range at
around 850 nm. We use optical fibers and fiber beam splitters (BS) to direct the beams flexibly.
We employ a lens system plus aperture to image the object into the sensor array.

two laser beams (at two different wavelengths λ1 and λ2) together, which forms the ob-

ject beam. The other portions of both beams remain separated and form two reference

beams (see Fig. 2.1b). The reference beams are arranged so that they directly illuminate

the camera chip at an angle. One reference beam (e.g., λ1) encloses an angle with the hor-

izontal x-axis, while the other reference beam (e.g., λ2) encloses an anglewith the vertical

y-axis of the detector.

When the object beam is scattered off the object surface, it forms a speckle field at

each wavelength: E(λ1) and E(λ2). These two speckle fields are incident on the detector

and interfere with the reference beams. The speckle field at λ1 produces a static inter-

ference pattern with the λ1-reference beam (vertical fringes), while the speckle field at

λ2 produces a static interference pattern with the λ2-reference beam (horizontal fringes).

In other words, the camera image I(x, y) (Fig. 2.1c) shows speckles that are overlayed by

crossed fringes. For the sake of completeness, it should be mentioned that interference

also happens between the fields at λ1 and λ2. These interferences result in temporally os-

cillating fringes which oscillatemuch faster than the integration time of our used camera

and hence are not further discussed here (see Appendix A for details).

After acquiring the image I(x, y) in single-shot, the complex speckle fields (phase
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and amplitude)E(λ1) andE(λ2) required to form the synthetic fieldE(Λ) = E(λ1) ·E∗(λ2)

are retrieved via computational demodulation in the Fourier domain: Fig. 2.1d shows the

2D Fourier transform of the captured image, F [I(x, y)], where five spectral regions with

high energy can be distinguished. The central region represents the DC component. The

horizontal regions (left and right) are centered around the spatial carrier frequencies of

the vertical fringes, which appear due to the interferences between theλ1-referencebeam

and the object field E(λ1). Similarly, the vertical regions (up and down) are centered

around the carrier frequencies for the horizontal fringes produced by the reference and

object field at λ2.

Eventually, the complex field E(λ1) is retrieved by performing the following opera-

tions:

• Find/evaluate the carrier frequency f1 for the respective spectrum in theFourier do-

main (blue box in Fig. 2.1d).

• Shift theFourier spectrum to set the evaluated carrier frequency f1 as thenewcenter

frequency (see Appendix A for further details).

• Filter the spectrum (either with a Hanning window or Gaussian kernel) so that only

the frequency band around the new center frequency remains. The resulting fil-

tered spectrum is denoted by Fhor[I(x, y)].

• An Inverse Fourier Transform (IFT) ofFhor[I(x, y)] eventually delivers thephaseϕ(λ1)

and amplitude |E(λ1)| of the complex field E(λ1) (see Fig. 2.1e and references [57],

[59], [60]):

F−1{Fhor[I(x, y)]} ∝ |E(x, y;λ1)| exp (iϕ(x, y;λ1)) (2.3)
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The complex fieldE(λ2) is retrieved from the same image in an analog fashion, using

the vertically arranged regions in the Fourier spectrum. Eventually, the synthetic field

E(Λ) is formed via Eq. 2.2, the synthetic phase ϕ(Λ) is extracted, and the depth map of

the object is calculated via Eq. 2.1. More details and mathematical calculations can be

found in the Appendix A.

2.3 Experiments and Data Processing

2.3.1 Experimental setup

We first discuss the specific configuration of the setup used for our experiments, shown

in Fig. 2.2. The optical system consists of a lens system that focuses the imaged object

onto the camera chip. To incorporate the reference arms, it is required to leave a few

centimeters between the sensor chip and its closest lens. This increases the back focal

length of the system, affecting the Field of View (FoV) of the camera andmaking this first

optical prototype system less compact. Further discussions on how to make the imaging

systemmore compact are provided in section 2.4.

It should also be mentioned that multiple possible setup configurations exist. As

mentioned before, we use a reference source aligned on the horizontal axis and another

on the vertical axis (see Fig. 2.2). However, other configurations of spatially separated

reference beams are possible as well. For instance, we could place two reference beams

along one single axis enclosing different angles. Setups with >2 lasers (>2 wavelengths)

are theoretically possible as well (e.g., for unwrapping, see sec. 2.4). The only essential

condition is that the Fourier transform of the captured image (see Fig. 2.1d) must have

separated spectral regions without overlap (aliasing) in distinct separated locations.
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Figure 2.3: Double-shot acquisitionmode. Themeasured object is a painted clay figure of approx-
imately 10 cm height (see Fig 2.1a), and the field of view is 66 × 66 mm2. (a) Image of the small
object cropped to the actual FoV. (b) Wrapped phasemap ϕ(Λ = 10mm). (c) Acquired synthetic
phasemap ϕ(Λ = 45mm). (d) Phasemap ϕ(Λ = 10mm), unwrapped with our multi-frequency
unwrapping algorithm. (e) and (f) 3D model of the object calculated from ϕ(Λ = 45mm) (e) and
from unwrapped phasemap ϕunwrap(Λ = 10mm).

To facilitate the reference and object beams at λ1 and λ2, two highly coherent light

beams produced by two tunable lasers (Toptica DFB pro devices) are flexibly directed by

optical fibers. We separate the light emitted from each laser into the object and reference

arms using a fiber splitter, where 90% of the power goes to the object and 10% to the

reference. In addition, we combine the two object arms so that the resulting object source

contains both wavelengths, λ1 and λ2 (see Appendix A for further details).

Although the object beam has much more intensity than the two references, we

must consider that the light scattered off the object’s surface that passes through the opti-

cal system is considerably less intense than the initial object beam. ND filters were used
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on the reference beams to match the intensity that reaches the sensor from the refer-

ences and the object beam. When they match, the interference fringes have maximum

contrast: destructive interferences with almost zero intensity and constructive fringes

with four times the intensity of each beam [69].

Additionally, we place an aperture right behind the objective lens (see Fig. 2.1b)

to control the size of the subjective speckles at the sensor location. This is essential, as

our method requires several interference fringes within one speckle, so the speckle size

needs to be controllable. Respective trade-offs related to the aperture size and the lateral

resolution of our camera system will be discussed in sec. 2.4.

In the following, we use our described setup prototype to capture 3D images and 3D

videos of different objects, using different single-shot and double-shot acquisitionmodes.

2.3.2 Double-shot acquisition

The “double-shot" acquisitionmode still captures thefieldsE(λ1) andE(λ2) at bothoptical

wavelengths sequentially. This means that only one reference arm (Fig. 2.1b) and only one

direction in the Fourier spectrum (Fig. 2.1d) is exploited, and two camera images are

required to calculate the synthetic field E(Λ) (hence the word “double-shot"). However,

it should be emphasized that each optical field E(λ1) or E(λ2) itself is acquired in single-

shot, which is in stark contrast to conventional interferometry that normally relies on

phase shifting and multiple exposures to capture one optical field.

Fig. 2.3 shows exemplarily double-shot acquisition results. The synthetic phasemap

shown in Fig. 2.3a was acquired at a synthetic wavelengthΛ = 45mm. The respective cal-

culated 3D model is shown in Fig. 2.3e from three different perspectives. Measurements

at smaller synthetic wavelengths yield higher depth precision [26], [43], [44]. However,
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for measurements at synthetic wavelengths Λ smaller than 2x the object depth, the re-

constructed synthetic phasemaps observe phase wrapping. To solve this problem, we

applied a multi-frequency unwrapping algorithm to recover unwrapped phasemaps at a

small synthetic wavelength using only a set of wrapped phasemaps at different synthetic

wavelengths. Thismeans that a "guidance phasemap" at a large synthetic wavelength that

does not observe wrapping is not required. Our applied approach works as follows: From

two synthetic fieldsE(Λ1) andE(Λ2)withwrappedphasemaps, we calculate the beat-note

field E(ΛB) = E(Λ1) · E∗(Λ2), which could also be seen as the “synthetic-synthetic field".

If E(Λ1) and E(Λ2) are chosen correctly, the respective phasemap ϕ(ΛB) is not wrapped

and can be now used as a guidance to unwrap fields at smaller synthetic wavelengths

via the standard phase unwrapping procedure [70], [71]. Of course, this requires acquir-

ing additional optical fields E(λi) to form multiple synthetic fields at different synthetic

wavelengths.

Fig. 2.3b displays a wrapped synthetic phasemap of the object acquired at a syn-

thetic wavelength of Λ = 10mm. Fig. 2.3d shows the same phasemap, unwrapped with

the procedure described above. The respective rendered 3D model is shown in Fig. 2.3f.

As expected, the 3D data display much higher depth resolution and details of the object

surface. Fine details like the eyes or nose of the figure can be resolved with impressive

quality (see scalebar for size comparison). Further results for the double-shot experi-

ment are shown in the Appendix A (we encourage the reader to look at the measurement

of the clay pot). It should also be mentioned that different smoothing operations are ap-

plied after each unwrapping step to facilitate “smoother" guidance phasemaps. The exact

smoothing parameters are specified in Appendix A.
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Figure 2.4: Single-shot acquisition mode. For the sake of comparability, the same object as in Fig.
2.3 is measured. (a) Image of the small object cropped to the actual FoV. (b) Wrapped phasemap
ϕ(Λ = 10mm). (c) Acquired synthetic phasemap ϕ(Λ = 50mm). (d) Phasemap ϕ(Λ = 10mm),
unwrapped with our multi-frequency unwrapping algorithm. (e) and (f) 3D model of the object
calculated from ϕ(Λ = 50mm) (e) and from unwrapped phasemap ϕunwrap(Λ = 10mm).

2.3.3 Single-shot acquisition

The “single-shot" acquisition mode captures the synthetic field E(Λ) with only one cam-

era image, using the full Fourier demodulation procedure (with two reference beams)

described in section 2.2. The results in Fig. 2.4 are intentionally presented for the same

object and in an identical subfigure arrangement to Fig. 2.3, to allow for comparing both

acquisition modes.

Figure 2.4a shows a single-shot phasemap captured at a synthetic wavelength of

Λ = 50mm - large enough that the phasemap is “unique", i.e., not subject to phase wrap-

ping. The respective 3D model is shown in Fig. 2.4e from three different perspectives.
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Figure 2.5: Single-shot measurements of a dynamic object. (a) Object: Metronome sprayed with a
scattering powder. (b, d) Phasemaps ϕ(Λ = 30mm) obtained from two different video frames. (c,
e) Corresponding 3D models.

Figure 2.4b shows a wrapped single-shot phasemap captured at Λ = 10 mm. The same

phasemap processedwith the unwrapping procedure described above is displayed in Fig.

2.4d, and the respective 3Dmodel is shown in Fig. 2.4f. It can be seen that the quality and

detail richness of the measurement does not significantly decrease for the “single-shot"

compared to the previously shown “double-shot" method.

For a quantitative depth precision evaluation of our camera and a comparison be-

tween single-shot and double-shot acquisition, we evaluated single-shot and double-shot

measurements of a planar surface (cardboard) at different syntheticwavelengths. A small
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Λ [mm] 40 10 5 3 1
δzdouble [mm] 5.30 1.95 1.14 0.82 0.43
δzsingle [mm] 5.56 1.78 1.64 0.79 0.33

Table 2.1: Depth precision analysis comparing the double-shot with the single-shot method.

region of the cardboard (roughly 23mm × 23mm) has been picked for evaluation. After

subtracting a best-fit plane, the standard deviation of the (unfiltered) point cloud was cal-

culated. This value represents the depth precision δz of the respectivemeasurement. The

results are displayed in Tab. 2.1: It can be seen that the single-shotmeasurements achieve

roughly the same depth precision as their double-shot counterparts at the same synthetic

wavelength. For Λ ≤ 3mm, our camera achieves sub-mm precision with a best-reported

precision of only δzsingle = 330µm for Λ = 1mm. This value outperforms the precision

of conventional ToF cameras roughly by a factor of 100x.

To further demonstrate the single-shot capability of our novel SyntheticWavelength

Interferometry (SWI) ToF camera, we recorded a 3D video of amoving object. Each video

frame consists of a single-shot measurement of the object at a synthetic wavelength of

Λ = 30mm. The object consists of ametronomewhose pendulummoves left-to-right and

then back right-to-left with multiple oscillations. To make the movement more obvious,

two letters are attached to the metronome - one letter at the pendulum and one letter at

the metronome body. During oscillation, the back letter moves laterally with respect to

the front letter.

Figure 2.5 b and d show two synthetic phasemaps from two different time instances

of the video. The respective 3D reconstructions are shown in Fig. 2.5 c and e. The full

video of the captured phasemap and 3D reconstruction can be seen in link [74]. We em-

phasize again that such a 3D video sequence would not have been possible with earlier
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Figure 2.6: Single-shot phase unwrapping using Deep Learning (DL). (a) Acquired wrapped syn-
thetic phasemap ϕ(Λ = 5mm). (b) Unwrapped phasemap predicted by our DL algorithm,
ϕunwrap(Λ = 5mm). (c) Comparison: Phasemap obtained from another single-shot unwrapping
procedure [72], [73] (not DL-based). Unwrapping failed as phase jumps are still present. (d) 3D
model calculated from our DL-based unwrapped phasemap (b).

implementations of Synthetic Wavelength Interferometry for Computer Vision applica-

tions shown, e.g., in [43], [44], [46], [55].

In light of the encouraging single-shot results that have been demonstrated so far,

one could plausibly argue that the “unwrapped single-shot” results shown in Fig. 2.4

are not genuinely single-shot, as we needed multiple sequentially captured single-shot

phasemaps to apply themultifrequency unwrapping algorithm. And indeed, if wewant to

exploit the main feature of our novel camera (namely precise single-shot 3D acquisition

of dynamic objects), multifrequency phase unwrapping from sequential images would

not be possible1. For this reason, we developed a Deep Learning (DL) based algorithm to
1It should be emphasized, however, that the discussed motion artifact problem is now reduced to “con-
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unwrap our captured (wrapped) single-shot phasemaps at smaller synthetic wavelengths.

Compared to other SOTA DL-based phase unwrapping procedures [51]–[54], our al-

gorithm is specifically tailored to our acquired data structures and integrates seamlessly

into our data processing pipeline. We defined a Convolutional Neural Network (CNN) ar-

chitecture combinedwith a Long-Short-Term-Memory (LSTM)module [75]–[79]. The net-

work is trained using both experimentally acquired and simulated wrapped phasemaps

at different synthetic wavelengths as input and unwrapped phasemaps as output. The

experimentally acquired unwrapped phasemaps for the training process were obtained

using the multifrequency unwrapping algorithm described above. The supervised learn-

ing machine algorithm has a loss function that measures the mean squared error (MSE)

between the real output image and the output that the CNN architecture generates from

the input data. During the training process, the parameters of the CNN are optimized so

that the model produces accurate unwrapped output phasemaps out of the wrapped in-

put phasemaps. Once the training is complete, we apply the model to a newly measured

wrapped phasemap to predict the unwrapped version. Neither the measured phasemap

nor any other measurement of the evaluated object surface have been seen before by the

algorithm.

Although not the main focus of this paper, we here report the first single-shot mea-

surements unwrapped with our DL-based algorithm in Fig. 2.6. It can be seen that the al-

gorithm correctly unwraps and reconstructs the overall shape of the object (see Fig. 2.6b).

Fine details like eyes andnose are also reconstructed, although the reconstruction quality

is slightly lower as for the measurements unwrapped with the multifrequency approach

ventional motion artifacts” as, e.g., observed in multi-shot structured light principles. This is because the
multifrequency unwrapping with two single-shot synthetic phasemaps does not require the speckle pat-
terns to be correlated between the different time instances (see the previous discussion).
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(see Figs. 2.3 and 2.4). For comparison, we also attempted to unwrap the phasemap with

an often-used single-shot unwrapping procedure (not DL-based) described in [72], [73].

The result is shown in Fig. 2.6c. It can be seen that this other method was not able to

unwrap our synthetic phasemap correctly, and phase jumps are still present in the result.

2.3.4 Single-shot NLoS imaging through scattering scenes

So far, this paper was focused on "Line-of-Sight" (LoS) measurements, where the object is

directly visible and can be directly imaged onto the sensor. However, the same technique

can be used to image objects hidden from direct view, e.g., behind a scattering medium

or around a corner. These so-called “Non-Line-of-Sight” (NLoS)measurements are poten-

tially useful for many future applications in autonomous driving, medical diagnosis, or

quality inspection of manufacturing products. For instance, we could think of an imag-

ing system that could see through fog, that could see through human tissue to observe

the inner organs, or that could look “around corners” to see some industrial machinery

in operations.

Multi-shotNLoSmeasurements using Syntheticwavelength imagingprincipleshave

been demonstrated in [55]. However, it turns out that the single-shot ability of our camera

is particularly crucial for NLoS measurements - even if the hidden object does not move!

The reason is that most scattering media, such as fog, smoke, turbid water, or even hu-

man tissue, are in constant microscopic motion. For the double-shot method introduced

in [55], this would lead to the already discussed decorrelation of speckle patterns which

would result in a complete loss of information (please see related experiments and de-

tails in the Appendix A). In Fig. 2.7, we demonstrate a first single-shot NLoS measure-

ment through a scattering scene. As shown in Fig. 2.7a, the object behind the scatterer is

a simple point light source (fiber tip), which emits light at both used optical wavelengths
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λ1 and λ2. The scatterer is a 220-grit ground glass diffuser. The synthetic phasemap ϕ(Λ)

(see Fig 2.7b) is captured at the diffuser surface, and the related field is computationally

backpropagated at the synthetic wavelength to reconstruct the point source in the hid-

den volume behind the diffuser. We refer to [55] for details about the used reconstruction

method. An image of the reconstructed point light source is shown in Fig. 2.7c. The diam-

eter of the bright spot in the middle roughly matches the theoretical expectations about

the reconstruction resolution of the point light source. Further explanations are provided

in the Appendix A.

Although very basic, this experiment documents (to the best of our knowledge) the

first ever SWI-based single-shot full-field measurement through scattering media.

2.4 Summary, discussion, and outlook

We first summarize the advantages of our novel method with respect to other ToF-based

imaging systems. While standard (single-wavelength) interferometric ToF cameras are

limited to smoothobject surfaces, ournovel systemcan imageobjectswithoptically rough

(e.g., fully lambertian) surfaces. Other existingmultifrequency interferometric ToF cam-

eras for Computer Vision applications were limited to static objects and/or used sophis-

ticated sensors (e.g., PMDs [31], SPADs [47], or lock-in detectors [48]). In contrast, this

work demonstrates a new setup design that enables high-precision measurements with

conventional CCD/CMOS sensors. Our main contribution to the field is the introduction

of our single-shot SWI method, which allows us to record videos of moving objects and

reconstruct the dynamic 3D model at high precision.

In addition, we have demonstrated “unwrapped dual-shot measurements" and “un-

wrapped single-shot measurements" with a depth precision of up to 330µm - roughly 100x
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better than the precision of conventional ToF cameras. Due to this immense performance

difference, we focused our experiments around demonstrating the capabilities of our sys-

tem and refrained from comparisons with conventional ToF camera systems (such asMi-

crosoft Kinect V2 [80]). We hope that it became obvious to the reader that such systems

would not have been able to sufficiently resolve any of our small measured objects at all.
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Figure 2.7: Full-field, single-shot Non-Light-of-Sight (NLoS) imaging. (a) Schematic of the experi-
ment. (b) Synthetic phasemap ϕ(Λ = 1mm) of the object’s hologram at the diffuser location. (c)
The amplitude of backpropagated object (the point light source).

Wealsowant tomention that our single-shotmethod is not only limited to the simul-

taneousmeasurement of two optical wavelengths, i.e., one syntheticwavelength. Indeed,
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we could theoretically operate three lasers simultaneously and illuminate the object with

λ1, λ2, and λ3. For instance, we could place each of the three reference beams with a

60-degree difference around the aperture. With this procedure, one could retrieve the

object beams E(λ1), E(λ2), and E(λ3) from a single-shot image following our proposed

method (see section 2.2). This new configuration enables the construction of three dif-

ferent synthetic fields: E(Λ12), E(Λ23), and E(Λ13). Consequently, one can then use the

"standard" multi-frequency unwrapping technique to retrieve a precise depth map from

an unwrapped phasemap at a small synthetic wavelength purely in single-shot. Of course,

the principle can be extended to even more optical wavelengths as long as the different

regions in the Fourier domain stay separated. Further developments in this directionwill

be part of our future work.

Despite the promising first results shown in this paper, our imaging system is not

without limitations. On the one hand, there is a fundamental limitation related to the

aperture size of the optical system. A wider aperture size would allow higher spatial fre-

quencies from the object beam to pass, resulting in higher lateral resolution during the

imaging process but also increasing the size of the spectral regions in the Fourier do-

main. According to this tradeoff, wemust carefully calibrate the aperture size so that the

spectral regions in the Fourier domain do not overlap. Besides the tradeoff mentioned

above, a small aperture also leads to decreased light throughput and hence a longer re-

quired exposure time. This issue becomes more severe when we record videos. We need

a short exposure time to capture unblurred images of moving objects, which decreases

the amount of light arriving at the sensor. The “optimal" aperture size is reached shortly

before the spectral regions overlap in the Fourier domain.
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Another limitation of our current system is its limited field of view (FoV). The back

focal length of a camera is defined by the distance between the camera sensor and the

closest lens from the optical system (see Fig. 2.2). As we need to place the reference

beamspointing directly toward the camera sensor chip, wehave to increase the back focal

length of our camera. A short back focal length would imply a larger angle between the

reference beams and the optical axis, which reduces the spacing between the fringes (see

Fig. 2.1c). As we are already operating near the sampling limit (with about three pixels

per fringe), the back focal length of our system cannot be shortened, and the total size of

the setup becomes large. In the future, we will explore different solution approaches to

this problem which can be found in optical metrology literature (e.g., in [61]).

2.5 Conclusions

We have developed a novel ToF single-shot imaging system based on Synthetic Wave-

length Interferometry (SWI). Our contributions extend previous works on SWI-based ToF

cameras, which were either limited to static objects or used sophisticated sensor archi-

tectures. We have shown the design of the new camera prototype and presented the

computational procedure to obtain high-precision depth maps for several different in-

troduced acquisition modes. We have tested our imaging system by measuring different

static and dynamic objects and have acquired a “single-shot 3D video" of a moving ob-

ject. Ultimately, we have exposed another potential new application of our technology by

using our camera for a first-ever SWI-based single-shot NLoS measurement.

In the future, we hope that our introduced technique becomes part of a new wave

of imaging devices that allow for completely new procedures and methods on how we

perceive and interact with our environment. Beyond the current work, several promis-
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ing directions have emerged in the broader context of synthetic wavelength techniques,

including (a) light-in-flight imaging to temporally and spatially resolve light propagation

through complex scenes [81], [82], (b) imaging through scatteringmedia for nLoS applica-

tions [83], [84], and (c) high-resolution imaging via multi-mode fibers [85] (with potential

applications in medical endoscopy).
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Chapter 3

Spectrophotometry of thin solid films

This chapter presents a comprehensive framework for the optical modeling and charac-

terization of thin solid films using transmission and reflection spectroscopy. The work

is organized into three main sections: forward modeling, inverse retrieval based on op-

timization techniques, and deep learning based characterization. Together, these con-

tributions form a robust pipeline for simulating and extracting material properties from

spectrophotometric measurements.

The first section introduces a differentiable forward model that replicates the spec-

tral transmittance and reflectance curves of thin film samples deposited on glass sub-

strates. Given the geometric and optoelectronic properties of the film (including thick-

ness,wedge angle, bandgapenergy, Urbachenergy, anddispersionparameters) themodel

simulates the experimental transmission and reflection spectra across a range of wave-

lengths. This forward simulator serves as a digital twin of the spectrophotometry setup,

allowing for accurate reproduction of the light–matter interaction under realistic con-

ditions. Our original contribution in this section lies in the derivation of new analytical

expressions, based on the transfermatrixmethod, that extend traditional thin-film optics

models to handlemore complex and experimentally relevant scenarios. In particular, we
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address two significant non-ideal conditions: (i) non-uniform film geometries with high

wedge slopes, which can arise due to an intentional deposition technique or unintentional

surface irregularities, and (ii) partially absorbing substrates, which introduce deviations

from the assumption of transparent supports. These extensions improve the model’s fi-

delity to real-world data and enable more accurate optical simulations.

The second section focuses on solving the inverse problem of optical characteri-

zation: determining the material properties of a thin film given its experimental trans-

mission spectrum. We build upon the classical Swanepoel method, which uses envelope-

based algebraic formulas to estimate refractive index and thickness from interference

fringes. Recognizing that the accuracy of the method is highly sensitive to the correct

identificationof the transmission curve’s upper and lower envelopes,we introduce anovel

global optimization algorithm to robustly estimate these envelopes, thus significantly im-

proving the reliability of the Swanepoel method in practical scenarios.

In the final section, we explore machine learning–based methods to further en-

hance the inversemodeling process. In subsection 3.1, we present a hybrid analytical and

deep learning approach that improves the Swanepoel method with a convolutional neu-

ral network. Subsection 3.2 introduces a fully data-drivenmethod in which a deep neural

network directly infers the material parameters from transmission spectra. Finally, sub-

section 3.3 describes a physics-informed deep learning approach that incorporates the

forward optical model as a regularizing constraint in the network training loss, ensuring

physical consistency and improving generalization. Together, these techniques illustrate

the transition from classical analytical methods to optimization based and data-driven

methods for thin-film optical characterization.
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3.1 Novel Formulas for Transmittance and Reflectance

Historically, spectroscopic techniques have been essential for studying the optical prop-

erties of thin solid films. However, existing formulae for both normal transmission and

reflection spectroscopy often rely on simplified theoretical assumptions, which may not

accurately align with real-world conditions. For instance, it is common to assume (1) that

the thin solid layers are deposited on completely transparent thick substrates and (2) that

the film surface forms a specular plane with a relatively small wedge angle. While recent

studies have addressed these assumptions separately, this work presents an integrated

framework that eliminates both assumptions simultaneously. In addition, the current

work presents a deep review of various formulae from the literature, each with their cor-

responding levels of complexity. Our review analysis highlights a critical trade-off be-

tween computational complexity and expression accuracy, where the newly developed

formulae offer enhanced accuracy at the expense of increased computational time. Our

user-friendly code, which includes several classical transmittance and reflectance formu-

lae from the literature and our newly proposed expressions, is publicly available in both

Python and Matlab at this link.

3.1.1 Introduction

Thin solid films are essential in awide range ofmodern industries, especially in the devel-

opment of efficient transistors and photodiodes, as well as in the fabrication of protective

metal and dielectric coatings. Thin film technologies directly impact the performance

and efficiency of several everyday devices, including activematrix LCDs, photovoltaic sys-

tems, flashmemory chips, photonic integrated circuits, and semiconductor batteries [13],

[86]–[89]. It is important to remark that the specific conditions underwhich thin films are

https://drive.google.com/drive/folders/1Mv0p9or5ePowgt37yitNnw2Xe449IFTG?usp=sharing
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Figure 3.1: (a) Geometrical model of the sample under study. A thin solid film is deposited on
top of a glass substrate. The inset shows a cross-sectional view of the film within the illuminated
area, where the thin-film surface is approximated as a plane with a wedge parameter ∆d. (b)
Schematic diagram of the experimental spectrophotometric setup for transmission and reflection
measurements. The setup includes two broadband light sources covering the UV and VIS-NIR
spectral ranges, a diffraction optical element, a tunable slit that produces a quasi-monochromatic
beam, and a beam splitter.

prepared have a significant impact on their final properties. Factors such as deposition

techniques, preparation time, growth temperature, and working pressure all play critical

roles in determining the characteristics of the resulting films [90]–[92]. Consequently, a

precise analysis of their optoelectronic properties prior to mass production is crucial.

Thin films, with thicknesses often ranging from nanometers to several microme-
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ters, are commonly deposited onto thick glass substrates (often on the millimeter scale),

as seen in Fig. 3.1a. Our main objective is to determine the optical properties of the film,

specifically the refractive index n1(λ) and the extinction coefficient κ1(λ), as functions of

the wavelength λ, within a broad spectral range of interest, typically in the UV-Vis-NIR re-

gion. While there aremultiplemethods for optically characterizing these thin solid films,

spectroscopic ellipsometry often emerges as the preferred choice due to its high accuracy.

This technique measures how the polarization state of an incident beam changes upon

reflection on the layer surface [93], [94]. Spectroscopic ellipsometry techniques provide

comprehensive data collection through different reflection angles and polarization states,

which allows for highly precise thin-film material characterization. It should be noted

that this technique is particularly effective for analyzing complicated sample structures,

including multilayered [95]–[97] or anisotropic materials [98], [99].

Despite the significant benefits of ellipsometry techniques, it is still very common to

perform the optical characterization of simple thin films using measurements of normal

transmittance and/or reflectance [100]. Several compelling factors contribute to the con-

tinued reliance on these latter measures. First, transmission and reflection spectropho-

tometers are indispensable instruments with applications in a wide range of fields, in-

cluding biology and chemistry [101]. Second, the widespread availability of these instru-

ments in research institutes and industries makes them a practical choice. Third, these

instruments are generally more economical than spectroscopic ellipsometers, offering a

cost-effective alternative for many laboratories [102]. In addition, many commercial in-

struments are designed to integrate both optical transmittance and reflectance measure-

ments, facilitating efficient data acquisition [103]. Fourth, collecting a single set of light

intensity data at normal incidence is generally easier, simpler, and faster than collecting

a comprehensive ellipsometric dataset.
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In the spectral ranges where the films exhibit medium-to-low absorption, most of

the incident light is transmitted, enabling highly sensitive and accurate optical character-

izations based on these transmission measurements. Conversely, for characterizations

within the strong absorption regions of a film material, reflection measurements (such

as those performed in reflectometry or ellipsometry) offer more advantages. It should

be noted that ellipsometric measures are sensitive to surface roughness [104]–[107], as

rough surfaces lead to a certain degree of depolarization upon reflection. While there

are well-established methods to account for these effects, such as effective medium ap-

proximations (EMA) [108], [109], incorporating depolarization and surface roughness can

add significant complexity to the ellipsometric analyses. In contrast, transmitted and

reflected intensity measurements are generally less affected by surface roughness [110].

Moreover, one can still measure the total transmission and reflection in fully optically

rough surfaces by using integrating sphere components [103] in the spectrophotometers,

which allows to capture the scattered light due to diffuse reflectance and transmittance.

A representative schematic of a double-beam spectrophotometer can be found in

Fig. 3.1b. A lamp emits broad-spectrum light. Typically, a deuterium arc lamp is used for

the UV region, and a tungsten-halogen lamp for the Vis-NIR spectrum. This light is then

dispersed by a diffraction optical element (DOE), as seen in the figure. Consequently, it

passes through a slit, allowing for a controllable spectral bandwidth that usually ranges

from 0.1 to 10 nm, which determines the coherent length of the beam. Various apertures

are available to adjust the beam diameter, generally in themillimeter range. The normal-

incidence reflected and transmitted light intensities, denoted as IT and IR, are thenmea-

sured by a photodetector. Double-beam instrumentation splits the input beam into two

parts: one to analyze the sample and the other to serve as a reference,measuring thebase-

line intensity I0 with a separate sensor. Variations in the light source intensity are then
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recorded simultaneously in both the reference and sample beams, allowing an accurate

intensity ratio for transmission T = IT/I0 and reflection R = IR/I0. Then, N sequential

transmittance and reflectance experimentalmeasurements, denoted {T exp(λi), R
exp(λi)},

are obtained at discrete specific wavelengths λi, i ∈ {1, 2, ..., N}, with a typical step size of

a few nanometers. Our goal is then to develop a computational method that determines

the two optical constants, n1(λi) and κ1(λi), from that experimental dataset.

Since the proliferation of advanced spectroscopic techniques, numerous analytical

expressions have been formulated for the spectral transmission and reflection of thin-

film samples, denoted T theory(λ;n1, κ1) andRtheory(λ;n1, κ1). The formulaewere then used

to computationally fit the real-world optical measurements, finding the most reasonable

values of (n1, κ1) thatmatch the experiment. However, these theoretical expressions gen-

erally relied on rough assumptions or approximations. The approximations introduced

were necessary in order to simplify the analysis and reduce computational complexity,

particularly given the limited computing resources available at the time. Among the sim-

plifications that still persist nowadays, two are particularly critical: (1) the glass substrate

is presumed to be completely transparent throughout the spectral range of interest, and

(2) the film surface is regarded as a specular planewith aminor wedge angle, usually only

a few nanometers in height.

Current instruments are capable of detecting very subtle variations in light inten-

sitymeasurements, revealing the existingweak substrate absorption, because of the pres-

ence of inherent glass absorption at specific spectral ranges or impurities in the substrate.

Additionally, although it is true that most films are conveniently prepared to have quasi-

uniform thicknesses, more ‘exotic’ thin-film samples may display complex surface ge-

ometries [111] or being deliberatively prepared with a certain wedge [112], [113]. Such
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variations in thickness can lead to a pronounced wedge effect on the illuminated spot

under analysis (see Fig. 3.1a). It should be highlighted that the modern literature has al-

ready addressed simplifications (1) and (2) separately, as explained in the next section in

further detail. In contrast, the current work presents a unified and comprehensive theo-

reticalmodel that addresses both problems simultaneously, bridging the gap in the current

literature. Our code, written both in Python 3.0 [114] and Matlab 2021a [115], is available

to the public at this link. Please note that this code also includes a collection of previously

established formulae in this field, accounting for the results of T theory and Rtheory under

different approximations.

3.1.2 Historical context and previous works

The study of the physics of thin films has profoundly influenced the fields of optics and

photonics, particularly in the analysis of optical interference effects during the nine-

teenth century [36], [69]. Relevant advancements in this field include the development

of the Fabry-Perot interferometer, the analysis of the etalon effect, and the formulation

of Airy’s equations. These contributions have facilitated advances in instruments for pre-

cise wavelength determination and enabled the development of accurate optical compo-

nents. In addition, the examination of absorption bands in these thin layer materials

significantly advanced atomic physics in the early twentieth century, improving our un-

derstanding of material properties at the quantum level. During the latter half of the

twentieth century, there was a proliferation of accurate optoelectronic analyses of film

semiconductor materials. The key advances that propelled these characterizations in-

cluded (i) the introduction of automated spectrophotometers [116], [117], (ii) the integra-

tion of modern computer technologies and numerical methods, and (iii) the continuous

development and refinement of film preparation techniques [118].

https://drive.google.com/drive/folders/1Mv0p9or5ePowgt37yitNnw2Xe449IFTG?usp=sharing
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3.1.2.1 Computational methods to find optical properties

It is essential to review the historical context of well-established computational methods

that perform optical characterization. We mentioned above a straightforward approach

that consists of directly fitting the experimental transmittance (or reflectance) measure-

ments with the derived theoretical formulae. By minimizing the least-squares error be-

tween the experimental data and our theoretical models, we find the optimal values for

the optical functions, n1 and κ1. This approach is commonly known as “inverse synthesis”

or “reverse engineering”, and involves solving a complicated global optimization problem

[119]–[125].

In contrast, Hall and Ferguson (1955) [126], Lyashenko andMiloslavskii (1964) [127],

and Manifacier et al. (1975) [128] developed an alternative approach to find optical prop-

erties, initially known as the method of “successive iterations”. This method does not

operate for all the discrete measure wavelengths, but rather works for those particular

wavelengths at which the minimum and maximum thin-film interferences occur. This

algorithm requires the calculation, during the intermediate steps, of the lower and upper

envelopes of the spectral transmission and/or reflection curves.

Ryno Swanepoel significantly refined this technique, introducing more precise for-

mulae in two seminal works in 1983 [129] and 1984 [130], respectively for uniform and

wedged films. Subsequently, the algorithm was universally renamed as the Swanepoel

method to his honor. Originally confined to transmission measurements, this method-

ology was later extended to include reflectometry studies. This expansion began with the

pioneering work of Kushev et al. in 1986 [131], and was further developed through a se-

ries of studies by Minkov et al. [132]–[136]. Since then, numerous significant works have

further advanced this method for both transmission and reflection spectroscopy [137]–
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[146].

A comparison between the inverse synthesis and envelope method [147], [148] indicates

that, although inverse synthesis generally achieves greater precision, it comes with sig-

nificantly higher computational costs. In addition to these two traditional methods, new

research directions are emerging. For example, a novel deep learning (DL) technique has

shown promise in accurately predicting optical properties of thin solid films from reflec-

tion [149] and transmission [6] spectra. Furthermore, a hybridmethod has been proposed

that combines the traditional SwanepoelmethodwithDL enhancements [7]. In thatwork,

a neural network automatically determines the envelopes of a transmission spectra, and

then an automatic algorithmdetermines the optical constants using the information con-

tained in the envelopes. Another approach recently proposed by our group is a numerical

method that compares the experimental transmittance with the transmittance generated

by a numerical simulator [150]–[152]. The simulator closely replicates wave propagation

under the realistic conditions of a spectrophotometer, effectively acting as a digital twin

of the actual setup.

3.1.2.2 Existing transmission and reflection formula

Revisiting now the early theoretical analysis of transmission and reflection formulae for

thin solid films, it is essential to highlight the contributions of A.W. Crook in 1948 [153] and

F. Abelès in the 1950s [154]–[156]. They independently laid the foundation for the trans-

mission and reflection analysis in stratified media. The compilation work in the original

Heavens book “Optical Properties of Thin Solid Films” from 1955 [157], [158] further con-

solidated the theoretical formulations employed in this field.

Despite these incipient accurate analyzes, it was common practice during that pe-
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riod to simplify the theoretical expressions and assume that the film was deposited on

an infinitely thick substrate [128], [159], [160]. Observe that the approximation overlooks

the impact of back-reflection at the later substrate-air interface. The approximation sig-

nificantly simplified the formulae to favor a straightforward optical characterization em-

ploying the envelope method [128]. In 1983 and 1984, the two aforementioned seminal

works by Swanepoel [129], [130] formally challenged the notion of neglecting the actual

thickness of the substrate. These studies demonstrated that such simplifications could

result in errors in transmittance values of up to 3-4%. Subsequent studies highlighted the

importance of accounting for substrate back-reflection in reflectance analyses [161].

In 1971, Potapov and Rakov proposed a pioneer algorithm to account for the effect

of slightly absorbing thick substrates [162] on the transmittance and reflectance of samples

with uniform films. Another relevant subsequent work on the topic was later reported by

Vriens and Rippens in 1983 [163]. A later work by Swanepoel in 1989 [164] meticulously

derived the comprehensive formulae for slightly absorbing substrates, explaining now in

depth the effect of a quasi-coherent light source. It should be noted that these close-form

friendly expressions and methodology proposed by Swanepoel have been adopted in the

present work. In 1997, Kotlikov and Terechenko [165], [166] independently reached find-

ings identical to those of Swanepoel, although in the context of antireflection coatings.

Continuing the discussion on substrate absorption, it is important to highlight a study

[167] by Nichelatti (2002), which introduces a very efficient numerical technique to di-

rectly characterize the substrate optical properties through spectroscopicmeasurements

of that isolated substrate (explained in Section 9). In 2010, Barybin and Shapovalov [168]

offered an alternative derivation of the transmission and reflection formulae for uniform

films using thematrix formalism, specifically accounting for the effects of highly absorb-

ing substrates.
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The analysis of transmission and reflection formulae has continually evolved to ac-

commodate increasingly complex sample characteristics. First, research has broadened

from straightforward planar surfaces (tilted or not) to consider more complex, higher-

order surface topographies [150], [169]–[172]. Second, considerable attention has been

devoted to multilayer configurations [173], [174], where multiple thin films are stacked.

Rather than closed-form analytical solutions, these scenarios often require numerical

approaches based on the Transfer Matrix Method. These multi-film analyses enable the

study of film coatings, surface oxidation, and other multilayer structures with applica-

tions in areas like color filters for display technologies [175], [176]. Third, whilemost spec-

trophotometric thin-film characterizations assume normal incidence, some studies have

investigated quasi-normal [144], [150] and oblique angles [177], broadening the applica-

bility of these techniques. Fourth, additional research has explored how light scattering

from surface roughness, texture, and defects influences the measured transmission and

reflection [178]–[180].

A new significant contribution came from Ruiz-Perez (RP) et al. [181] in 2020, adapt-

ing the transmission formula to account for films with a pronounced wedge deposited on

transparent substrates. The RP formula accounts for ‘exotic’ films with a high-wedge con-

dition (explained below in detail), which leads to significant changes in the shape of the

spectrum, shrinking the characteristic oscillations of the transmission curves. This par-

ticular transmission expression has been successfully used in the recent literature and

was named as the “universal transmission formula” [182], [183]. Built upon the RP ap-

proach, our current work presents both transmission and reflection formulae, which are

now able to account not only for complex films with a high wedge angle but also for thick

absorbing glass substrates. Table 3.1 summarizes the contributions of several relevant

formulae from the literature, togetherwith their associated approximations and their cor-
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responding degree of precision.

Formula Equation Work Coherence Uniform Approximations

T Eq. 3.24 Established [184] ∞ Yes Exact

R Eq. 3.25 Established [184] ∞ Yes Exact

Tℓ Eq. 3.29 Swanepoel 1989 [164] 2d < L < 2ds Yes Exact

Rℓ Eq. 3.30 Swanepoel 1989 [164] 2d < L < 2ds Yes Exact

T new
∆d Eq. 3.37 Current 2d < L < 2ds No Exact

Rnew
∆d Eq. 3.45 Current 2d < L < 2ds No Exact

TRP20
∆d Eq. 3.55 Ruiz Perez 2020 [181] 2d < L < 2ds No κ2 = 0

RMink89 Eq. 3.69 Minkov 1989 [132] 2d < L < 2ds No κ2 = 0

T Swan83 Eq. 3.74 Swanepoel 1983 [129] 2d < L < 2ds Yes κ2 = 0 and κ2
1 ≪ n2

1

T Swan84
∆d Eq. 3.80 Swanepoel 1984 [130] 2d < L < 2ds No κ2 = 0 and κ2

1 ≪ n2
1

RRP01 Eq. 3.90 Ruiz Perez 2001 [145] 2d < L < 2ds Yes κ2 = 0 and κ2
1 ≪ n2

1

RRP01
∆d Eq. 3.99 Ruiz Perez 2001 [145] 2d < L < 2ds No κ2 = 0 and κ2

1 ≪ n2
1

T approx
s Eq. 3.99 Established [86] L < 2ds Yes κ2 = 0

Rapprox
s Eq. 3.99 Established [138] L < 2ds Yes κ2 = 0

Ts Eqs. 3.103, 3.107 Nichelatti 2002 [167] L < 2ds Yes Exact

Rs Eqs. 3.104, 3.107 Nichelatti 2002 [167] L < 2ds Yes Exact

Table 3.1: Set of transmittance and reflection expressions analyzed in the present work, each with
their corresponding levels of accuracy and approximations.

3.1.3 Theoretical background

The present study assumes that the thin film is made of a homogeneous material with

isotropic properties. We describe the complex dielectric function (the electric permittiv-
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ity) across the stratified structure as

ϵ(z) =



ϵ0, z < 0 (Air)

ϵ1, 0 < z < d1 (Film)

ϵ2, d1 < z < d1 + ds (Substrate)

ϵ0, d1 + ds < z (Air)

(3.1)

The bold notation represents the complex nature of the functions. In this formula, d is

the thickness of the film and ds the thickness of the substrate. The initial sections 2-4 as-

sume a film of uniform thickness ∆d = 0. Later on, we explore films with a certain tilt,

including those with the high wedge condition∆d > λ/(4n), which requires a careful and

distinct mathematical treatment, as discussed in detail in [145]. Although multiple sur-

face geometries could be considered for the film, a plane surface with a potential wedge

parameter ∆d is reasonably assumed for the small illuminated area. This illuminated

spot is often represented as a rectangular region with only a fewmillimeters of width and

height . This planar assumption can be thought of as a Taylor first-order approximation

of the actual much more intricate film surface (see Fig. 3.1a).

Maxwell equations express a relationship between the electric and magnetic fields

[69] , denoted E and H. Note that an external electric field E can influence an internal

electric polarization P within a dielectric or semiconductor material, described as

P = ϵ0χ
(1)E+ ϵ0χ

(2)E2 + ϵ0χ
(3)E3 + ... (3.2)

The electric flux density within the material is then given by D = ϵ0E + P. For non-

magnetic materials, the magnetic flux density is simply B = µ0H, where µ0 is the mag-

netic permeability in vacuum. In Eq. 3.2, the Taylor approximation around E = 0 was
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used to approximate an arbitrary polarization function, considering complex susceptibil-

ity coefficients (χ(1),χ(2),χ(3), ...). In practice, most materials exhibit a linear response,

although second- and third-order effects have also been studied in depth [185] since the

invention of laser in 1960, especially in the context of high intensity light beams. Our re-

search focuses exclusively on linear materials, whereD = ϵ0(1+χ(1))E = ϵ0ϵrE = ϵE. In

these particular cases, the complex relative permittivity ϵr fully describes the optoelectric

properties of the material.

In linear non-magnetic isotropic filmmaterials, the complex refractive index is de-

fined as n(z) = √ϵr = n(z) + iκ(z). Here, n denotes the real part of the refractive index,

proportional to the phase velocity of light through the medium. The extinction (or at-

tenuation) coefficient κ is closely related to the absorption of the medium. The complex

dielectric function reveals key information about the electronic transitions of the mate-

rial. In turn, this allows us to deduce several critical aspects relevant to the film industry.

For instance, it provides estimations of the band gap energy [182], the material conduc-

tivity [186], the dissipation factor [187], the compound stoichiometry [14], and the level of

structural disorder [86]. Understanding structural disorder is particularly important for

the analysis of the physical properties of amorphous materials and the identification of

defects in crystalline structures.

3.1.4 Light propagation through a sample

Without loss of generality, let us consider a simple linearly-polarized light beam oriented

in the x-direction, expressed asE = (Ex, 0, 0), perpendicular to the film’s incidence plane

(see Fig. 3.2). Considering that this planar light wave propagates in the z−direction, the

propagation vector becomes k = (0, 0, 2π/λ) = n(0, 0, 2π/λ0) = nk0ẑ, where λ = λ0/n is

the wavelength in the material, λ0 the wavelength in vacuum, and k0 the wavenumber.
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Figure 3.2: Scheme of the stratified media. Multiple interferences between incident and reflected
waves occur because of the different interfaces.

Isotropic linear materials ensure the orthogonality between the propagation vector and

the electric and magnetic fields [36], thusH = (0, Hy, 0).

If no external current is applied to the material (J = 0) and no free charges are

induced in the bulk of the material (ρ = 0), the Maxwell equations simplify as follows

[36]:

∂xEx = 0 (3.3)

∂yHy = 0 (3.4)

∂zEx = µ0∂tHy (3.5)

−∂zHy = ϵ̃∂tEx (3.6)
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3.1.4.1 Propagation matrix

Wewill now focus only on propagation through layer 1 (the thin film). When the incident

beam is a monochromatic continuous wave, the temporal dependency of the light wave

becomes e−iωt [36], leading to an electric field of the form Ex(x, y, z, t) = A(x, y, z)e−iωt.

Here, ω = 2πc/λ0 represents the angular frequency and c the speed of light in vacuum.

Incorporating this field expression into Eqs. 3.3-3.6 and assuming constantmaterial prop-

erties ϵ1 and µ0 within the bulk of the layer, one can derive the so-called Helmholtz equa-

tion:

(∂zz + n1k0)A(x, y, z) = 0 (3.7)

A well-known solution [36] for the amplitude A(x, y, z) from Eq. 3.7 is a combination of

two planar waves propagating in the z− direction,

A(x, y, z) = AT(z) + AR(z) =

A0t02e
ik0n1z + A0r12e

−ik0n1z (3.8)

Eq. 3.8 shows two distinct components, corresponding to a transmission wave (moving

forward) and a reflection wave (moving backward) [184]. Note that t01 and r12 represent

the complex amplitude Fresnel coefficient for transmission and reflection, respectively.

The transmission occurs between layer 0 and layer 1, while the reflection takes place from

layer 2 toward layer 1. At normal incidence, these coefficients are defined as

t01 =
2n0

n0 + n1

= r01 + 1 (3.9)

r12 =
n1 − n2

n1 + n2

= t12 − 1 (3.10)
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Considering the amplitudesAT(z) andAR(z) immediately after the air-film interface (see

Fig. 3.2), our goal is to determine the transmitted and reflected wave amplitudes just be-

fore they encounter the next interface: the film-substrate boundary at z+d1. By applying

Eq. 3.8 at z + d1, we derive the following expressions using matrix formalism [188]:

AT(z + d1)

AR(z + d1)

 = P1

AT(z)

AR(z)

 (3.11)

P1 =

eik0n1d1 0

0 e−ik0n1d1

 (3.12)

The transfer matrix P1 represents the propagation matrix for layer 1. Note that the

complex refractive index (located in the exponents of Eq. 3.11) accounts for both phase

delay and absorption through that homogeneous layer. Indeed, we can derive from Eq.

3.11 that a collimated light beam passing through the film during a single forward trip

becomes

AT(z + d1) = AT (z) exp

(
− α1

2
d1

)
exp

(
− iδ1

2

)
(3.13)

Where

α1 =
4π
λ0
κ1 (3.14)

ϕ1 =
2π
λ0
n1d (3.15)

δ1 = 2ϕ1 (3.16)

Here, ϕ1 refers to the phase delay introduced during the propagation of the beam

through the film. It is more convenient to work instead with the variable δ1, which repre-



74

sents the phase delay during awhole round trip. Another relevant wavelength-dependent

optical parameter is α1, known as the absorption coefficient.

Considering the well-known relation [69] between light intensity and wave ampli-

tude, I ∝ |A|2, one can see from Eq. 3.13 that the transmitted intensity decreases expo-

nentiallywith depth as IT(z+d1) = IT(z)e
−α1d1, following the Beer-Lambert law [69]. Note

that x1 = IT(z+d1)/IT(z) = e−α1d represents the transmittance corresponding to a single

light trip. However, it should be noted that the multiple beam interferences within the

two stratified media will lead to a different overall sample transmittance.

3.1.4.2 Dynamic matrix

Let us now consider the case where the beam reaches the interface between two layers,

such as the thin film (layer 1) and the thick substrate (layer 2).

Because the incident beam is normal to the sample surface, the electric and mag-

netic fields have only tangential components, represented as (E1x, H1y) for the film layer

Figure 3.3: Transmittance (a) and reflectance (b) spectra of our simulated sample (for an amor-
phous silicon thin film), assuming a weakly absorbing glass substrate. The results are shown for
a monochromatic light source with infinite coherence (Eqs. 3.24 and 3.25) and for another light
source with limited coherence (Eqs. 3.35 and 3.36), where 2d1 < ℓ < 2d2.
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and (E2x, H2y) for the substrate layer. The tangent fields must remain continuous across

the interface, meaning that E1x = E2x andH1y = H2y at z = d. Imposing these boundary

conditions in Eqs. 3.3-3.6 gives us the following relations [184]:

A
(1)
T + A

(1)
R = A

(2)
T + A

(2)
R (3.17)

n1(A
(1)
T − A

(1)
R ) = n2(A

(2)
T − A

(2)
R ) (3.18)

Here, A(i)
T and A

(i)
R represent the amplitudes of the transmitted and reflected light waves

within the layer i ∈ {1, 2}, right next to the film-substrate interface. Eqs. 3.17-3.18, when

transformed to matrix form, yield

 1 1

n1 −n1


A

(1)
T

A
(1)
R

 =

 1 1

n2 −n2


A

(2)
T

A
(2)
R

 (3.19)

After a few calculations, one can finally find

A
(2)
T

A
(2)
R

 = D12

A
(1)
T

A
(1)
R

 (3.20)

D12 =
1

1 + r12

 1 −r12

−r12 1

 (3.21)

The transfer matrix D12 is called the dynamic matrix and accounts for amplitude

changes between the film-to-substrate (interface 12).
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3.1.4.3 Resulting transmittance and reflectance

By sequentially computing the wave propagation through the layers and the interactions

at the interfaces, the transmitted and reflected fields through the whole sample can be

determined as: A
(3)
T

A
(3)
R

 = M

A
(0)
T

A
(0)
R

 (3.22)

Where the transfer matrix is now given by

M = D23 × P2 ×D12 × P1 ×D01 (3.23)

Note that there is no light absorption throughout layers 0 and 3 (as it corresponds to air).

Therefore, the propagation in these layers only leads to a constant phase delay, whichwill

not affect the overall transmitted or reflected light intensity. The total transmittance and

reflection can be calculated from the elements of the transfer matrixM , as explained in

[184]. We then obtain the following formulae:

T =
∣∣ 1
M(1,1)

∣∣2 = h
τ τ̄

= h
a+2b cos δ2+2c sin δ2

(3.24)

R =
∣∣∣M(1,2)

M(1,1)

∣∣∣2 = ηη̄
τ τ̄

= e+2f cos δ2+2g sin δ2
a+2b cos δ2+2c sin δ2

(3.25)

Where the complex coefficients are defined as follows:

h = x1x2(r01 + 1)(r̄01 + 1)(r12 + 1)(r̄12 + 1)(r23 + 1)(r̄23 + 1)

τ = r01(r12 + r23x2e
iδ2)x1e

iδ1 + (r12r23x2e
iδ2 + 1)

η = −r01(r12r23x2e
iδ2 + 1)− (r12 + r23x2e

iδ2)x1e
iδ1 (3.26)
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Note that the overall sample absorption can then be computed as A = 1 − (T + R)

[186]. The overbar on bold symbols, such as τ̄2, indicates the conjugate of complex num-

bers. Note that the sinusoidal functions from Eqs. 3.24-3.25 depend on δ2 and account

for the beam interferences within the substrate. Since the sample’s transmittance and re-

flectance are scalar wavelength-dependent functions, Eqs. 3.24-3.25 can be equivalently

written either in terms of complex coefficients (h, τ ,η) or either in terms of real coef-

ficients (h, a, b, c, e, f, g), which are all defined in Appendix B.1. Although Eqs. 3.24-3.25

becomesmore extensive when working with the real coefficients, it is muchmore conve-

nient for computational purposes. It should also be clarified that the coefficients (a, b, c),

which appear in the denominator of Eqs. 3.24-3.25, contain sinusoidal functions that de-

pend on the phase δ1. These sinusoidal functions account for the Fabry-Perot light beam

interferences within the thin film.

Figure 3.3 (see curves inblue) shows the resulting transmissionand reflectionwithin

the spectral range of 500 to 750 nm. In this work, we consider a simulated thin-layer sam-

ple that has a slightly absorbing glass substrate (see Appendix B.2 for further details), with

fix values n2 = 1.5, κ2 = 10−6, and d2 = 0.5mm. The optical properties of an amorphous

silicon thin film, with thickness d1 = 1 µm, were simulated employing the empirical dis-

persion expressions n1 = 2.6+ 3 · 105/λ2, log10(α1) = −8+ 1.5 · 106/λ2 [129]. Note that the

extinction coefficient κ1 can be directly determined from the absorption coefficient α1 by

using Eq. 3.14.

3.1.5 Exact formulae for uniform films

So far, all the calculations have assumed a purely monochromatic light source, which in-

troduces some unwanted high-frequency noise in the transmission and reflection spectra

(see Figs. 3.3). In the actual experiment, the light sources have a finite spectral band-
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width, which inherently limits the coherence length of the beam. By carefully selecting

the bandwidth, we can avoid coherent interference within the substrate, effectively elim-

inating the associated noise.

For a standard light beam with Gaussian spectral shape, the coherence length ℓ

can be determined from the specific central wavelength λc and the bandwidth ∆λ (mea-

sured at full width half maximum). The established formula for this relationship is ℓ =

4 ln(2)/πλ2
c/∆λ [189]. The pure monochromatic light source (∆λ ≈ 0) considered in Eqs.

3.24-3.25 inherently led to an infinite coherence length. In this case, the interreflections

both within the thin film and within the thick substrate resulted in the superposition of

the electromagnetic waves, causing two distinct interference effects.

According to the etalon interference condition [69], constructive interference oc-

curs at wavelengths where m = 2nd/λ is an integer, leading to high values in the trans-

mission spectra. Note that whenm is a half-integer, there is destructive interference, and

we observe valleys in the spectra. According to this interference equation, the relatively

small thickness of the film d ≈ 1µm leads to low-frequency oscillations. These long os-

cillations appear as a characteristic sinusoidal pattern in the transmission spectrum, as

illustrated in Figs. 3.3a and 3.3b (see dashed red lines). In contrast, the considerable

thickness of the substrate, ds ≈ 1mm, gives rise to high-frequency oscillations that can

be interpreted as noise.

The curves presented in Figs. 3.3a and 3.3b were plotted at each discrete wave-

lengths, 500, 501, 502, ..., and 750 nm. However, this spectral resolution is insufficient

to clearly resolve the high-frequency oscillations originated by light wave interferences

at the substrate, as illustrated in the insets of the figures (top left). Indeed, the insets show

that there are eight oscillation peaks in a range of twonanometers. This limitation in sam-
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pling leads to the emergence of aliasing effects. In spectral regions where the oscillation

frequency is roughly amultiple of the sampling rate, the curve appears to have fewer oscil-

lations (e.g. 700 to 725 nm). Conversely, regions with greater misalignment exhibit rapid

noisy oscillations (e.g. 725 to 750 nm).

Consequently, it is standard practice to deliberately adjust the bandwidth such that

the coherence length ℓ is less than 2 ds, twice the thickness of the substrate. This adjust-

ment mitigates the unwanted etalon effect from the glass, and it effectively removes the

noise in the spectra, as the beam will become incoherent after a single round trip. Re-

call that the coherence length defines the distance over which the electromagnetic waves

maintain their sinusoidal nature [69]. When two coherent light beams with electric fields

E1 and E2 overlap, they interfere linearly, resulting in a combined electric field, E =

E1+E2 [69]. The resulting light intensity is givenby I = |E1+E2|2 = I1+I2+2E1E2 cos(∆θ),

where ∆θ is the phase difference between the two light beams. The interference term

2E1E2 cos(∆θ) oscillates rapidly with changes in wavelength. In contrast, for incoherent

beams, the electric fields do not interfere, and the total intensity is simply I = I1 + I2,

with no oscillatory interference term.

In many real experiments, the coherence length is set within 2 d < ℓ < 2 ds. The

multiple thin-film interreflections then result in the linear superposition of the electric

fields (see Figs. 3.2). However, interreflections within the substrate lead to an incoher-

ent superposition, producing just a simple sum of their intensities. To incorporate this

complicated finite coherence model into our expressions from Eqs. 3.24-3.25, the spectral

averaging method [184] proposes to average out the transmittance and reflectance over

the corresponding phase delay introduced by the substrate, δ2 = 4πn2d2/λ. For instance,

consider an incident beam with a reasonable spectral bandwidth of 1 nm, center around
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Figure 3.4: Sample (a) transmittance and (b) reflectance, using the exact formulae for uniform
films (Eqs. 3.29-3.30) and for wedge films (Eqs. 3.37-3.45), with ∆d = 30 nm. When the wedge
increases, the contrast in the interferences decreases, as does the amplitude of the oscillations.

the wavelength λ0 = 600 nm. The spectrum of the light beam spans from λ−
0 = 599.5 nm

to λ+
0 = 600.5 nm, which leads to a phase delay change of ∆δ2 = |δ−2 − δ+2 | = 8π. The

superposition of infinite waves with a phase delay range exceeding 2π will effectively av-

erage out (see Appendix B.3 for further details). Therefore, we can simply integrate the

transmittance and reflectance from Eqs. 3.24-3.25 within the substrate phase delay range

Figure 3.5: Simulated transmittance showing the effect of the correction factors N+ and N− (see
Eqs. 3.41) for thinfilmswith two representativewedgeparameters, (a)∆d = 30nmand (b)∆d = 60
nm.
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[0, 2π], yielding

Tℓ = 1
2π

∫ 2π

0
h dδ2

a+2b cos δ2+2c sin δ2
(3.27)

Rℓ = 1
2π

∫ 2π

0
(e+2f cos δ2+2g sin δ2) dδ2

a+2b cos δ2+2c sin δ2
(3.28)

Taking into account a change of variable, θ = eiδ2, we can conveniently calculate the

phase-average reflectance and transmittance as

Tℓ = 1
2π

∮
|θ|=1

h dθ
F (θ)

(3.29)

Rℓ = 1
2π

∮
|θ|=1

G(z) dθ
F (θ)

(3.30)

F (θ) = θ2(c+ ib) + θ(ia) + (−c+ ib) (3.31)

G(θ) = θ2(g + if) + θ(ie) + (−g + if) (3.32)

The denominator can now be factor as F (θ) = (c+ ib)(θ − θ1)(θ − θ2), where

θ1,2 =
−ai±
√

−a2+4(b2+c2)

2(c+ib)
, (3.33)

|θ1,2| =
∣∣− γ ±

√
1− γ2

∣∣, γ = a
2
√
b2+c2

∈ [0, 1] (3.34)

Note that the discriminant in Eq. 3.33 is negative, as a2 ≫ b2, c2, making the numerator a

pure imaginary number. This allows for a straightforward calculation of |θ1,2| in Eq. 3.34.

It then becomes evident that θ1 (with a positive square root) lies within the unit disk of

the complex plane, while θ2 lies beyond the disk. Applying the Cauchy Residue Theorem

[190] to Eq. 3.29, we finally obtain the expression for the transmittance,

Tℓ = h iR
(

1
F (z)

, z1

)
= h i

(c+ib)
limz→z2

(z−z2)
(z−z1)(z−z2)

=

h√
a2−4(b2+c2)

= h
u
= h

a′+2b′ cos δ1+2c′ sin δ1
(3.35)
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The variables (u, a′, b′, c′) are defined in Appendix B.1 . The coefficients (a′, b′, c′) do not

have any sinusoidal components. Therefore, the oscillations in transmittance Tℓ come

solely from the phase delay δ1 (see the sine and cosine in the denominator of Eq. 3.35).

These oscillations are now only introduced by the thin film and not the substrate.

Employing an absolutely similar methodology, the analysis of reflectance results in

the following formula:

Rℓ =
e

u
− 2(bf + cg)

uw
(3.36)

The expressions (w, e, b, f, c, f) are also defined in the Appendix B.1. Fig. 3.3 shows the

transmission and reflection for a quasi-coherent beam. It can now be seen in that figure

that the high-frequency noisy oscillations caused by light beam interference within the

substrate have been correctly removed both in the transmission and reflection spectra.

3.1.6 Novel formulae for highly-wedged films

Wenowexamine a film characterized by awedge-shaped planar surface, denoted as∆d >

0. This wedge implies that the film thickness at the illuminated spot varies within the

range [d1 − ∆d, d1 + ∆d]. In that case, the phase delay introduced by the film exhibits a

variation from δ−1 = 4πn1(d1−∆d)/λ to δ+1 = 4πn1(d1+∆d)/λ, depending on theparticular

regionwithin the illuminated spot. Considering a reasonable wedge∆d≪ d1, the change

in phase delay is typically ∆δ1 = |δ+1 − δ−1 | ≪ 2π. As a result, while the interference

effects from the thin filmare not completely eliminated, they can be significantly reduced

depending on the value of∆d. A very large wedge (such as∆d ≈ d) will eventually cancel

out all interference effects.

Additionally, the film’s absorption will vary depending on the light path, whether it

passes through d1−∆d1, or d1 +∆d1, or somewhere in between (see Fig. 3.6). Therefore,
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Figure 3.6: Profile of a tilted film with a linear surface described by S(x′) = mx′. The optical path
length in the z−direction varies depending on the position along the x′−axis.

the single-trip transmittance x1 should now be integrated from x−
1 = e−α1(d1−∆d) to x+

1 =

e−α1(d1+∆d). With the assistance of the symbolic software Wolfram Alpha Mathematica

[191], we were able to calculate the total transmittance of the sample,

T new
∆d = 1

(δ+1 −δ−1 )(x+
1 −x−

1 )

∫ x+
1

x−
1

∫ δ+1
δ−1

h dδ1 dx1

a′+2b′ cos δ1+2c′ sin δ1

≈ 1
δ+1 −δ−1

∫ δ+1
δ−1

h dδ1
a′+2b′ cos δ1+2c′ sin δ1

= (3.37)

2·h
K·(δ+1 −δ−1 )

[
arctan

(
I+

K

)
+N+π − arctan

(
I−

K

)
−N−π

]
K =

√
a′2 − 4 · (b′2 + c′2) (3.38)

I− = (a′ − 2b′) tan
(

δ−1
2

)
+ 2c′ (3.39)

I+ = (a′ − 2b′) tan
(

δ+1
2

)
+ 2c′ (3.40)

N+ = round
(

δ+1
2π

)
, N− = round

(
δ−1
2π

)
(3.41)

Note that in the intermediate steps, we applied the identity tanh−1(i q) = i tan−1(q), valid

for any value q ∈ R.
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The average light absorption x1 in a tilted film is approximately equivalent to that

observed in a uniformly thick film, which is the reason for the approximation in Eq. 3.37.

Although this assumption has been commonly used in various contexts [181], it has not

been previously supported by a rigorous mathematical proof. We will now explore the

conditions underwhich this statement holds true. We introduce a local coordinate system

(x′, y′, z) such that the linear wedge is expressed solely in terms of the coordinate x′. The

film profile can then be described as S(x′) = mx′, wherem = 2∆d/L represents the thin

film slope. According to the Lambert-Beer law, the light intensity after the collimated

beam passes through the film depth is given by I(x′) = I0e
−α1(d1+mx′). By integrating over

the x′−range [−L/2, L/2], we obtain

⟨Iout(x′)⟩ = 1
L

∫ L
2

−L
2

I0e
−α1[d1+mx′] dx′ (3.42)

= I0
L
e−α1d1

(
−1
α1m

e−α1mx′
∣∣∣∣L2
−L

2

)
(3.43)

= I0e
−α1d1 sinh(α1mL/2)

α1mL/2
(3.44)

We must take into account that q = α1mL/2 = α1∆d. One should notice that

sinh(q)/q ≈ 1 for q ≈ 0, which justifies the aforementioned assumption for relatively small

wedges, where q remains close to zero. To quantify this, even in the case of a relatively

large wedge∆d = 60 nm and high absorption α1 = 104 cm−1, the wavelength-dependent

term sinh(q)/q has an average value of 1.00060. Therefore, we can say that I ≈ I0e
−α1d1

with an average error of around 0.06%, which is negligible in practice, comparable to

the typical photometric noise of the spectrophotometer. In these common scenarios, the

single-pass light transmittance x1 in a tilted film can be considered approximately equiv-

alent to that observed in a uniform film. It should be noted that the film presents high

absorption at 500 nm, as seen in Fig. 3.3, where the transmittance eventually approaches
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zero. At that wavelength, the term sinh(y)/y finds the highest value, 1.015, and the approx-

imation becomes less accurate.

Figs. 3.4a and 3.4b present the transmittance and reflectance simulated curves, re-

spectively, for films with different wedges, ∆d = 0, 30, 60 nm. We can see how higher

wedges lead to less interference contrast, reducing the amplitude of the oscillations in

the spectra.

Eqs. 3.41 introduce the correction factorsN+ andN−, which account for the differ-

ent branches of the tangent function and facilitate the application of the formula to high

wedges, where∆d > λ/(4n). These factors were previously motivated in [181] in the con-

text of sample transmittance for non-absorbing substrates. To clearly see the importance

of the correction factors in the transmittance formula (see Eq. 3.41) when dealing with

relatively high∆d parameters, one can also see in Figs. 3.5a and 3.5b the plot of the spec-

tra with and without the correction factors for the two representative cases ∆d = 30, 60

nm. As the wedge increases, the naive approach (without correction factors) disagrees

more with respect to the expected curves.

To the best of our knowledge, there is no equivalent closed-form expression for the

reflectance. Consequently, we propose using the trapezoidal rule [192] for efficient and

accurate numerical estimation:

Rnew
∆d =

1

δ+1 − δ−1

∫ δ+1

δ+1

(
e

u
− 2(bf + cg)

uw

)
dδ1 =

1

2

[
RL

(
δ−1 + 2∆d

0

N

)
+ 2RL

(
δ−1 + 2∆d

1

N

)
+ ... (3.45)

...+ 2RL

(
δ−1 + 2∆d

N − 1

N

)
+RL

(
δ−1 + 2∆d

N

N

)]
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κ2 ∆d (nm)

Transmission
(RP)

Eqs. 3.55
RMSE (%)

Reflection
(Minkov)
Eqs. 3.69
RMSE (%)

Transmission
(Swanepoel)
Eqs. 3.74-3.80
RMSE (%)

Reflection
(Swanepoel)
Eqs. 3.90-3.99
RMSE (%)

0 0 0 10−4 0.035 0.068
0 10−5 0 - 0.035 0.068
0 30 0 - 0.012 0.067
0 60 0 - 0.007 0.067

10−6 0 0.496 0.034 0.497 0.074
10−6 10−5 0.496 - 0.497 0.074
10−6 30 0.487 - 0.487 0.073
10−6 60 0.488 - 0.488 0.073

Table 3.2: Errors associated with the approximated formulae. When ∆d = 0 the formulae for
uniform films are used, tested against the exact formulae from Eqs. 3.29 and 3.30. For∆d = 10−5

nm, the formulae for wedged films are applied, demonstrating consistency as∆d→ 0. They were
tested against the new formulae from Eqs. 3.37 and 3.45. Note that the two left blocks assume
κ2 = 0, while the two right blocks use the Swanepoel approximations (κ2 = 0 and n2

1 ≪ k21).

Where RL(δ1) is the reflectance for a uniform film as a function of the phase δ1, as given

by Eq. 3.36. Our findings indicate that setting N = 40 points for the phase already yields

reasonable results, since we obtain a total absorptance value A effectively zero when no

film or substrate absorption is added (κ1 = κ2 = 0), A = |1 − T∆d − R∆d| < 10−2. In any

case, note that we can define a sufficiently fine sampling that meets any desired level of

accuracy.

3.1.7 Particular case: Non-absorbing substrate

3.1.7.1 Transmittance

The newly derived transmittance formula, Eq. 3.37, closely matches that found by Ruiz-

Perez (RP) et al. in [181]. However, our expression now incorporates the possibility of

substrate absorption. Indeed, the RP equation (without substrate absorption) can be al-

ternatively derived now1 by simply setting κ2 = 0 in our new Eq. 3.37. Following the
1We found an errata in the RP formula presented in [181]. In particular, their Eq. 6 incorrectly omits a

minus sign before the term “C22x sin(ϕ)”. This error can be confirmed by comparing it with Eq. A1 in [129].
Consequently, Eqs. 14 in [181], corresponding to the formulae for the coefficients “K1” and “K2”, should
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notation from RP, we then get the following simplified formulae

A = 16(n2
1 + k2

1)n2, (3.46)

B = ((n1 + 1)2 + k2
1)((n1 + 1)(n1 + n2

2) + k2
1), (3.47)

C1 = 2 ((n2
1 + k2

1 − 1)(n2
1 + k2

1 − n2
2)− 2k2

1(n
2
2 + 1)) , (3.48)

C2 = 2k1 (2(n
2
1 + k2

1 − n2
2) + (n2

1 + k2
1 − 1)(n2

2 + 1)) , (3.49)

D = ((n1 − 1)(n1 − n2
2) + k2

1)((n1 − 1)2 + k2
1), (3.50)

TRP20 = Ax1

B−C1 x1 cos(δ1)+C2 x1 sin(δ1)+Dx2
1

(3.51)

F = (B +Dx2
1 + C1x1) tan

(
δ−1
2

)
+ C2x1, (3.52)

G = (B +Dx2
1 + C1x1) tan

(
δ+1
2

)
+ C2x1, (3.53)

H = B2 − x2
1(C

2
1 + C2

2 − 2BD −D2x2
1), (3.54)

TRP20
∆d = 2Ax1

(δ+1 −δ−1 )
√
H

[
arctan

(
G√
H

)
+N+π− (3.55)

arctan
(

F√
H

)
−N−π

]

Note that TRP20 from Eq. 3.51 corresponds to the transmittance of the sample with a uni-

form film thickness, without taking into account substrate absorption. Similarly, TRP20
∆d

from Eq. 3.55 represents the case in which the sample has a certain wedge ∆d > 0.

We have confirmed numerically that, when no substrate absorption is considered (i.e.,

κ2 = 0), the root mean square error (RMSE) is zero for any wedge parameter between

(i) our new exact formula from Eq. 3.37, and (ii) the approximate expression from Eq.

3.55. When κ2 = 10−6 and ∆d = 30 nm, the RMSE of the approximated formulae by RP

goes up to 0.465%. This finding clearly shows the importance of incorporating substrate

absorption into the models. More results for different wedges are summarized in Table

3.2. One can see that, as the wedge increases, the error decreases. This happens because

also include a minus sign before “C22x”.
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the smaller the oscillation amplitude, the smoother the curve, getting lower peak values.

Similarly, we have checked for the case of uniform films (∆d = 0) that the exact formula

Eq. 3.29 and Eq. 3.51 produce exactly the same numerical results when no substrate ab-

sorption is considered.

3.1.7.2 Reflectance

Based on the foundational work of Grebenstikov et al. [193], Minkov et al. [132] derived in

1989 an accurate expression for reflectance (which excludes substrate absorption). While

Minkov’s equation is only applies to films with uniform thickness, an analytical expres-

sion for wedge-shaped films can be simply derived if we further assume κ1 ≪ n1 (as will

be explaine in detail in the next section).

One can observe thatMinkov’s formula, Eq. 3.69, is not completely equivalent to the

exact expression derived fromEq. 3.36when substrate absorption is disregarded (κ2 = 0).

However, the numerical discrepancy between them is minimal. For instance, we found

a value of discrepancy error as low as 10−4% when using our simulated sample. The dis-

crepancy arises because, in addition to the assumption that κ2 = 0, second-order approx-

imations involving n1 and κ1 were also utilized in Minkov’s expression.

However, when considering the weakly absorbing substrate from our simulated

sample, theRMSEofMinkov’s formula rises up to 0.034%. It shouldbehighlighted that the

reflection formula, Eq. 3.69, is considerably less affected by the substrate absorption than

the transmission formula from Eq. 3.55 (see Table 3.2): As mentioned earlier, the over-

all reflectance and transmittance can be expressed as the addition of infinite light wave

components, which appear due to the inter-reflections at each interface (see Fig. 3.2).

When analyzing the overall reflectance, the two main components come from the first
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air-film interface and the second film-glass interface. The third component from the last

substrate-glass interface (thus affectedby the substrate absorption) is certainlyweaker. In

contrast, all transmission components account for the beam passing through the whole

substrate volume. Therefore, transmittance measurements are notably affected by the

existing substrate absorption.

Themain advantage of Minkov’s reflectance formula, and the reason of its popular-

ity [194], [195], is that it provides a simpler and more accessible expression than simply

setting κ2 = 0 in our new complicated formula, Eq. 3.36. Additionally, Minkov’s formula

facilitates the analysis of reflection for the envelope method, as explored in the next sec-

tion.

Minkov’s formula is shown below:
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A′ = ((n1 − 1)2 + k2
1) ((n1 + n2)

2 + k2
1) (3.56)

B′
1 = 2 ((n2

1 + k2
1 − 1)(n2

1 + k2
1 − n2

2) + 4k2
1n2) (3.57)

B′
2 = 4k1 (n2(n

2
1 + k2

1 − 1)− (n2
1 + k2

1 − n2
2)) (3.58)

C ′ = ((n1 + 1)2 + k2
1) ((n1 − n2)

2 + k2
1) (3.59)

A′′ = ((n1 + 1)2 + k2
1) ((n1 + n2)

2 + k2
1) (3.60)

B′′
1 = 2 ((n2

1 + k2
1 − 1)(n2

1 + k2
1 − n2

2)− 4k2
1n2) (3.61)

B′′
2 = 4k1 (n2(n

2
1 + k2

1 − 1) + (n2
1 + k2

1 − n2
2)) (3.62)

C ′′ = ((n1 − 1)2 + k2
1) ((n1 − n2)

2 + k2
1) (3.63)

G′ = 64n2(n2 − 1)2(n2
1 + k2

1)
2 (3.64)

D′′ = ((n1 + 1)2 + k2
1) ((n1 + 1)(n1 + n2

2) + k2
1) (3.65)

E ′′
1 = 2 ((n2

1 + k2
1 − 1)(n2

1 + k2
1 − n2

2)− 2k2
1(n

2
2 + 1)) (3.66)

E ′′
2 = 2k1 ((n

2
1 + k2

1 − n2
2) + (n2

2 + 1)(n2
1 + k2

1 − 1)) (3.67)

F ′′ = ((n1 − 1)2 + k2
1) ((n1 − 1)(n1 − n2

2) + k2
1) (3.68)

RMink89 =
A′−(B′

1 cos(δ1)−B′
2 sin(δ1))x1+C′x2

1

A′′−(B′′
1 cos(δ1)−B′′

2 sin(δ1))x1+C′′x2
1
+

G′ x2
1

A′′−(B′′
1 cos(δ1)−B′′

2 sin(δ1))x1+C′′x2
1
× (3.69)

1
D′′−(E′′

1 cos(δ1)−E′′
2 sin(δ1))x1+F ′′x2

1

3.1.8 The Swanepoel Approximations

To ensure the completeness of this work, and to facilitate comparison with our results,

we will now examine other previously established formulae for T and R that have been

widely employed in the literature. As mentioned before, Swanepoel refined an algebraic
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Figure 3.7: Sample transmittance (left column) and reflectance (right column)using the Swanepoel
approximations. The upper and lower envelopes, aswell as the tangent pointswhere the spectrum
intersects the envelopes, are shown. (a) and (b) represent uniform films (see Eqs. 3.74 and 3.90),
while (c) and (d) correspond to films with a very high wedge, ∆d = 100 nm (see Eqs. 3.80 and
3.99). Under high wedge condition, we see how the envelopes cross over, reaching a particular
wavelength in which the spectrum and the two envelopes coincide.

procedure, commonly known as the envelope method, to directly determine (n1, κ1, d).

However, this method finds the optical properties only at specific wavelengths λi corre-

sponding to themaximaorminimaFabry-Perot interferences. In particular, these critical

points are situated near the peaks and valleys of the transmission spectra (see Figs. 5a and

5b). In practice, they are identified by the intersection of the experimental spectra with

their respective envelopes (reason why these intersection points are often described as

the “tangent points”).
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This envelope method operates under two assumptions: (i) the substrate does not

absorb (κ2 = 0), and (2) the extinction coefficient of the film is much weaker than the

refractive index κ2
1 ≪ n2

1. These two conditions are known as the Swanepoel approxima-

tions. Note that we analyzed condition (i) only in Section 7. Condition (ii) is typically valid

for spectral regions with medium-to-weak absorption, where the transmittance alone in-

deed contains sufficient information for characterization. This second assumption, how-

ever, does not hold in areas of strong absorption, particularly near the optical band gap,

where the transmission T clearly decreases, eventually approaching and reaching zero.

3.1.8.1 Transmission

By setting κ2 = 0 in Eq. 3.35, the transmission through a sample with a uniform-thickness

film simplifies [129] to the following expression:

A0 = 16n2
1n2 (3.70)

B0 = (n1 + 1)2(n1 + 1)(n1 + n2
2) (3.71)

C0 = 2(n2
1 − 1)(n2

1 − n2
2) (3.72)

D0 = (n1 − 1)3(n1 − n2
2) (3.73)

T Swan83 = A0x1

B0−C0x1 cos(δ1)+D0x2
1

(3.74)

T Swan83
M = A0x1

B0−C0x1+D0x2
1

(3.75)

T Swan83
m = A0x1

B0+C0x1+D0x2
1

(3.76)

It must be pointed out that the upper and lower envelopes of the spectrum from Eqs. 3.75

and 3.76 are found by fixing the sinusoidal component of the transmittance in Eq. 3.74 to

the maximum or minimum value, that is, cos(δ1) = ±1.

The set of expressions from Eq. 3.74 were first derived in the Swanepoel seminal
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paper from 1983 [129]. When no substrate absorption is considered (κ2 = 0), the RMSE

between our exact Eq. 3.37 and the approximated Eq. 3.74 (which assumes κ2
1 ≪ n2

1) is

0.039% for our simulated thin-film sample. When substrate absorption is considered, the

error increases to 0.472%.

For non-uniform thin filmswith a certainwedge parameter∆d > 0, the expressions

for the transmission and envelopes are rewritten as follows:

F0 =
A0x1

B0+D0x2
1
, G0 =

C0x1

B0+D0x2
1

(3.77)

I+0 = 1+G0√
1−G2

0

tan
(

δ+1
2

)
(3.78)

I−0 = 1+G0√
1−G2

0

tan
(

δ−1
2

)
(3.79)

T Swan84
∆d = λ

4πn1∆d
F0√
1−G2

0

[
arctan(I+0 ) +N+π −

arctan(I−0 )−N−π

]
(3.80)

IM = 1+G0√
1−G2

0

tan
(
2πn1∆d

λ

)
(3.81)

Im = 1−G0√
1−G2

0

tan
(
2πn1∆d

λ

)
(3.82)

Nδ = round

(
δ+1 −δ+1
2·2π

)
(3.83)

T Swan84
M = λ

2πn1∆d
F0√
1−G2

0

(arctan(IM) +Nδ π) (3.84)

T Swan84
m = λ

2πn1∆d
F0√
1−G2

0

(arctan(Im) +Nδ π) (3.85)

These formulae for wedged-shaped films were initially found in the subsequent seminal

paper by Swanepoel from 1984 [130]. Please consider that we have also added the correc-

tion numbers N+ and N− to account for highly tilted films, ∆d > λ/(4n), and we have

also included a correction factor Nδ for the envelopes. An interesting detail is that when

∆d > λ/(4n) holds, the upper and lower envelopes cross: the lower envelope will stay
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above the spectra and the upper envelope below (see Fig. 5c). Over a wide spectral range,

one can see how the two envelopes alternate sequentially. Therefore, there are particular

wavelengths at which the spectra T Swan84
∆d and its two envelopes precisely coincide, as seen

in Figs. 3.7c-d. The crossover points are located at λcross = 4n∆d/N , for N = 1, 2, 3, ..., as

discussed in [181]. These particular points contain essential information and allow us to

extract accurate information for the optical properties.

The RMSE between the exact Eq. 3.37 and the approximated Eq. 3.80 is 0.465%when

substrate absorption is taken into considering and ∆d = 30 nm. The error from this for-

mula is roughly equivalent to the error from the RP formula in Eq. 3.55. The RP formula

(which removes the assumption κ2
1 ≪ n2

1) offers improvements only up to the fourth dec-

imal place.

Setting κ2 = 0 and∆d = 10−5 nm in Eq. 3.80 leads to a transmission error of 0.039%.

As expected, the result obtained was identical to that previously obtained by using Eq.

3.74 for uniform films. This consistency occurs because Eq. 3.80 converges to Eq. 3.74 as

∆d→ 0.



95

3.1.8.2 Reflection

Setting κ2
1 ≪ n2

1 in Minkov’s reflection formula (see Eq. 3.69), we derive the following

simplified expression for uniform films:

a0 = n1 − 1, b0 = n1 + 1 (3.86)

c0 = n1 − n2, d0 = n1 + n2 (3.87)

e0 = n1 − n2
2, f0 = n1 + n2

2 (3.88)

g0 = 64n2 (n2 − 1)2 n4
1 (3.89)

RRP01 = (a0d0)2+(b0c0x1)2−2a0b0c0d0x1 cos(δ1)
(b0d0)2+(a0c0x1)2−2a0b0c0d0x1 cos(δ1)

+

g0x2
1

(b0d0)2+(a0c0x1)2−2a0b0c0d0x1 cos(δ1)
× (3.90)

1
b30f0+a30e0x

2
1−2a0b0c0d0x1 cos(δ1)

RRP01
M/m = (a0d0±b0c0x1)2

(b0d0±a0c0x1)2
+

g0x2
1

(b0d0±a0c0x1)2
× (3.91)

1

(b30f0+a30e0x
2
1±2a0b0c0d0x1)

Wehave verified that these results preciselymatch the exact formulae fromEq. 3.36when

κ2 = 0 and κ2
1 ≪ n2

1. Note that the way to effectively set this last approximation is to write

κ2
1 = 0 when that term is compared to n2

1 within summations. The upper and lower en-

velopes defined in Eq. 3.91 correspond to the positive (+) and negative (−) signs, respec-

tively. These formulae were partially developed by Minkov et al. [132] in 1989. The RMSE

of Eq. 3.90 is 0.42% for absorbing substrates and 0.02% for transparent substrates.

The work [145] by RP et al. from 2001 also incorporates equations that address the
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scenario of weakly-wedge shaped films:

L0 = b20d
2
0 + a20c

2
0x

2
1, L1 = b30f0 + a30e0x

2
1 (3.92)

L2 = 2a0b0c0d0x1, L3 =
√
L2 + L1 (3.93)

L4 =
√
L1 − L2, L5 = a20d

2
0 + b20c

2
0x

2
1 (3.94)

L6 =
√
L0 + L2, L7 =

√
L0 − L2 (3.95)

L8 = tan
(

δ−1
2

)
, L9 = tan

(
δ+1
2

)
, L10 = tan

(
δ+1 −δ−1

4

)
(3.96)

T1 = arctan
(

L3L9

L4

)
+N+π − arctan

(
L3L8

L4

)
−N−π (3.97)

T2 = arctan
(

L6L9

L7

)
+N+π − arctan

(
L6L8

L7

)
−N−π (3.98)

RRP01
∆d = 1− 2

(δ+1 −δ−1 )·(L1−L0)

[
g0x2

1

L3L4
T1+ (3.99)

(L0−L5)(L1−L0)−g0x2
1

L6L7
T2

]
T1M = arctan

(
L4L10

L3

)
+Nδπ, T2M = arctan

(
L7L10

L6

)
+Nδπ

T1m = arctan
(

L3L10

L4

)
+Nδπ, T2m = arctan

(
L6L10

L7

)
+Nδπ

RRP01
∆d,M/m = 1− 4

(δ+1 −δ−1 )(L1−L0)

(
g0x2

1

L3L4
T1M/1m

+
(L0−L5)(L1−L0)−g0x2

1

L6L7
T2M/2m

)
(3.100)

It should be noted that we have now added the corresponding correction factors to the

original reflection formula and its envelopes, accounting also for thehighly-wedged shaped

films. Figs. 3.7d display the reflectance for a highly-tilted film. In this spectral range, one

can also see one shift of the lower and upper envelopes for the reflectance spectrum.

3.1.9 Substrate transmission and reflection

The thin film is typically deposited on a commercial glass substrate, which is relatively

thick (with a known d2 ∼ 1mm) and has plane-parallel surfaces, ensuring uniformity. Be-
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fore performing the optical characterization of the film under study, it is a common prac-

tice to first characterize the optical properties of the substrate (n2, k2)using transmittance

and/or reflectancemeasurements of the substrate alone, denoted {T exp
s (λi), R

exp
s (λi)}. This

preliminary step allows us to counteract the influence of the substrate on the overall

transmittance and reflectance of the sample, allowing a precise determination of the de-

sired properties of the thin film, namely (n1, k1, d1).

Under the approximation k2 = 0, the thickness of the substrate ds becomes irrel-

evant for the calculation of the transmission and reflection intensities, as the glass sub-

strate will not absorb light. However, the real refractive index n2 remains important be-

cause it determines the amount of light reflected on the film-to-substrate (interface 02)

and substrate-to-air (interface 20), as seen in Fig. 3.2, and described in Section 4.A.

Figure 3.8: Diagram of the spectroscopic measurements for the substrate alone. The measures of
Ts and Rs allow us to extract the substrate properties n2 and k2.
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Figure 3.8 shows a representative diagram of the spectroscopic measurements for

the substrate alone. In the simplistic scenario in which κ2 = 0, n2 can be uniquely deter-

mined [184] from either transmission-only or reflection-only measurements by using the

following relations:

T approx
s = 2n2

n2
2+1

, n2 =
1

T approx
s

+
(

1
(T approx

s )2
− 1
)1/2

(3.101)

Rapprox
s = (n2−1)2

n2
2+1

, n2 =
1+
√

Rapprox
s (2−Rapprox

s )

1−Rapprox
s

(3.102)

When the glass substrate does absorb light, both transmission and reflection mea-

surements of the substrate are necessary to uniquely determine n2(λ), k2(λ), and ds. The

formulae can be found using the same Abele transfer matrix formalism as in Section 4,

and then using the spectral averagingmethod to account for the limited coherence length,

L < 2ds. However, for the particular case of a simple slab surrounding by air, it becomes

more convenient to use the traditional technique of infinite incoherent summation [167]:

Ts = T 2
02e

−α2d2 ×
∞∑

m=0

[
R02e

−α2d2
]2m

= (3.103)

T 2
02e

−α2d2

1−R2
02e

−2α2d2

Rs = R02 + T 2
02R02e

−2α2d2 ×
∞∑

m=0

[
R02e

−α2d2
]2m

= (3.104)

R02 +
R02 T 2

02e
−2α2d2

1−R2
02e

−2α2d2

Here, R02 = |r02|2 = |r20|2 and T02 = |t02|2 = |t20|2 represent the square norm of the Fres-

nel’s coefficients. From Eqs. 3.10-3.9, we can see that, at normal incidence, the normed

square of these coefficients is the same for the air-to-substrate and substrate-to-air inter-

faces. Following the diagram from Fig. 3.8, we can see that the first addend “R02” from
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Eq. 3.104 corresponds to the first bounce back of the light beam at the air-to-substrate

interface. The second addend (for m = 0) occurs when: (i) the light passes through the

air-to-substrate interface (T02), (ii) it then gets reflected at the substrate-to-air interface

(R02), and (iii) it is finally transmitted through the substrate-to-air (T20 = T02) interface

bouncing back to the detector above. During the round-trip of the beam within the slab,

the Lambert-Beer law describes the amount of light absorption; this absorption is the re-

sponsible for the exponential term for m = 0 in the Eq. 3.104. Further interreflections

(form ≥ 1) just include other addends that can be reasoned in a similar fashion.

These direct formulae that define Ts and Rs as functions of the substrate optical

properties have been known for more than a century. However, determining the sub-

strate properties (n2, k2, d2) from Ts and Rs is a more intricate inverse problem. The work

by Nichelatti [167] in 2002 provided the first-ever analytical expressions for that scenario.

The following relations were found:

R02(Ts, Rs) =
2+T 2

s −(1−Rs)2

2(2−Rs)
− (3.105)

r(
2+T 2

s −(1−Rs)2
)2

−4Rs(2−Rs)

2(2−Rs)

k2 =
λ

4πh
ln
(

R02Ts

Rs−R02

)
(3.106)

n2 =
1+R02

1−R02
±
√

4R02

(1−R02)2
− k2

2 (3.107)

Both the positive and negative signs in Eq. 3.107 define correct mathematical solutions

to Eq. 3.104. However, only one solution makes physical sense. While it is possible to

discriminate the correct solution on a case-by-case basis by using commonly reported

values, in our particular spectroscopic analysis, only the positive solution is physically

meaningful. Note that the film can be analyzed in spectral regions of high absorption

(when κ2
1 ̸< n2

1), as it can be very thin and still permit some transmission. However, using
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fully absorbing substrates with a high κ2 in the spectral region of interest is not desirable,

as their significant thickness would then prevent any transmission entirely. Therefore,

κ2
2 ≪ n2

2 is always the practical scenario for the case of the substrate. That implies that

n2 from Eq. 3.107 is greater than one for the positive square-root (the correct physical

solution) and less than one for the negative square-root (which must be discarded).

We can now compare the approximate formulae (with κ2 = 0) from Eqs. 3.101 and

3.102 with the exact expressions from Eqs. 3.103 and 3.104. It is important to note that for

an absorbing substrate with κ2 = 10−6, the RMSE of the approximated formulae is 0.3%

for transmittance and 0.2% for reflectance. Deriving n2 from the simpler Eqs. 3.101 and

3.102 leads to an RMSE of 0.010% and 0.005%, respectively, for our simulated data.

3.1.10 Concluding remarks

In the present article, we derived the formulae for transmittance and reflectance of a

normal-incident quasi-coherent light beam in a sample with a thin film, possibly with

a high wedge profile, deposited on a thick absorbing substrate. Our model assumes a

homogeneous, isotropic, and non-magnetic filmmaterial with linear response.

In addition, we review other relevant formulae commonly used in the literature, ex-

amining their approximations and the level of accuracy. Rougher approximations lead to

formulae that are easier to implement and compute. Then, a trade-off can be found be-

tween the accuracy ofmore complex expressions and the efficiency of approximate ones.

Depending on the specific sample and the desired accuracy level, one can choose the

most suitable model. For instance, for many conveniently-prepared films with uniform-

thickness analyzed in the medium-to-low-absorption region, the simple Swanepoel for-

mulaeprovide goodaccuracywithminimal computation time. However, ournewly-developed
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formula proves to be more accurate in other more complicated scenarios: For instance,

it is particularly effective when dealing with an ‘exotic’ film surface, modeled with a large

wedge parameter, ∆d > λ/(4n), over a small illumination spot. Additionally, it is benefi-

cial for the analysis across wide spectral ranges that encompass regions with strong film

absorption (κ2
1 ̸< n2

1) and substrate absorption (κ2 > 0).

A review of the formulae analyzed in our work can be found in Table 3.1. These

expressions have been written with a consistent notation, tested numerically and analyt-

ically, and compared with each other. These formulae have been coded both in Python

and in Matlab, and they are publicly available link. Future work will focus on further

comparison of the developed formulas with respect to the traditional ones with experi-

mental measurements, providing an empirical proof of their practical utility. Additional

future work is also needed to include absorbing substrates and tilted films in multilayer

configurations, as it will enhance the applicability of the formulas to more complex thin-

film technologies, such as those employed in organic light-emitting diodes (OLED) and

organic photovoltaic cells (OPV). Investigating oblique beam incidence and non-specular

surfaces, where there is light scattering due to the film surface roughness, will broaden

the potential applications to encompass a wider range of film structure analyses.

https://drive.google.com/drive/folders/1Mv0p9or5ePowgt37yitNnw2Xe449IFTG?usp=sharing
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3.2 Optimization based Envelope Detection Algorithm

The Swanepoel method is a widely used optical technique for characterizing thin films

through normal-incidence transmission measurements. A critical step in this approach

involves extracting the upper and lower envelopes of themeasured oscillatory spectrum.

By analyzing the transmission spectrum and its corresponding envelopes, the Swanepoel

procedure enables precise determination of the film refractive index and extinction coef-

ficient. However, evenminor inaccuracies in envelope construction can propagate signif-

icant errors into the final characterization results. To address this challenge, we present a

novel physics-informed optimization algorithm for envelope detection. Our mathemati-

cal model reformulates the envelope detection problem as a global optimization task that

enforces the physical properties of the Swanepoel envelopes. Extensive validation on

fifty randomly generated transmission spectra demonstrates unprecedented accuracy:

the method achieves root-mean-square errors (RMSE) below 0.10% for the upper enve-

lope and 0.06% for the lower envelope (more than doubling the accuracy of current state-

of-the-art approaches). Furthermore, the proposed model has been assessed with two

experimental transmission spectra, demonstrating its robustness and accuracy with real

noisy data. We have developed an open-source Python software package, which is avail-

able online. This software includes not only our innovative envelope construction algo-

rithm but also additional envelope drawing algorithms for comparison and an efficient

implementation of the Swanepoel method, enabling complete optical characterization of

thin films.

https://drive.google.com/drive/folders/1OdwJavus-JI2IMM81442716FFytGiCZ3?usp=sharing
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3.2.1 Introduction

Thin solid films are indispensable components in a vast array of optical systems and op-

toelectronic devices. Semiconductor thin films are foundational in the fabrication of tran-

sistors, diodes, and photodiodes [196]–[199]. For instance, silicon thin films are exten-

sively employed for cost-effective optical sensors [200]–[202] and solar cells [89], [182],

[203] due to their efficient light-absorbing capabilities and scalable manufacturing pro-

cesses. Conductive thin films are highly valued for their exceptional electrical conductiv-

ity and reflectivity, enabling their use in electrode fabrication, optical mirrors, protective

coatings, and forming electrical connections within integrated circuits [204]–[207]. In

particular, transparent conductive films play a crucial role in the development of touch

panels and liquid crystal displays. Dielectric thin films, engineered with specific refrac-

tive indices and thicknesses, create thin-film capacitors, act as insulating layers, and form

anti-reflection coatings that enhance light transmission [208], [209]. Dielectric coatings

are integral to optical instruments such as lenses, bandpass filters, dichroic mirrors, and

beamsplitters, providing precise control over light propagation and wavelength selection

[210].

The manufacturing processes of the thin filmmaterial critically influence their op-

tical properties [211], [212], which in turn affect the performance of the target devices.

Therefore, precise determination and control of these properties are essential for opti-

mizing thementioned optoelectronic devices and optical systems. By performing optical

characterization of thin films, we can obtain their refractive index and extinction coeffi-

cient, denoted as n(λ) and k(λ), respectively. These wavelength-dependent optical prop-

erties combine to form the complex refractive index (n = n+ik) or the complex dielectric

function (ϵ = n2). The dielectric function offers insights into the optoelectronic proper-
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ties of the filmmaterial and allows for precise quantification of the electronic transitions.

Therefore, one can extract information about critical parameters such as bandgap energy

[213]–[215], molecular disorder [216], and charge mobilities [217].

A myriad of techniques exist to determine the optical properties of thin solid films.

Spectroscopic analyses are common [13], [218], [219] for characterizingmaterials across a

broad spectral range (UV-VIS-NIR), employing transmittance, reflectance, or ellipsomet-

ric measurements. Spectroscopic ellipsometry, in particular, is a commonly employed

technique that measures the changes in the polarization state of light upon reflection, at

varying angles of incidence. This technique canproduce a comprehensivephase-sensitive

dataset, allowing for the precise characterization of complex film structures, including

surface roughness, thickness variations, multilayer systems, and anisotropic materials.

In contrast, conventional spectrophotometric techniques, which rely on direct measure-

ments of the transmitted or reflected light intensity, offer a simpler approach for obtain-

ing an overall average estimation of amaterial’s optical properties. While spectrophotom-

etry is less sensitive to fine structural variations, it remains a widely used method due to

its straightforward implementation and broad applicability. The present study focuses on

characterizations derived solely from normal-incidence transmission spectra, which are

optimal for assessing material properties at photon energies below the optical bandgap,

where moderate to low absorption enables highly sensitive transmission data. Typically,

the thin-film material is deposited on a thick glass substrate with negligible absorption

(ks ≈ 0) and a near-constant refractive index (ns) in the spectral region of interest (ROI).

Before the thin-film preparation, the transmittance of the substrate alone, denoted Ts(λ),

is sequentially collected over different wavelengths using a spectrophotometer, allowing

us to easily account for the effect of the substrate when analyzing the whole sample. As

illustrated in Fig. 3.9a, the transmittance of the complete sample (thin film over the sub-
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strate), T (λ), is subsequently measured.

TheSwanepoelmethodandother characterizationapproaches: In 1983, RynoSwanepoel

[129] introduced an numerical procedure, widely known nowadays as Swanepoel method

or Envelope method, to determine the thin-film thickness d and its optical functions (n

and k) at specific wavelengths. These particular wavelength of interest are called tan-

gent points (see Fig. 3.9c), as they appear where the transmission spectrum intersects

(touch but not cross) its upper or lower envelopes. Although earlier envelope-based ap-

proaches had been developed before Swanepoel[126]–[128], his contribution significantly

enhanced the precision and applicability of the technique, leading to a widespread algo-

rithm extensively used today. Renowned for its simplicity, reliability, and computational

efficiency [147], the Swanepoelmethod operates in the order of a few seconds on standard

computers, making it ideal for rapid mass characterization of samples. Additionally, it is

considered a “model-free” method, meaning that it does not rely on pre-established opti-

cal dispersion models for n(λ) and k(λ).

This method analyzes the interference patterns created by a quasi-monochromatic

beam as it passes through a thin film, where the patterns result from the superposition of

multiple internal reflections within the film (see Fig. 3.9b). For the desired etalon (Fabry-

Perot) effect to manifest prominently within the thin film, the coherence length of the

beammust exceed the film thickness (typically on themicrometer scale), denoted d. This

ensures that multiple internal reflections within the film lead to significant constructive

and destructive interference, depending on the wavelength. Consequently, the transmis-

sion spectrum T (λ) exhibits characteristic sinusoidal oscillations with distinct peaks and

valleys, as illustrated in Fig. 3.9c. The Swanepoel method exploits these spectral oscilla-

tions to accurately determine the film properties. Note that in order to prevent the sub-
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Figure 3.9: (a) Schematic of the sample geometry, comprising a thin layer deposited on a glass
substrate. (b) Multiple internal reflections within the thin film and the substrate. The total trans-
mittance is measured sequentially throughout different wavelengths. (c) Simulated transmission
spectra for the full sample and for the substrate alone. The ground-truth upper and lower en-
velopes, along with their tangent points, are indicated. (d) Magnified view of the strongly ab-
sorbing spectral region. The upper and lower tangent points are sometimes not associated with a
nearby local extremum (first two on the left), or occur at positions significantly far from the local
extrema (last two on the right).

strate from generating its own etalon effects, the coherence length must be set shorter

than the substrate thickness (typically on the millimeter scale), denoted ds. As the co-

herence length increases with wavelength, it may eventually exceed the substrate thick-

ness at longer wavelengths. This can lead to very high-frequency oscillations [4], causing
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aliasing when the oscillation frequency surpasses the spectral sampling rate used in the

experiment. Such aliasing manifests as characteristic noise at the spectrum’s end if the

experiment is not carefully calibrated. This condition ensures that any multiple reflec-

tions within the substrate do not contribute to coherent interference patterns, resulting

instead in an incoherent superposition of the beams. The exact value of ds is therefore

not relevant for the characterization of the sample.

Since its inception, the Swanepoelmethodhas servedas akey computationalmethod

for the analysis of thin-film optical analysis, inspiring numerous enhancements that have

significantly broadened its applicability. For instance, shortly after introducing his orig-

inal algorithm, Swanepoel himself extended the methodology in 1984 [130], enabling the

analysis of films with tilted planar-specular surfaces. The algorithm can then apply to

samples with non-uniform thickness, generally characterized by a wedge ∆d. Recog-

nizing the limitations of spectrophotometric measurements for accurate film analysis,

Swanepoel proposed an improved method in 1985 [220]. This approach involved acquir-

ing transmission spectra at two different angles of incidence: one at normal incidence

and the other at an oblique angle. By analyzing the shift in the spectral domain between

these two measurements, the method enabled the direct determination of both the film

thickness d and refractive indexnwithout relyingon the absolute transmittance values. In

1986, Kushev et al. generalized the envelopemethod to the field of reflectometry [131], en-

abling thedeterminationof thin-filmoptical properties fromnormal-incidence reflectance

measurements. In 1989, another work by Swanepoel now accounted for the substrate ab-

sorption [164]. In 1995, Nowak [221] investigated the effects of realistic band-limited inci-

dent beams with either linear or Gaussian spectral profiles, further refining the accuracy

of the method. Later, Wu et al. (2008) [222] extended the method to analyze inhomoge-

neous filmswith a linearly graded refractive index from the substrate interface to the film
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surface. Jin et al. contributed two very significant advancements in 2017. First, they an-

alyzed the spectral regions in which the film presents strong absorption [143], where the

original Swanepoel method produced substantially less accurate solutions. Then, they

expanding the algorithm to determine the refractive index n and extinction coefficient k

at arbitrary wavelengths, not just at the mentioned tangent points [223].

In addition to the Swanepoelmethod, the inverse synthesis approach serves as a pow-

erful alternative for the optical characterization of thin films [119], [121], [224], [225]. This

method involves fitting experimentally measured transmission spectra with a simulated

transmission curve, which is derived from pre-defined dispersion models for the refrac-

tive index n(λ) and the extinction coefficient k(λ). One of the key advantages of the in-

verse synthesis approach is its ability to provide precise optical characterization over a

continuous broad spectral range [148]. Furthermore, this method allows for the model-

ing of more complex physical scenarios, including surface roughness, refractive index

gradients, and non-uniform film thickness with specific geometries. The conventional

Swanepoelmethod approximates these realistic films as a simple, idealizedhomogeneous

layers. Neglecting these film imperfections leads to correlated effects on the spectral en-

velopes, making it impossible to distinguish such features based on spectro photomet-

ric measurements alone. Consequently, the Swanepoel method is primarily useful as a

first-order approximation for optical characterization [148], [226]. Envelope-based char-

acterization can serve as a preliminary estimate for subsequent refinement using inverse

synthesis.

Despite its advantages, it should be noted that the inverse synthesis approach can

be computationally intensive. Additionally, solving the inverse problem does not always

guarantee physically meaningful solutions, as the optimization algorithm may converge
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to incorrect local minima, leading to non-physical parameter estimations (this problem

is further discussed in the next section). Given these challenges, it is often advisable to

use the simpler Swanepoel method as a complementary tool for validation and cross-

checking of results, a practice commonly reported in the literature [183], [226]. Imple-

menting the inverse synthesis approach is non-trivial and demands careful parameter

selection. This reverse engineering approach relies on an appropriate dispersion formula

that accurately describes the refractive index and absorption behavior of the film mate-

rial. In some cases, determining a suitable model requires a detailed understanding of

thematerial’s electronic transitions to correctly incorporate contributions from different

optical oscillators. A variety of dispersion models are available, ranging from the simple

empirical Cauchy model (suitable for transparent materials such as glass), to more so-

phisticated physically-motivatedmodels, like the Tauc-Lorentz (TL) or Cody-Lorentz (CL)

models [227], which account for absorption. The development of more advanced disper-

sion models remains an active area of research, with recent efforts focusing on models

such as the Analytical Tauc/Cody-Lorentz Urbach (ATLU or ACLU) model [228]–[230] or

the Universal Dispersion Model (UDM) [231]–[234], which provides broad applicability

across different material classes and spectral ranges.

Besides the envelope method and the inverse synthesis, further computational ap-

proaches are emerging. For instance, there is a Deep Learning architecture that directly

predicts a film properties from transmission data [6]. Another recent technique employs

a digital twin [150] to numerically simulate wave propagation through the spectropho-

tometer.

Envelope detection algorithms: The Swanepoel method assumes precise knowl-

edgeof both theupper and lower envelopes of the transmission spectrum (refer toFig. 3.9b).
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In practice, accurately identifying these envelopes is a significant challenge on its own.

The accuracy of the Swanepoelmethod is highly dependent on the precise determination

of these envelopes, as any discrepancies in their construction propagate through the en-

tire algebraic procedure, ultimately affecting the reliability of the film characterization.

In 1991, Marjorie McClain et al. [235] addressed this problem by introducing a robust it-

erative algorithm for envelope construction. This seminal work has since established the

McClain algorithm as the standard approach, extensively utilized in the literature [236]–

[238]. The McClain algorithm is both efficient and reasonably accurate in practical appli-

cations. It determines the envelopes using B-spline interpolation of the mentioned tan-

gent points, which are seen in Fig. 3.9c. As anticipated, the accuracy of this interpolation-

based method improves with an increasing number of interpolation nodes, requiring

at least four spectral oscillations with its four associated tangent points to produce re-

liable results. Beyond the original McClain algorithm, several other interpolation-based

methodologies have been proposed to enhance envelope detection [239]–[242].

Alternative approaches have been developed to address spectra with limited num-

ber of oscillations, sometimes displaying only two or three tangent points. A common

strategy in such scenarios involvesfitting the envelopesby connecting local extrema (max-

ima for the upper envelope and minima for the lower envelope) using predefined expo-

nential [243], [244] or parabolic functions [142]. However, it should be mentioned that,

although the tangent points typically lie near the extrema of the transmission spectrum,

they do not coincide precisely. Indeed, observe that the film absorption induces a decay

in the transmittance curve as wavelengths decrease and approximates the optical band

gap, causing the tangent points to shift slightly away from the extrema, as seen in Fig.

3.9d. In the regions of strong film absorption (where the transmission spectrum remains

low) the tangent points may not correspond to any local minimum or maximum at all,
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as illustrated by the first lower and upper tangent points of the simulated spectrum, in

Fig. 3.9d. Consequently, the mentioned parabolic and exponential fits often lead to no-

ticeable errors in the constructed envelopes. A recently proposed deep learning–based

method [7] developed by our team shows promise in accurately determining envelopes

for transmission spectra, even in these challenging scenarios with as few as two or three

tangent points. However, this approach has so far been validated onlywith simulated data

and not with real, noisy experimental measurements.

Enhancing the accuracy of envelope computation remains a significant and ongo-

ing challenge in the field. In the present work, we propose a novel interpolation-based al-

gorithm for the precise determination of Swanepoel envelopes. Our approach integrates

the physical properties of the Swanepoel envelopes into a global optimization framework,

which is then efficiently solved using an advanced optimizer. We validated our method

using fifty computer-generated transmission spectra, achieving a root-mean-square error

(RMSE) of less than 0.10% for the upper envelope and below 0.06% for the lower envelope.

These results demonstrate a significant enhancement in accuracy compared to existing

methods, reducing errors by more than half with respect to the standard McClain algo-

rithm, as detailed in the subsequent comparison section. While our proposed method is

more computationally expensive than the existing algorithms, it still performs in a rea-

sonable timeframe and runs in less than a minute using standard computer hardware.

Furthermore, we have integrated our innovative envelope construction algorithm

with an automated adaptation of the original Swanepoel method within a user-friendly

Python package named swanpy. This open-source software is publicly accessible at this

link. Note that swanpy does not only includes our novel envelope construction algorithm

but also incorporates additional standard envelope detection techniques for comparative

https://drive.google.com/drive/folders/1OdwJavus-JI2IMM81442716FFytGiCZ3?usp=sharing
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analysis. Our automated and efficient implementation of the Swanepoel method facil-

itates the comprehensive optical characterization of thin films. It is worth noting that

the present work demonstrates the effectiveness of swanpy in practical applications by

fully characterizing two real amorphous silicon (a-Si) samples, which were previously

analyzed by our team [183] and used here as a benchmark.

3.2.2 Thin film transmission equation and inverse-synthesis challenge

As discussed earlier, the inverse synthesis method requires a simulator to reproduce the

transmission curve, which is then fitted to experimental data. To develop such a simula-

tor, webeginwith the theoretical expression for normal-incidence transmittance, derived

from the Fresnel equations [36]. Following extensive derivations in [4], the final formula

relates thewavelength λ and the film’s optical properties (n, k, d) to the transmittance. As-

suming a uniform, isotropic, and homogeneous filmdeposited on a transparent substrate

with a known refractive index ns, the resulting expression is:

T sim(λ;n, k, d) =
A′x

B′ + x(C ′
1 sinφ− C ′

2 cosφ) +D′x2
, (3.108)

where
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α = 4πk/λ, (3.109a)

x = e−αd, (3.109b)

φ = 4πnd/λ, (3.109c)

A′ = 16(n2 + k2)ns, (3.109d)

B′ =
(
(n+ 1)2 + k2

)(
(n+ 1)(n+ n2

s) + k2
)
, (3.109e)

C ′
1 = 2k

(
2(n2 + k2 − n2

s) + (n2 + k2 − 1)(n2
s + 1)

)
, (3.109f)

C ′
2 = 2(n2 + k2 − 1)(n2 + k2 − n2

s)− 4k2(n2
s + 1), (3.109g)

D′ =
(
(n− 1)(n− n2

s) + k2
)(
(n− 1)2 + k2

)
. (3.109h)

Observe that the refractive index of the substrate, ns, is known because it can be

computed beforehand from the transmission of the substrate alone, Ts, using the equa-

tion [4]:

ns = 1/Ts +
√
1/T 2

s − 1. (3.110)

It should also be emphasized that α (1/cm) in Eq. 3.109a corresponds to the absorp-

tion coefficient. Additionally, the term x in Eq. 3.109b denotes the a fraction of the trans-

mitted intensity: this parameters is calculated from the Lambert-Beer law [36] and ranges

from 0 to 1, expressing the amount of light that passes through the film in one single

pass (not accounting for multiple round trips of the beam within the film). Lastly, the

two trigonometric functions in the denominator of Eq. 3.108 depend on the phase φ and

account for the Fabry-Perot thin-film interferences, corresponding to the low-frequency

oscillations noticeable in the transmission spectrum.
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One could naively develop a least-squares regression program to fit the experimen-

tal transmission spectrum T (λ) to the theoretical model T sim(λ;n(λ), k(λ), d), thereby de-

termining the film’s optical and geometrical properties n(λ), k(λ), and d. However, n and

k are intricate wavelength-dependent functions and not simple constants. Multiple com-

binations of n and k can produce the same theoretical transmission spectrum, making

this fitting problem ill-posed in nature. As Kushev and Zheleva [131] realized in 1986, “the

system is satisfied by many solutions and it is difficult to identify the real physical one”.

The inverse synthesismethod takes this fitting idea a step further and eases the prob-

lem by assuming some pre-defined dispersion models for the optical functions n(λ) and

k(λ). Consequently, these complicated optical functions are expressed in terms of just

a few real coefficients. For instance, one can employ the simple Wemple-DiDomenico

(WDD) dispersion equation [245] for n and the Urbach rule [246] for the absorption coef-

ficient α (the extinction coefficient k can then be derived using Eq. 3.109a). We then have

the following formulas:

n(E;E0, Ed) =

√
E0Ed

E2
0 − E2

+ 1, (3.111a)

α(E;α0, Eu) = α0 exp

(
E

Eu

)
. (3.111b)

The parameter E0 (eV) represents the oscillator energy in a single-oscillator elec-

tron model. In practice, this number quantifies an average energy gap of the different

electronic transitions and provides a good approximation of the optical bandgap energy,

Eg ≈ E0/2 [247], [248]. Ed (eV) is the dispersion energy, which quantifies the strength

of interband optical transitions and provides an extra degree of freedom to account for

the refractive index value as the photon energy approaches zero E → 0. The parame-
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ter α0 (1/cm) defines the absorption coefficient in the limit of zero photon energy. The

Urbach energy, denoted as Eu (eV), characterizes the exponential decay of the absorp-

tion coefficient with decreasing photon energy below the bandgap, indicating the degree

of structural disorder in amorphous materials responsible for sub-bandgap absorption.

Please note that Eqs. 3.111a-3.111b can be similarly expressed as functions of wavelength

using the Planck-Einstein relation E = hc/λ, where h is Planck’s constant and c is the

speed of light in vacuum.

The combined WDD-Urbach model offers a foundational estimate of the electronic

transitions in thin-filmmaterials. Thismodel is primarily applicable to amorphousmate-

rials with two main energy levels, encompassing a single dominant electronic transition

between the valence and conduction bands, which defines the bandgap energy. However,

it disregards weaker transitions that may play a significant role in crystalline materials.

Furthermore, this dispersion model is limited to specific spectral regions, particularly

for photon energies that are well below the optical bandgap but remain sufficiently sep-

arated from phonon resonances in the near-infrared range. In the simulated example

illustrated in Fig. 3.9, we used the following parameter values: E0 = 4.28 eV, Ed = 30.45

eV, α0 = 269.46mm−1, Eu = 229.18meV, and d = 1323 nm.

Employing more precise models that are consistent with the Kramers-Kronig re-

lations between n and k increases computational complexity considerably. This com-

plexity is particularly evident when utilizing variousmodifications and adaptations of the

Tauc-Lorentz-Urbach (TLU) [183], [227], [228], [249] andCody-Lorentz-Urbach (CLU) [227],

[229], [250] models, which are valid across the entire spectral range. These advanced

models, enhanced with numerous refinements, necessitate extensive computations and

introduce additional subtle and intricate variables into the simulator.
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Regardless of the optical dispersion model chosen, the inverse synthesis approach

enables the simplification of the transmittance formula T (λ;n(λ), k(λ), d) from Eq. 3.108

in terms of only a few input coefficients. In our case, the WDD-Urbach model allows us

to rewrite the simulated transmission curve as a function of (E0, Ed, α0, Eu, d) ∈ R5. With

these scalar values, we can establish the following least-squares optimization problem

(outlined in Fig. 3.10):

minimize C(E0, Ed, α0, Eu, d) = RMSE(T, T sim) =

√√√√√√
N∑
i=0

[
T (λi)− T sim(λi;E0, Ed, α0, Eu, d)

]2
N

,

subject to


E0 ∈ [a1, b1], Ed ∈ [a2, b2],

α0 ∈ [a3, b3], Eu ∈ [a4, b4],

d ∈ [a5, b5].

(3.112)

The cost function C quantifies the discrepancy between the predicted and exper-

imental spectra across the discrete wavelengths within the spectral region of interest

(ROI). Achieving cost values below 1-1.5% typically indicates a good fit between the simu-

lated andmeasured data [183], [251]. However, the acceptable threshold for the cost func-

tion depends on the spectral range length and the specific characteristics or noise level of

themeasurements. Note that in Eq. 3.112, the box constraints [ai, bi] define the acceptable

ranges for the parameters, which vary depending on the specific thin-filmmaterial under

investigation.

Although this inverse synthesis approach is a popular choice for optical character-

ization, it is not without limitations. For instance, there is the crucial task of setting fea-

sible constraint ranges for ai and bi, as the computational effort increases notably when
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these ranges are broadened. Furthermore, the inverse problem is inherently non-convex

in nature, marked by numerous local minima and maxima, and necessitating the use of

sophisticated global optimization algorithms. These global optimizers are often affected

by the curse of dimensionality, resulting in substantially increased computational costs

as the number of variables grows. Additionally, in practical scenarios with noisy data

and approximated simulation models, these algorithms can still produce solutions that

are mathematically acceptable (satisfying constraints and exhibiting low cost values) but

physically inaccurate, corresponding to local minima rather than the global optimum.

Tomitigate the risk of converging to suboptimal local minima, it is recommended to exe-

cute these optimization algorithmsmultiple times with different initial points or random

seeds and to compare the resulting solutions. This approach enhances the likelihood of

identifying the most accurate and reliable characterization of the system.

Figure 3.10: Random initial guesses for the film parameters (such as thickness and the coefficients
of the optical dispersion model) are selected. A theoretical transmittance spectrum is calculated
from these parameters via Eq. 3.108. The simulated spectrum is then compared to the exper-
imental spectrum, and the residual error is quantified using the cost function (RMSE) defined
in Eq. 3.112. A global optimization algorithm iteratively adjusts the parameters to minimize this
residual error. This process repeats until the optimal parameters that yield the best fit between
the simulated and experimental spectra are found.

The runtimeof the inverse synthesismethod is influencedby several factors, includ-

ing the particular dispersion model employed and its number of variables, the choice of
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the global optimizer and its hyperparameters (such as the number of iterations or ini-

tial seeds), the range of the box constraints, and the number of times the optimization

is executed to corroborate results. Consequently, solving the inverse problem described

by Eq. 3.112 can become a computationally intensive task, sometimes requiring hours of

manual fine-tuning and computation.

For a later comparison of our improved Swanepoel method, we use now the inverse

synthesis method to characterize two real spectra. Specifically, two a-Si samples were

prepared using radio-frequency magnetron sputtering (RFMS) on top of a transparent

Corning Eagle XG glass substrate. The target p-type silicon had a 5N purity and a density

of 2.32 g/cm3. During thin-film deposition, the RFMS chamber was maintained at room

temperature (25 ◦C) with an RF power of 525 W. The deposition rates were 1.269 nm/s for

sample #1 and 1.339 nm/s for sample #2. The chamber pressures were 4.4 Pa and 3.2 Pa,

and the argon gas flow rateswere 70 sccmand 50 sccm for samples #1 and #2, respectively.

Transmission measurements of both the substrate alone and the full sample were

collected using an Agilent Cary 5000 double-beam spectrophotometer, covering the UV-

VIS-NIR range from 300 to 2500 nm. The initial spectral range (up to 700 nm) was cropped

out to avoid the interval where the substrate exhibits considerable absorption and where

the thin film shows very strong absorption (leading to a near-zero transmission), which

provides no useful information for characterization. The fitting problemwas then solved

using the Simulated Dual Annealing algorithm, an efficient global optimizer available in

the Python scipy package [252]. Figure 3.11 illustrates the agreement between the experi-

mental and simulated spectra, with root mean square errors (RMSE) of 0.85% for sample

#1 and 0.98% for sample #2. The bottom panel of the figure displays the residual disagree-

ment or fitting error, defined as T exp − T sim. Notably, in the NIR region beyond 2100 nm,
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where the substrate exhibits slight absorption, a stronger disagreement is observed in

Fig. 3.11a.

Figure 3.11: Comparison of experimental transmission measurements with simulated transmis-
sion curves for (a) sample #1 and (b) sample #2 of amorphous silicon, obtained using the inverse
synthesis method. The bottom panels illustrate the residual differences or error between the ex-
perimental and simulated data, defined as T exp − T sim.

The optimal parameters obtained from the inverse synthesis method for samples

#1 and #2 are summarized in Table 3.3. Initially, the points for the optimization were

randomly chosenwithin the specified bounds for each parameter. In this particular case,

the optimization process required only a few minutes of computation time and manual

adjustments of the bounds, thanks to the relatively low dimensionality of the simplistic

models for n and k employed here for illustrative purposes.

3.2.3 Automated Swanepoel method

As previously noted, the Swanepoel method provides a more straightforward alternative

to the inverse synthesis approach. It relies on the principles of Fabry-Perot interference
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Table 3.3: Optimized parameters for amorphous silicon samples obtained from the inverse syn-
thesis method. The initial bounds for each parameter are also provided.

Parameter Unit Lower Bound Upper Bound Sample #1 Sample #2
Thickness d nm 500 1500 1117 1160
Oscillator energy E0 eV 3.2 5.0 3.22 3.21
Dispersion energy Ed eV 25 35 27.96 33.28
Absorption coefficient α0 cm−1 0.1 0.5 0.225 0.186
Urbach energy Eu eV 0.1 0.3 0.247 0.234

and employs the simple algebraic interference formula to perform the optical character-

ization. Although themethod’s approximations can reduce the precision of the estimated

film properties, it offers several key advantages: it requires far less computational effort,

imposes no dispersion assumptions, and avoidsmultiple non-physical solutions. In other

words, instead of encountering the ambiguity often facedwith inverse synthesismethods,

the Swanepoel approach yields a unique, physically meaningful set of values for n, k, and

d.

Our automated program is based on the original Swanepoel algorithm from 1983

[129], [253], designed specifically for plane-parallel thin films of uniform thickness, com-

posed of isotropic and homogeneousmaterials. As previously discussed, numerous adap-

tations of this algorithm have been proposed to handle more complex scenarios [130],

[131], [143], [221]–[223], and these enhancements could potentially be integrated into our

software framework in the future.

In spectral regions where the sample presents medium-to-weak optical absorption,

the condition n2 ≫ k2 holds. These spectral regions, frequently examined in transmis-

sion spectroscopy studies, correspond to photon energies below the optical bandgap. Un-
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der this circumstance, Eq. 3.108 can be simplified as follows:

T sim(λ;n, k, d) =
Ax

B − Cx cosφ+Dx2
, (3.113)

Observe that the fraction of transmitted intensity x and the phase ϕ were previously de-

fined in Eq. 3.109b and 3.109c, respectively. Additionally, we use the following new ex-

pressions:

A = 16n2ns,

B = (n+ 1)3(n+ n2
s),

C = 2(n2 − 1)(n2 − n2
s),

D = (n− 1)3(n− n2
s).

(3.114)

In contrast with themore accurate transmittance expression fromEq. 3.108, the for-

mula for T sim given in Eq. 3.113 now only comprises a single sinusoidal function. There-

fore, we can find the two envelopes of the oscillating transmission curve by assigning

cos(φ) = 1 for the upper envelope T sim
M , and cos(φ) = −1 for the lower envelope T sim

m .

These envelopes are then expressed as follows:

T sim
M (λ;n, k, d) =

Ax

B − Cx+Dx2
, (3.115a)

T sim
m (λ;n, k, d) =

Ax

B + Cx+Dx2
. (3.115b)

The intersection points between the simulated transmission spectrum T sim and its

upper envelope T sim
M are identified as the upper tangent points, which are represented by

λM, as shown in Fig. 3.9b. Similarly, λm denotes the lower tangent points, which are as-



122

sociated with the intersections of T sim with its lower envelope T sim
m . Due to the sinusoidal

characteristic of Fabry-Perot oscillations, these upper and lower tangent points occur in

an alternating pattern. The sorted sequence of these tangent points is expressed here as

λtan.

While determining the simulated envelopes of a simulated transmission curve is

straightforward, following their definition from Eq. 3.115 (as done for the initial Fig. 3.9),

identifying the Swanepoel envelopes of an experimental curve poses a significant chal-

lenge. The Swanepoelmethod assumes that the true envelopes, TM andTm , of ameasured

transmission spectrum T have already been (somehow) accurately determined. Based

on this assumption, the optical properties n and k are extracted using a series of physi-

cally meaningful equations, evaluated exclusively at the tangent points. Below, we detail

our automated step-by-step procedure for implementing the Swanepoel method, which

is summarized in Fig. 3.12.

3.2.3.1 Preliminary estimation of n1 and d1

In this preliminary step, we carry out a rough estimation of the refractive index (n1) and

film thickness (d1). One can obtain a formula for the refractive index using Eq. 3.113 and

Eqs. 3.115a-3.115b, leading to

n1 =

√
N +

√
N2 − n2

s, where

N = 2ns
TM − Tm

TMTm

+
n2
s + 1

2

(3.116)

Eq. 3.116 is thenevaluated at each tangent point, yielding the series of valuesn1(λ
tan).

Tables 3.4-3.5 lists these computedvaluesn1(λ
tan) corresponding to the experimental spec-

tra illustrated in Fig. 3.11b. Subsequently, we utilize the fundamental Fabry-Perot inter-
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Figure 3.12: Summary of the Swanepoel method: the steps are marked in green, starting at the
top left. (1) After computing the transmission envelopes, initial estimates of the refractive index
n1 are determined at the tangent wavelengths λtan. (2) A system of two equations (based on the
interference formula) is solved at each pair of adjacent tangents point to estimate the film thick-
ness, resulting in a set of possible thickness d1. The expected thickness value is calculated as
d1 = mean(d1)± std(d1). (3) The interference formula is then applied again to compute the inter-
ference ordersm1. (4) These calculated decimal values should theoretically be half-integers, so
they are updated to the nearest corrected valuesm2. (5)With these corrected interference orders,
a more precise thickness estimate d2 = mean(d2) ± std(d2) is obtained using the interference
formula. (6) This refined thickness allows for updated refractive index values n2 at the tangent
points. (7) Finally, an accurate extinction coefficient k2 is computed at the tangent points using
the precise d2, the updated refractive index n2, and information from the envelopes.

ference [69] equation:

2n(λ)d = mλ. (3.117)

This well-established relation holds only at the tangent points (λ = λtan), which

explicitly denote the transition between constructive and destructive interferences, or

vice-versa. The variablem symbolizes the interference order, a number in the set N/2 =

{1/2, 1, 3/2, 2, 5/2, ...} and therefore referred to as a "half-integer." Note that the successive

tangent points, arranged from longer to shorter wavelengths, correspond to consecutive

interference orders. For instance, Tables 3.4-3.5 lists the values of m that range from 3.0
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to 10.0 for sample #1, with increments of 0.5.

Two adjacent upper tangent points (or two adjacent lower points), denoted as λtani

and λtani+2, have orders of interferencem andm+1, respectively. Therefore, we can define

the following system of equations:


2n1(λ

tan
i )d1 = mλtani

2n1(λ
tan
i+2)d1 = (m+ 1)λtani+2

(3.118)

Knowing now λtani and n1(λ
tan
i ) for each tangent point i, we can solve Eq. 3.118 for the

unknown variable d1. The equation can be solved to find the d1 values for the different

tangent points, except for the two greater ones (as the systemneeds the points i and i+2).

The set of values d1 represents the thickness estimations using data from the multiple

tangent points (see Tables 3.4-3.5). Ideally, each of these d1 values should be identical. In

practice, the thickness is approximated as d1 = mean(d1)± std(d1).

Sometimes, it is advisable to exclude the elements ofd1 corresponding to the shorter

wavelengths if they clearly differ from the the mean value, as they are often not very

consistent with the other values (see the marked numbers on the Tables 3.4-3.5). This

discrepancy arises when there exists a strong absorption at shorter wavelengths, as the

Swanepoel approximation (n≫ k) becomes less accurate.
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Table 3.4: Results of the Swanepoel method applied to the transmission spectra of Sample #1.
Estimated thicknesses: d1 = 1099.32 ± 35.77 nm (relative error = 3.25%), d2 = 1110.18 ± 7.22 nm
(relative error = 0.65%). The last two data points are crossed out due to unreliable calculations at
shorter wavelengths.

Tan Tm TM n1 d1 Half int Half int d2 n2 k2 α2 x2

(nm) (%) (%) (nm) inexact exact (nm) (×103) (×103 cm−1)

2340.0 44.35 88.46 3.2049 – 3.0113 3.0 1095.19 3.1616 2.9 0.1550 0.9829

2020.0 43.94 88.28 3.1535 – 3.4324 3.5 1120.97 3.1842 4.2 0.2614 0.9714

1776.0 43.35 87.90 3.1818 1185.00 3.9390 4.0 1116.34 3.1995 4.0 0.2836 0.9690

1588.0 42.56 85.61 3.1940 1110.70 4.4222 4.5 1118.68 3.2184 5.6 0.4458 0.9517

1436.0 41.28 82.01 3.2289 1094.23 4.9437 5.0 1111.85 3.2337 7.9 0.6948 0.9258

1316.0 39.72 77.51 3.2443 1101.41 5.4203 5.5 1115.50 3.2598 11.0 1.0545 0.8895

1216.0 37.90 72.17 3.2718 1130.93 5.9157 6.0 1114.98 3.2859 14.5 1.4990 0.8467

1128.0 35.72 65.99 3.3037 1078.69 6.4394 6.5 1109.67 3.3022 18.6 2.0713 0.7946

1056.0 33.39 59.50 3.3333 1073.15 6.9401 7.0 1108.81 3.3292 23.0 2.7408 0.7377

996.0 30.84 52.76 3.3677 1105.09 7.4342 7.5 1109.06 3.3643 28.0 3.5269 0.6760

944.0 27.89 45.57 3.4117 1092.79 7.9461 8.0 1106.78 3.4012 33.9 4.5095 0.6061

896.0 24.33 37.19 3.4421 1086.14 8.4463 8.5 1106.31 3.4301 42.3 5.9310 0.5177

856.0 20.29 29.20 3.5074 1034.42 9.0088 9.0 1098.25 3.4697 52.3 7.6742 0.4266

820.0 15.99 21.16 3.5336 1068.99 9.4747 9.5 – – – – –

788.0 11.62 14.25 3.5865 1101.34 10.0070 10.0 – – – – –
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Table 3.5: Results of the Swanepoel method applied to the transmission spectra of Sample #2.
Estimated thicknesses: d1 = 1167.28± 62.92 nm (relative error = 5.39%), d2 = 1163.88± 10.52 nm
(relative error = 0.90%). The last two data points are crossed out due to unreliable calculations at
shorter wavelengths.

Tan Tm TM n1 d1 Half int Half int d2 n2 k2 α2 x2

(nm) (%) (%) (nm) inexact exact (nm) (×103) (×103 cm−1)

2260.0 39.13 89.72 3.4974 – 3.6128 3.5 1130.84 3.3981 1.3 0.0706 0.9918

1992.0 39.12 88.71 3.4246 – 4.0136 4.0 1163.33 3.4230 3.2 0.2050 0.9764

1776.0 39.09 87.20 3.4086 1345.01 4.4806 4.5 1172.33 3.4333 4.3 0.3011 0.9656

1608.0 38.38 85.11 3.4256 1216.15 4.9734 5.0 1173.53 3.4540 5.6 0.4359 0.9505

1472.0 37.27 81.60 3.4566 1165.49 5.4822 5.5 1171.08 3.4780 7.8 0.6642 0.9256

1356.0 35.93 76.99 3.4765 1153.44 5.9854 6.0 1170.13 3.4952 10.8 0.9974 0.8904

1260.0 34.40 71.62 3.5049 1153.61 6.4940 6.5 1168.36 3.5184 14.1 1.4067 0.8490

1180.0 32.75 65.89 3.5296 1170.04 6.9830 7.0 1170.12 3.5485 17.7 1.8860 0.8029

1108.0 30.85 59.89 3.5632 1151.50 7.5077 7.5 1166.08 3.5699 21.6 2.4504 0.7519

1048.0 28.89 53.84 3.5932 1142.88 8.0044 8.0 1166.64 3.6017 25.7 3.0864 0.6982

992.0 26.54 46.93 3.6257 1138.98 8.5326 8.5 1162.82 3.6224 31.1 3.9394 0.6322

948.0 24.05 40.39 3.6679 1135.25 9.0326 9.0 1163.07 3.6653 36.8 4.8776 0.5668

904.0 20.81 32.28 3.6903 1170.02 9.5302 9.5 1163.58 3.6894 45.8 6.3617 0.4769

868.0 17.24 24.95 3.7659 1065.01 10.1286 10.0 – – – – –

836.0 13.55 18.09 3.7984 1083.89 10.6072 10.5 – – – – –

3.2.3.2 Refining the values of n2 and d2

The previous estimates are highly sensitive to noise from the experimental transmission

measurements and errors in the two corresponding envelopes. Therefore, it is important

to go through a second refinement step to find more suitable values of n2 and d2. First,

note that we can now calculate the “inexact” half-integers (denoted bym1) by inserting

the predicted rough values n1(λ
tan) and d1 in Eq. 3.117, yieldingm1 = 2n1(λ

tan)d1/λ
tan. The

set of approximated valuesm1 are shown in the 6th column of Tables 3.4-3.5.

We know thatm1 should theoretically be half-integers, sowe can improve the found
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values. Indeed, onewill now search for the sequence of consecutive half-integersm2 that

best match the approximated datam1. This process can be automated by formulating a

fitting problem and employing the direct searchmethod, an effective global optimization

techniquewell-suited for this straightforward, low-dimensional scenario. Specifically, we

identify the optimal sequence of consecutive half-integers thatminimizes the absolute er-

ror distance relative to our set of approximate interference ordersm1. The refined values

m2 are presented in the seventh column of Tables 3.4-3.5.

Setting now n1(λ
tan) and the exact values of m2 into Eq. 3.117, we can determine a

new array d2 with more accurate film-thickness estimates: d2 = m2λ
tan/2n1(λ

tan). The

corrected film thickness is then computed as d2 = mean(d2)± std(d2). These values are

shown in the 8th column of Tables 3.4-3.5. In the two example shown in the table, one

can see noticeable improvements from d1 to d2, reducing the uncertainty of the thickness

value by an order of magnitude.

Finally, one can employ the interference formula once again to compute the cor-

rected refractive index n2(λ
tan). Note that the known values that we introduce in the in-

terference formula are the exact set of valuesm2 and the highly accurate thickness d2. In

particular, we now compute n2(λ
tan) = m2λ

tan/2d2.

3.2.3.3 Finding k2

With the refined values of the refractive index n2(λ
tan) and thickness d2, we now aim to

find precise values of the extinction coefficient k2(λtan) at each tangent point. Observe

that since the extinction coefficient k, the absorption coefficient α, and the variable x are

directly related through Eqs. 3.109a–3.109b, it is sufficient to estimate any one of these

quantities. We will then analyze x.
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The variables (A,B,C,D) from Eq. 3.114 depend only on n and d, and can now

be accurately calculated using the refined values n2(λ
tan) and d2. Considering that the

envelopes TM and Tm were (somehow) previously calculated, we can now solve either

Eqs. 3.115a or 3.115b for x2(λ
tan) at each wavelength λtan. It is important to note that these

equations are quadratic, resulting in two possible ambiguous results for x2. However, it

must be remarked again that the parameter x2 represents a fraction of transmitted in-

tensity: the beam intensity transmitted in a single pass through the thin film, neglecting

themultiple inter-reflections in the film and the substrate. Of course, such quantity must

lie in the range from 0 and 1, and we can then select the unique physically meaningful

solution within this range, out of the two possible mathematical results.

3.2.4 Novel procedure to find the Swanepoel envelopes

The previous section explained how to obtain the optical functions using our automated

implementation of the Swanepoel method. Please note that the method did not describe

how to find the envelopes from an experimental transmission spectrum or their corre-

sponding tangent points, but rather assumed that these envelopes were known a priori.

We now propose our novel approach to construct the envelopes and solve that initial and

particularly challenging problem.

3.2.4.1 Data treatment and convexity regions

Initially, we need to select only the adequate spectral region in which the substrate ex-

hibits negligible absorption (ks ≈ 0), and where the thin-layer sample has non-zero trans-

mission (excluding areas of clear strong absorption), therefore confining our analysis to

the spectral region valid for the Swanepoel method. We then employ a convenient Gaus-

sian filter to reduce noise in the transmission spectrum of the sample. Finally, we in-
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Figure 3.13: Graphical illustration of the iterative optimization process used to determine the up-
per envelope. The algorithm identifies upper tangent points so that the interpolated curve lies
entirely above the experimental transmission data, ensuring that each concave region contains a
unique tangent point. During the initial iteration (red envelope), the randomly selected tangent
points yield a high cost (see bottom panel). In subsequent iterations (green dashed envelope), the
cost gradually decreases, allowing the solution to converge to the desired upper envelope.

terpolate the transmission curve over the full wavelength range with cubic splines, which

ensure the second-order differentiability of the spectrum. This first step is crucial to find

the tangent points with high precision, as the experimental transmittancemeasurements

might have a relatively low spectral resolution (e.g., with measured wavelengths every 10

nm).

Following this initial data treatment, we now identify downward concave intervals

within the transmission spectrum by employing the second-order numerical derivatives.

The remaining spectral intervals not identified as concave are consequently categorized
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as upward convex intervals. Figure 3.13 show the convex regions in light green and the

concave ones light blue. We will designate the concave intervals as [umint , umaxt ], for t ∈

{1, ..., U}. Similarly, the convex intervals are denoted as [vmint , vmaxt ], for t ∈ {1, ..., V }. The

resulting intervals must alternate, ensuring the relation U = V ± 1.

Adopting the reasoning presented in [235], we will only incorporate the intervals

at the end (either concave or convex) if they possess a local extremum, given that such

intervals could potentially encompass a tangent point. In other words, if last interval is

severely cropped, not including its minimum or maximum, it should be discarded. For

instance, a short interval at the end of both graphs from Fig. 3.13 appears blank, as it does

not contain an extrema. Additionally, the regions in the left-hand side in which T (λ) is

below a certain numerical threshold (such as 0.5%) are crop out, as no useful information

about the tangent point is found in the regions of complete absorption.

In practice, noise in the transmission spectra and small absorption of the substrate

typically lead to incorrect interval classification of the convexity. To compensate for this

problem, we introduce a “window” variable that establishes the minimum size of the in-

tervals (the highest frequency allowed). Intervals shorter than this window size are con-

sidered spurious and are merged with adjacent intervals to form larger, more significant

regions. This process effectively filters out inconsistent high-frequency noisy oscillations

in the transmission spectrumand its derivatives, ensuring that onlymeaningful convexity

intervals are retained. The selection of this window variablemust be customized depend-

ing on the unique characteristics of the experimental data and its noise.
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3.2.4.2 Finding the tangent points with an optimization algorithm

After these steps, we formulate a global optimization problem that allows us to simulta-

neously determine both the tangent points and the envelopes. We incorporate into our

model two essential properties of the Swanepoel envelopes, detailed below:

• Envelopesbound the transmissioncurve: Theupper envelope consistently lies above

the transmission curve, T sim(λ) ≤ T sim
M (λ), and the lower envelope lies below it,

T sim
m (λ) ≤ T sim(λ). Consequently, the transmission curve and its envelopes touch at

the tangent points but do not cross each other. This behavior follows from the def-

inition of envelopes (see Eq. 3.114) and can be readily proved under the reasonable

assumption that n ≥ ns, which ensures the variable C in Eq. 3.114 is non-negative.

• Convexity at tangent points: Each upper tangent point is located in a concave re-

gion of the transmission curve, while each lower tangent point is found within a

convex region. To justify this intuitive property, we used symbolic computation

software (Wolfram Alpha Mathematica) to determine the second derivative of the

transmission T sim(λ) at the tangent points. In spectral regions where the film ex-

hibits medium-to-weak absorption, the optical functions n(λ) and k(λ) vary only

slightly. It is reasonable to consider the variables (A,B,C,D, x) from Eq. 3.113 as

approximately constant around a specific tangent point. Consequently, variations

in the transmission spectrum near that point primarily stem from the term cos (φ)

in Eq. 3.113, due to the rapid change of the phase φ = 4πnd/λwith wavelength. This

observation allows us to analytically estimate the derivatives of T sim(λtan). We found

that the second derivative is positive at the lower tangent points and negative at the

upper ones.
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Considering these two reasonable properties for the transmission spectra of thin

uniform films, we can now define the following minimization problems:


minimize CM(λM

1 , λM
2 , ..., λM

U ) =
k∑

i=1

ReLU
[
T (λi)− TM(λi;λ

M
1 , λM

2 , ..., λM
U )

]
,

subject to λM
t ∈ [umint , umaxt ], for t ∈ {1, 2, ..., U}.

(3.119a)


minimize Cm(λm

1 , λ
m
2 , ..., λ

m
V ) =

k∑
i=1

ReLU
[
Tm(λi;λ

m
1 , λ

m
2 , ..., λ

m
V )− T (λi)

]
,

subject to λm
t ∈ [vmint , vmaxt ], for t ∈ {1, 2, ..., V }.

(3.119b)

Observe that non-uniformfilms are oftenmodeled using aTaylor first-order approx-

imation with a planar surface exhibiting a certain tilt. A more general expression for the

transmission formula in these scenarios is derived in [4]. It should be noted that for films

with a very high wedge, ∆d > λ/(4n), the two properties described above do no longer

hold. In such cases, the upper and lower envelopes eventually cross over each other,

resulting in the upper envelope lying below the spectrum with upper tangent points in

convex regions (and vice versa for the lower envelope). Our current study does not apply

to this more complex scenario.

The rectified linear unit (ReLU) function, frequently employed inmachine learning

contexts, is defined as ReLU(x) = x if x > 0, and ReLU(x) = 0 if x ≤ 0. This func-

tion ensures that the cost CM(λM
1 , λM

2 , ..., λM
n ) penalizes only the instances when the up-

per envelope is beneath the transmission spectrum (breaking the first property), while

Cm(λm
1 , λ

m
2 , ..., λ

m
u ) penalizes only the cases where the lower envelope is above the spec-
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trum. Note that the constraint of the optimization problem guarantees the presence of

one (and only one) upper tangent point for each concave region, and one (and only one)

lower tangent point for each convex region, as established in the second property.

The predicted top and bottom envelopes, denoted by TM(·) and Tm(·), are obtained

using cubic Hermite interpolation [254] on the tangent points. For instance, the upper

envelope corresponds to the interpolation of the points {λM
t , T (λM

t )}t, for t ∈ {1, 2, ..., U}.

Once these points are interpolated, we can evaluate the upper TM(λ) envelope function

at any wavelength λ within the continuous spectral region, and vice-versa for the lower

envelope.

The Hermite interpolation provides a piece-wise polynomial approximation of the

envelopes, while maintaining monotonicity within each piece. By utilizing cubic Her-

mite interpolation, we not only ensure that the interpolated envelopes pass through the

given tangent points but also that they conform to the specific slopes at those points. This

method incorporates both the function values and their first derivatives, resulting in a

piecewise cubic polynomial that is continuous in both value and slope. The inclusion of

derivative information allows the interpolation to capture the local behavior of the data

more accurately, preserving essential features such as peaks and inflection points. More-

over, cubic Hermite interpolationminimizes oscillations between data points, a common

issue with higher-degree polynomial interpolations that do not consider slope informa-

tion. This reduction in unwanted oscillatory behavior leads to a more stable and reliable

approximation of the envelopes.

To solve the optimization problems presented in Eqs. 3.119a-3.119b, we utilize the

Simulated (Dual) Annealing algorithm [252]. It should be noted that conventional lo-

cal optimizers (such as Gradient-Descent, Levenberg-Marquardt, or Nelder-Mead), fail
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to converge to the correct solution due to the presence of several local minima. Very sig-

nificantly, our algorithm converges in 30-60 seconds on a standard computer, given the

simplicity of the cost functions. Figs. 3.14a-b show a the results of our envelope-detection

algorithm for a simulated sample and a zoom-in of the strong-absorption region. Figs.

3.14c-d show the results of our approach for the real samples #1 and #2, respectively.

Figure 3.14: Envelopes and tangent points determined using our novel optimization procedure.
In particular, (a) shows the reconstructions for simulated sample and (b) a magnified view of its
strong absorption region, while (c) and (d) show transmittance curves for the real samples #1 and
#2, respectively. These results satisfy the two constraints imposed in our optimization problem:
first, the upper (lower) envelope consistently lies above (below) the transmittance curve, touching
it only at upper (lower) tangent points; second, these tangent points are localized within the light-
blue concave (upper) or light-green convex (lower) regions.
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3.2.4.3 Boundary points

Interpolation near the edges of the spectral region of interest (ROI) can be challenging,

particularly at the first and last tangent points. To improve accuracy, we propose extend-

ing the envelope calculation to include boundary points at both ends of the ROI rather

than stopping at the first and last tangent points. This ensures that the first and last tan-

gent points become interior nodes rather than endpoints, improving the stability of the

interpolation. The selection of boundary points is informed by the film’s behavior at both

extremes of the spectrum.

First boundary point(s): At shorter wavelengths, where absorption is strong, the

amplitude of the oscillations decrease, and the upper and lower envelopes converge to-

ward themeasured transmittanceT (λinit) ≈ 0, indicating that thefilm is essentially opaque

(see Fig. 3.14a below 600 nm). Thus, an additional boundary node (λinit, T (λinit)) is placed

at the initial wavelength for both the upper and lower envelopes. In cases where the re-

gion of near-complete absorption is not fully cropped, one can place this boundary node

at the earliest wavelength where T (λinit) ≈ 0 still holds true. One can see these first two

added boundary points in Fig. 3.14a.

Last boundary point: At longerwavelengths, where absorptionweakens and the en-

velopesflatten,weapproximate the last boundarypoint (λlast, ylast)using a simpleparabolic

model based on the two final tangent points, denoted (λ1, y1) and (λ2, y2). In this ending

region, the tangent points indeed lie very close to the local extrema, making this approx-

imation convenient in practice. Specifically, we assume the mathematical model:

ylast = T0 +
T1

λ− λ0

, (3.120)
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Where the amplitude T1 ∈ [0, 1] andwavelength λ0 are determined analytically from

the two last maxima (λ1, y1) and (λ2, y2) for the upper envelope, or minima for the lower

envelope. The parameter T0 is fix to the mean substrate absorption Ts in the case of the

upper envelope: in theweak absorption region, theupper envelopenaturally converges to

the almost flat curve of the transmittance. In the case of the lower envelope, we calculate

the distance between the lastmaximumandminimumvalues, which approximates T−1
M −

T−1
m at the end of the spectrum. We then know that, in the region of weak absorption,

the lower envelope must eventually convergent for longer wavelengths to the value T0 =

Ts − (T−1
M − T−1

m ).

By integrating this physically informed boundary treatment, we ensure a smoother

andmore reliable envelope estimation across the entire ROI. Note that alternative bound-

ary conditionsmaybeemployed for other typeof spectra, suchas thosenot reachingnear-

zero transmittance at the short-wavelength limit, not approaching a medium-to-weak re-

gion at the long-wavelength end, or reaching the completely non-absorption region at

the long-wavelength end. Our implementation allows users to select different boundary

models, such as a flat envelope at the long-wavelength side when complete transparency

is reached, exponential and linear fits from the two first or last tangent points, and even

manual selection, for more pathological cases.

3.2.5 Other envelope construction techniques

We now present an overview of three envelope construction approaches, including (i)

the widely employed McClain iterative algorithm [235], (ii) the practical parabolic or ex-

ponential fittingmethods, and the recently devised (iii) deep learning technique [7], all of

which will serve as benchmarks for evaluating our approach in the subsequent section.

The implementation of other methodologies proposed in the literature [239]–[242], for
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which no openly available code exists, is beyond the scope of this study.

3.2.5.1 McClain algorithm

The most widely employed and established algorithm for envelope construction was de-

veloped by McClain et al. in 1991 [235]. This technique consists of two distinct phases:

first estimating the tangent points and then refining them.

In the first phase, one identifies the local minima and maxima of the transmission

curve, tentatively assigning them as the lower and upper tangent points. Since not all

tangent points coincide with peaks and valleys, an alternative approach involves select-

ing themidpoints of the concave and convex regions. These estimated tangent points are

then used to construct the first approximated lower and upper envelopes via B-spline in-

terpolation. The initial estimation of the tangent points during the first phase is the most

critical part to find accurate envelopes.

Observe that the algorithm requires the first and last tangent points, located at the

boundaries of the interval, to coincide with local extrema (i.e., maxima for the upper

envelope and minima for the lower envelope). While this approach helps avoid includ-

ing invalid or spurious points, as noted in the seminal reference [235], it also leads to

drawbacks. For one, it may produce larger errors, as evidenced by the substantial shift

from the first extremum to the corresponding tangent point (see Fig. 3.9d). Moreover, it

excludes many potentially useful tangent points in the shorter-wavelength region where

small oscillations often occur without forming clear local maxima or minima. In broad-

band transmissionmeasurements, the spectrum typically transitions fromstrong absorp-

tion near the optical bandgap to moderate or weak absorption further away. Early in the

spectrum, small oscillations frequently arise without distinct local extrema. By requiring
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that the first tangent point be a local extremum, the algorithm effectively discards these

non-extremal oscillations, undermining the intended benefit of using the midpoints of

concave/convex intervals instead of the peaks/valleys as initial tangent point candidates.

In the second phase, the algorithm iteratively refines the tangent points to improve

the accuracy of the envelopes. Focusing on the upper envelope, the algorithm identifies

“incorrect” regions in which the estimated upper envelope TM(λ) falls below the actual

transmission spectrum T (λ). The upper tangent points are then relocated to the mid-

points of these incorrect regions, as done in the bisectionmethod. A new upper envelope

is recalculated based on the updated tangent points. This iterative process is repeated

until convergence (or up to a maximum of 20 times), progressively reducing the size of

the incorrect regions at each step. Note that the same refinement procedure is applied to

the lower tangent points and envelope. In this case, the incorrect regions are those where

the estimated lower envelope Tm(λ) lies above the transmission spectrum T (λ).

Method Upper env. Lower env. Upper tan Lower tan

McClain 0.202± 0.129 0.090± 0.040 2.59± 1.75 2.48± 1.45

Ours 0.080± 0.078 0.043± 0.034 0.27± 0.33 0.55± 0.72

Table 3.6: Comparing our proposedmethodwith respect to the standardMcClain algorithmwithin
the same spectral region (between the first and last local extrema).

3.2.5.2 Parabolic or exponential fitting

Another prevalent technique involves the direct fitting of localmaxima (orminima) using

either parabolic or exponential curves to construct the upper (or lower) envelopes. The
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envelopes then follow one of these mathematical expressions:

fpara(λ;T0, T1, T2,Λ1,Λ2) = T0 +
102 · T1

λ− Λ1

+
105 · T2

(λ− Λ2)2
(3.121a)

f exp(λ;T0, T1, T2,Λ1,Λ2) = T0 + T1 · e−λ/Λ1 + T2 · e−λ/Λ2 (3.121b)

The optimal parameters (T0, T1, T2,Λ1,Λ2) can be obtained by solving a nonlinear

least-square fitting problem. Although generally less precise than McClain algorithm, it

is crucial to point out that this fitting approach is notably beneficial for transmission spec-

tra that exhibit a restricted number of oscillations and tangent points, a condition often

encountered with ultra-thin films. The piece-wise interpolations used in both the Mc-

Clain algorithm and our newly proposed methods typically require at least four tangent

points for a reliable estimation of each envelope.

The fitting method has also proved valid [243] for crystalline film materials, where

the materials present a distinct absorption band and are almost transparent beyond the

absorption region. These materials have an almost nonexistent Urbach tail, given their

low level ofmolecular disorder. In this cases, the subsequent veryflat envelope curves can

be conveniently modeled by Eqs. 3.121a-3.121b, independently of the amount of present

oscillations in the transmission spectrum.

Our method introduces the artificial boundary points at the ends of the spectral

range using a similar approach, but applying first-order parabolic or exponential func-

tions rather than a second-order ones. This adjustment ensures that the fitting proce-

dure is well-defined and depends only on the final two nodes, enabling a direct analytical

solution.
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3.2.5.3 Deep learning approach

While both McClain and the curve-fitting algorithms offer reasonable outcomes in prac-

tice and converge to an envelope of an oscillating function, they do not necessarily con-

verge to the exact expression of the Swanepoel envelopes, as defined in Eqs. 3.115. To

overcome this issue, our group developed a deep learning (DL) approach [7] that calcu-

lates the envelopes in alignment with the Swanepoel theoretical expressions. In particu-

lar, we created a dataset of 100,000 input-output pairs {T (λ), TM(Λ)} for training using the

exact Eqs. 3.113-3.115a. A supervised Convolutional Neural Networks (CNNs) model was

trained with this dataset to predict the upper and lower envelopes from a transmission

spectrum in real-time. While this DL model does not have limitations on the number of

tangent points, it is susceptible to noise and artifacts from real-world transmission mea-

surements. This is caused because the distribution of the simulated data differs signif-

icantly, which is a known issue for DL approaches used in inverse problems like image

restoration or super-resolution [255]–[258].

The noise in real measures strongly depends on the instrumentation and the con-

ditions of the particular experiment. For instance, one potential sources of deviance be-

tween the simulated and real spectra is the photodetector noise, which can be responsi-

ble up to the 0.2% transmittance error. Second, the effect of the realistic limited coherent

length of the beam in the thin film, which affects the peaks and valleys. Third, the in-

crease of coherent length with the wavelength, which may eventually lead to the high

frequency noise due to the undesired thick-substrate interferences. Fourth, the change

in the emitting source for UV versus VIS-NIR, which may produces a significant jump in

the transmittance. Fifth, the substrate absorption of at particular wavelengths, and the

absorption of air components if the experiment is not carefully performed in a vacuum.
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Observe that modeling these noise sources in general is challenging and not yet fully ad-

dressed in the current literature. Incorporating a comprehensive theoretical noisemodel

could enhance the current DL approach by providing deeper insights and improving its

overall performance with real data.

3.2.6 Validation and comparison

Webeganbyvalidatingour envelope constructionprocedureusing 50 computer-generated

transmission spectra, each accompanied by a known theoretical envelope. In particular,

we generated 50 random set of parameters (d,E0, Ed, α0, Eu) within the bounds specified

in Table 3.3. These data were then employed in Eq. 3.113 to produce the transmittance,

and Eqs. 3.115a-3.115b for their corresponding envelopes. The substrate transmittance is

assumed constant, with the typical value Ts = 92%.

Accurate envelopedetermination relies on the inclusionof boundarypoints. For the

first boundary point, corresponding to a regime of nearly complete absorption (T ≈ 0),

the estimation is straightforward in our simulated samples, as the chosen spectral range

encompasses the strongly absorbing region near the band gap. In contrast, determining

the last boundary point is a more challenging task. Comparison of our default parabolic-

fitting model with the known ground-truth last boundary point resulted in a transmit-

tance error of 0.143 ± 0.214% for the upper boundary point and 0.142 ± 0.125% for the

lower boundary point.

Applyingour envelopedetectionprocedure to the simulated spectra yieldedanRMSE

of 0.098± 0.084% for the upper envelope and 0.058± 0.045% for the lower envelope. The

slightly higher RMSE for the upper envelope is attributed to its intrinsically larger val-

ues. Notably, all tangent points were correctly identified, with an average absolute error
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of 1.06 ± 0.95 nm for the upper tangent points and 2.99 ± 2.62 nm for the lower tangent

points. Table 3.6 compares our method performance to that of the standard McClain al-

gorithm. Because McClain method identifies only tangent points associated with local

extrema, the spectral range in which it computes the envelopes is considerably shorter

than the full region of interest. To ensure a fair comparison, we restrict both methods

to the same shorter spectral region. Our method achieves less than half the RMSE for

the envelopes and an absolute error on tangent point location that is about an order of

magnitude smaller.

For a further comparisonwith curve-fitting approaches, we restrict analysis to spec-

trawith fewer thanfive tangent points associatedwith extremaandgenerate 50 computer-

simulated spectra by varying the sample thickness from 200 to 500 nm only, considering

ultra-thin film samples. The reported RMSE for the envelopes is computed between the

first and last identified tangent points. Under these conditions, the exponential fit yields

an error of 2.11% for the upper envelope and 0.31% for the lower envelope, whereas the

parabolic fit produces errors of 1.19% (upper) and 0.42% (lower). Because the tangent

points in these fits are directly (and somewhat imprecisely) tied to local extrema, their

errors increase considerably: 6.10 nm for the exponential fit and 7.66 nm for the parabolic

fit. As noted previously, the DL algorithm achieves very low errors (0.14% for the upper

and 0.05% for the lower envelopes) over the entire spectral range, but it remains incom-

patible with realistic noisy data and does not directly provide the locations of the tangent

points.

It is important to recognize that the exact optical properties and ground-truth en-

velopes are obviously unavailable for the case of real spectra, unlike the case with sim-

ulated data. To address this limitation, we leverage the results of inverse synthesis as a
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benchmark for assessing the optical characterization analysis performed by swanpy. This

comparison should thus be viewed as a consistency check rather than a strict accuracy eval-

uation.

1. First, Fig.3.15 showsgoodagreementbetween theoptical functionsn and k extracted

via inverse synthesis (continuous curves) and those evaluated at specific tangent

points by our improved Swanepoel method.

2. Second, the Swanepoelmethoddemonstrates reliable accuracy for determiningfilm

thickness. As shown in Tables 3.4-3.5, sample #1 exhibits a relative thickness error

of 0.65%, while sample #2 has an error of 0.90%. Notably, the thicknesses from in-

verse synthesis (d = 1117 nm for sample #1 and d = 1160 nm for sample #2) both

lie within the corresponding Swanepoel confidence intervals (d = 1110 ± 7 nm for

sample #1 and d = 1163± 11 nm for sample #2).

3. Third, an indirect but informative way to validate envelope detection in real mea-

surements is to analyze the interference orders from Tables 3.4-3.5. We find that the

computed orders m lie very close to half-integer values (columns 6 and 7), indicat-

ing an accurate determination of tangent points and envelopes. Whenmisidentified

tangent points do occur, their associated interference orders tend to alignwith other

half-integer values rather than the expected one.

This consistency acrossmultiplemetrics supports the robustness of our approach for real

experimental data.
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Figure 3.15: Refractive index and extinction coefficient for a-Si samples #1 and #2, found with
the inverse synthesis approach (solid lines) and with our proposed improved Swanepoel method
(circles).

3.2.7 Conclusions

In this work, we present a novel algorithm for Swanepoel envelopes construction, an es-

sential aspect in the optical characterization of thin films. Our approach integrates the

physical properties of the Swanepoel envelopes into a global optimization problem. After

evaluation with fifty computer-generated spectra, our algorithm demonstrated an RMSE

below 0.01% for the upper envelope and 0.06% for the lower envelope, significantly sur-

passing the performance of existing state-of-the-art methods. We also successfully ap-

plied our approach to characterize two real samples of amorphous silicon.

Additionally, we integratedour envelope constructionalgorithmwithour automated

implementation of the Swanepoel method in an open-source Python package, swanpy.

Given its noise robustness, high accuracy, and speed, our program emerges as a valuable

tool for the optical characterization of thin solid films. It should be noted that the enve-

lope construction presented in this work can be coupled with more advanced envelope

methods. Therefore, future research could explore the applicability of our approach in
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more complex and realistic films, such as those with non-uniform thickness, multi-layer

samples, or absorbent substrates.
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3.3 Machine learning based characterization

3.3.1 Hybrid classical method with deep learning assistance

Dielectric thin films play a crucial role in various applications in modern electronics, in-

cluding solar cells andOLED thin-film transistors. The dielectric properties of these films

depend heavily on the specific material used and the conditions in which they were pre-

pared [100]. Therefore, accurate optical characterization of these films is essential to im-

proving their efficiency. In this work, we propose a novel Deep Learning (DL) approach

that enhances the SwanepoelMethod (SM), a computational algorithm used to determine

thin film properties from their transmission spectra. Specifically, we demonstrate the ef-

fectiveness of Convolutional Neural Networks (CNN) in accurately and efficiently calcu-

lating the Swanepoel envelopes.

3.3.1.1 Methods

Various experimental techniques can be used to characterize dielectric thin films opti-

cally. Among them, transmission spectroscopy stands out as a relatively inexpensive and

non-invasive accurate technique [171]. It allows the determination of the thickness d, the

refractive index n(λ), and the extinction coefficient k(λ) of the film through its depth. The

film is typically deposited on a thick transparent substrate. This sample is then placed in

a spectrophotometer thatmeasures the transmittance, i.e., the ratio of transmitted versus

incident light intensity, T (λ) = If(λ)/I0 (see Fig. 3.16a) . Knowing the transmission spec-

trum of the sample and the substrate alone, one can use two broad categories of meth-

ods to carry out the optical characterization: the Inverse Synthesis (IS) approach [183],

and the previously mentioned Swanepoel Method (SM) [129]. IS defines a complicated

non-convex optimization problem to fit the experimental spectra with an approximate
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theoretical curve. On the other hand, SM is based on the interferences generated from

the inter-reflections of the coherent beam within the thin film [86]. These interferences

strongly depend on the light wavelength and can be observed as oscillations in the trans-

mission spectrum (see Fig. 3.16b). Although IS is considered more accurate in practical

applications [148], SM is orders of magnitude faster and does not rely on any theoreti-

cal approximations for the dispersion models, being widely used for efficient thin films

characterizations.

Swanepoel [129] devised a simple algebraic procedure to find the optical properties

of the films using the interference fringe equation [86]. However, this algorithm is only

applicable to certain wavelengths called "tangent points", which correspond to the inter-

sections of the transmission spectrum with its upper or lower envelopes (see Fig. 3.16b).

The accuracy of this method strongly depends on the precise determination of the en-

velopes, which has been a challenging problem for decades. Our work presents the first-

ever Deep Learning technique to find these envelopes. First, we developed a program

that produces computer-generated transmission spectra along with their corresponding

envelopes using the formulae from [259]. We generated a large dataset with 1000 pairs

{T (λ), Tupper(λ)} to enable supervised learning. We then developed the symmetrical CNN

architecture shown in Fig. 3.16c, which inputs the transmittance spectrum and returns

its upper envelope. These networks are specifically designed to process structured data,

such as spectra or temporal signals, where the sequence of data points is important and

each point is related to the previous one [260]. We followed an identical approach for the

lower envelopes considering the dataset {T (λ), Tlower(λ)}.
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3.3.1.2 Results, discussions, and conclusions

Due to the simple architecture, training was completed in less than 20 minutes on a stan-

dard computer. We used the MSE loss function and ADAM optimizer with a learning rate

of 5 × 10−5 and trained for 2000 epochs in batches of 100. After training the network,

we evaluated its performance using a test dataset that had not been seen by the program

previously. Our method reached high accuracy, with an average root-mean-square-error

(RMSE) between the ground-truth envelopes and the ones generated using the NNmodel

equal to 0.25%. Spectral fits with a RMSE below 1% are generally considered acceptable

in the literature [86], [183], [259]. Fig. 3.16b shows an example of one of the predicted

envelopes, presenting a RMSE of 0.40 %.

As a qualitative analysis with respect to other conventional techniques, it is worth

noting that some of the most common approaches to find the envelopes are based on the

idea developed by McClain et al. [235] and related approaches [261]. These algorithms

first select the local maxima of the spectrum and then use an interpolation curve to find

the upper envelope. The curve is then iteratively corrected in several steps until it passes

through the desired tangent points and converges to the upper envelope. A similar ap-

proach is followed for the lower envelope (from the local minima). These previous direct

approaches have two serious problems: (1) The interpolation is significantly less effective

when the spectrum has only a few tangent points, and (2) some of the tangent points (typ-

ically high photon energies) are not associated or close to the local peaks. Our method

does not suffer from these limitations.

Our results demonstrate the potential of a new standardizedmethod for calculating

Swanepoel envelopes with high accuracy, leading to improved optical characterization of

thin films. However, our project is still in development and has not yet been trained with
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noisy or real experimental spectra at this stage. Further work is also needed to conduct a

systematic study and quantitatively compare our approach with previousmethodologies.
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Figure 3.16: (a) Geometricalmodel of the sample and illustration of the transmission spectroscopy
experiment; (b) Simulated transmission spectra with its ground-truth upper envelope and the en-
velope predicted by the CNNmodel; (c) CNN architecture.

3.3.2 Direct estimation of optical properties with neural networks

Semiconductor and dielectric thin film materials are essential in many technological in-

dustries, including the fabrication of photovoltaic cells, solid-state batteries, and thin-

film transistors for LCDs [100]. The optical characterization of such films becomes im-

portant for the performance assessment of devices. For example, solar cells will need

photodiodeswith very high absorption over the large solar spectral range. To evaluate the

precise optical properties, one searches for the optical propertiesn(λ) and k(λ), whichde-

note the real refractive index and the extinction (or attenuation) coefficient aswavelength-

dependent functions. These two functions can be combined to provide the complex rel-

ative permittivity of the film, ϵ = n + ik, which contains detailed information on the

molecular structure of the material. Information on the reflectance, transmittance, and

absorbance of the material can be obtained directly. In addition, electronic transitions,

band gap energy, and level of molecular disorder can also be extracted [262]. These are

essential features in the semiconductor industry. There are different experimental and
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theoretical methods for carrying out the optical characterization of thin-film materials.

The material is typically prepared over a transparent glass substrate (see Fig. 3.17a) with

a particular deposition technique (e.g. thermal evaporation, sputtering, chemical vapor

deposition, and more). Note that the process is performed under precise measurement

conditions. For instance, the pressure and temperature in the preparation chamber, the

deposition rate, or the crystal growth rate could be measured. Slightly different condi-

tionsmay lead to different optical properties: Each condition produces a uniquematerial

that can be analyzed [91]. Although there are a myriad of experimental techniques for

performing optical characterization, this particular study focuses on transmission spec-

troscopy.

First, the transmittancemeasurements {T (λi)}i are captured at discretewavelengths

λi ∈ [λmin, λmax], with a step size typically of a few nanometers. Note that transmittance

can be expressed equivalently as a function of photon energies Ei. Fig. 3.17b shows the

simulated transmittance spectra for some representative samples and for the substrate

alone. It is common to take these data within the UV-VIS-NIR range for a comprehensive

optical characterization. Then, there are twomain computational algorithms to findn(λi)

and k(λi) at themeasured wavelengths λi. One of them is the so-called envelopeMethod, a

technique strongly pushed byR. Swanepoel [129]. Thismethodology is highly efficient, al-

lowing characterizations to be performed in just a fewmilliseconds. However, it imposes

some strong approximations (e.g. completely transparent substrates and k ≪ n) and re-

quires the additional computation of the lower and upper envelopes of the transmission

spectrum, which often lead to errors that propagate throughout the algorithm. Recently,

our group developed a Deep Learning (DL)method to accurately obtain envelopes, reduc-

ing this error [7]. The other main method consists of fitting the transmittance data with a

theoretical formula. Although this method is highly accurate [148], it can take up to 20-30
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min to characterize a single film on a standard computer. In this work, we present the

first ever full characterization using a pure DL-based algorithm, with the advantage of

highly accurate and instant characterizations once the model is trained.

We have developed a DL architecture (see Fig. 3.17d) that integrates a Convolutional

Neural Network (CNN) with a Long-Short-Term Memory (LSTM) module. This integra-

tion aims to exploit CNN capabilities for the extraction of local features in the spectral

domain, effectively capturing the characteristics of sinusoidal signals associated with

transmittance. Simultaneously, the LSTM module is used to extract overarching signal

features, using its capacity to retain information throughout the length of the signal. Pre-

vious studies have demonstrated the efficacy of this combined methodology in various

applications [75]. To generate the datasets, we assumed the Wemple-Didomenico disper-

sion model [263], expressed as n(E) =
√
1 + (E0Ed)/(E2

0 − E2), along with the Urbach

equation: α(E) = α0 exp (E/Eu), with k(λ) = α(λ)λ/(4π) [262]. It is also desired that

the thickness of the film d be included in the characterization. We established a reason-

able range for these coefficients, as shown in Fig. 3.17c. We generate 100,000 random

vectors {Θi}i, each containing the five coefficients, within these limits. Then, they were

normalized within the interval [0, 1] to serve as the output of our network. For each set of

output data, we generate the corresponding input. The transmittance vector {T (λi; Θi)}i

is calculated using the theoretical transmission equations [129]. Note that we addition-

ally consider four channels as input: Substrate transmittance, sample transmittance, and

normalized log-magnitude and phase of the sample transmittance. The data set was di-

vided into 60-20-20% between training, validation, and a test dataset (which remained

completely unseen by the network). The model training was carried out using the ADAM

optimizer for 3000 epochs, with an initial learning rate of 5×10−4 and standard exponen-

tial decay rates of 0.9 for the firstmoment and 0.999 for the secondmoment. Trainingwas
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completedwith amean squared error (MSE) of 4.6×10−5 for the training set and 4.5×10−5

for the validation set, showing that therewas no overfitting (Fig. 3.17e shows the complete

cost history). Once the networkwas trained, the predictionswith the test dataset revealed

an averageMSE of 4.2×10−5, indicating a high level of network proficiency. The absolute

error for each coefficient is detailed in Fig. 3.17c.

To the best of our knowledge, this is a pioneer demonstration of complete character-

ization using only transmission data. It is important to note that this research is ongoing

and, so far, only simulated data have been analyzed. Future efforts will aim to validate

these findings with experimental measurements.
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3.3.3 Physics-Informed Neural Cycles (PINCs)

To enhance the interpretability and physical consistency of the machine learning mod-

els used for thin-film characterization via transmission spectroscopy, we incorporated a

physics-informed regularization term into the loss function. Specifically, we introduced
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a physics-based cost of the form:

CPB(W ) = ∥θ − gnet(F (θ);W )∥22 , (3.122)

where θ ∈ Rn denotes the vector of ground-truth material parameters, F (θ) is a dif-

ferentiable forward simulator (programmed in Pytorch) that generates the correspond-

ing transmission spectra, based on our analytical transmission expression previously de-

rived. The neural network, denoted as gnet, is trained to solve the inverse problem, re-

covering θ from a given spectrum. This cycle-consistency constraint enforces that the

learned inverse model is physically coherent with the forward process, imposing that

gnet(F (θ);W ) ≈ θ once the weights W are correctly learned. In other words, this cost

penalizes when the composition of the inverse (neural network) and forward (classical)

model is not the identity function.

Unlike traditional Physics-Informed Neural Networks (PINNs), which typically in-

corporate differential equation residuals into the loss function, our approach does not

rely on governing PDEs. Instead, we utilize a physically accurate algebraic forwardmodel

F , composed of differentiable closed-form expressions. We refer to this approach as

Physics-Informed Neural Cycles (PINCs), since it leverages a cyclic structure in the loss

to enforce physical fidelity without explicit PDE constraints.

We validated the proposedmethod using synthetic data generated from the forward

model, under both noise-free and noisy conditions (white Gaussian noise with a stan-

dard deviation of 0.5%). Several network architectures were tested, including standard

multilayer perceptrons (MLPs), convolutional neural networks (CNNs), and deep varia-

tional neural networks (DVNNs) [264]. The best performance was obtained using a DVNN

model, achieving highly accurate parameter recovery with R2 scores as follows:
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• Thickness: 0.999915

• Wedge angle: 0.998820

• Peak energy E0: 0.998056

• Dispersion energy Ed: 0.994622

• Absorption coefficient α0: 0.998093

For the reconstructed transmission spectra, we observed mean relative errors of 0.007%

for noise-free inputs and 0.035% for noisy inputs. These results demonstrate that the PINC

framework offers significant improvements over purely data-driven models, particularly

in enforcing physically plausible solutions in this inverse spectroscopic problem.
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Chapter 4

Gamma ray semiconductor detectors

This chapter presents a comprehensive framework for modeling and characterizing the

behavior of semiconductor γ−ray detectors using both physics-based and data-driven

techniques. The content is organized into three main sections, each addressing a criti-

cal aspect of detector simulation and inverse reconstruction.

The first section introduces a forward physics-based model that serves as a digital

twin of the detector. Given a γ−ray interaction event, defined by the spatial coordinates

(x, y, z) of the interaction and the deposited energyEd, alongwith the physical properties

and potential defects of the detector material, the model simulates the electrical signals

produced by the sensor electrodes. This modeling framework captures the full physics

of charge generation and transport within the semiconductor material following photon

interaction. Unlike traditional models, which simply consider that the charge carriers

move under the influence of an external electric field, our formulation also incorporates

second-order effects that are often neglected but can significantly impact signal forma-

tion. In particular, we model both thermal diffusion and Coulomb repulsion between

charge carriers, leading to spatial expansion of the charge cloud during drift. This expan-

sion may increase the likelihood of charge sharing with neighboring pixels, ultimately
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resulting in crosstalk and signal distortion.

Building on our forward models, the second section focuses on solving an inverse

problem to characterizematerial inhomogeneities and defects. Using a differentiable im-

plementation of the forward simulator, we apply automatic differentiation and gradient-

based optimization to recover depth-dependent variations in detector properties and de-

fects, such as carriermobility and trapping-detrapping lifetimes. The detector ismodeled

as a multilayer structure, with each layer parameterized independently, allowing for the

recovery of fine-grained internal variations that influence signal behavior. This learning-

based approach enables the proper calibration of the forward model to better reflect the

actual, and potentially nonuniform, behavior of the semiconductor crystal.

The third and final section addresses two complementary problems: (i) estimating

global averagematerial properties of the detector crystal and (ii) reconstructing the phys-

ical parameters of individual γ−ray interaction events. For global material characteriza-

tion, we employ a global optimization techniques (such as the SlimeMold Algorithm) that

uses the temporal signals to infer average detector properties. In parallel, we introduce

a convolutional neural network (CNN) architecture trained to reconstruct the 3D interac-

tion position and the deposited energy of γ−ray events. Once trained, the CNN enables

rapid event inference onmillisecond timescales,making it suitable for potential real-time

applications.

4.1 Novel Physics-Based Model for Detector Simulation

Semiconductor detectors for high-energy sensing (X/γ-rays) play a critical role in fields

such as astronomy, particle physics, spectroscopy, medical imaging, and homeland secu-

rity. The increasing need for precise detector characterization highlights the importance
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of developing advanced digital twins, which help optimize the design and performance of

imaging systems. Current simulation frameworks primarily focus on modeling electron-

hole pair dynamics within the semiconductor bulk after the photon absorption, leading

to the current signals at the nearby electrodes. However,most simulations neglect charge

diffusion and Coulomb repulsion, which spatially expand the charge cloud during prop-

agation, due to the high complexity they add to the physical models. Although these ef-

fects are relatively weak, their inclusion is essential for achieving high-fidelity replication

of real detector behavior. There are some existing methods that successfully incorpo-

rate these two phenomena with minimal computational cost, developed by Gatti in 1987,

and by Benoit and Hamel in 2009. The present work evaluates these two approaches and

proposes a novel Monte Carlo technique that offers higher accuracy in exchange for in-

creased computational time. Our new method enables more realistic performance pre-

dictions while remaining within practical computational limits.

4.1.1 Introduction

Single-photon semiconductor detectors are widely used in fields such as astronomy, par-

ticle physics, spectroscopy, radiology, and homeland security. These detectors are highly

effective in precisely identifying both the 3D location of photon-detector interactions and

the deposited energy of incoming high-energy photons. These detectors use thick crys-

tals to stop most of the incoming radiation, and they are often made of materials such as

Ge, Si, CdTe or CdZnTe, as well as emergingmaterials like HgI2, PbI2 and TlBr [265]–[270].

In recent years, there has been significant progress in the development of accurate

digital twins that closely replicate the functioning of such detectors [271]–[284]. These

simulators enhance our ability to reconstruct the events (3D position and energy) more

efficiently. For instance, some of these computational models incorporate spatially de-
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pendent crystal properties and defects, providing refined event reconstruction for cus-

tomizeddetector configurations andcompensating for crystal impurities [10], [285]–[289].

A basic design for these detectors is the planar configuration, featuring a cathode

on one side and an anode on the opposite side, as seen in Fig. 4.1a. Nevertheless, it is

important to emphasize that our presented model is not influenced by a particular de-

tector type and could be applied to more advanced configurations, such as the common

pixelated geometry (that takes advantage of the small pixel effect on the anode side) [290]

or Frisch grid structures [291].
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Figure 4.1: (a) Basic planar detector configuration. The absorption of incidence photon creates
electron-hole pairs, and the free charges move through the bulk of the detector drift by the exter-
nal E-field. (b) Simulated signals at the anode. We have used the specifications from [284] for CZT
detectors. The simulator includes the charge drift due to the external field and the charge fluctu-
ations (recombination, trapping and detrapping). (c) Spread of electrons in time due to diffusion
and repulsion. If we compensate for the transport due to external E-field, the spread appears
spherically symmetric around a central point. (d) Projected charge density on the x−direction at
two different times.

Between the detector electrodes, a bias electric fieldEb is established (see Fig. 4.1a).

When a photon is absorbed, it undergoes an initial conversion process, such as the photo-

electric or Compton effect, which then generates P electron-hole pairs, typically ranging

from tens to hundreds of thousands, depending on the deposited energy and the ioniza-
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tion energy of the crystal. These free electrons and holes are then driven toward their

corresponding electrodes by the bias E-field: the holes migrate toward the cathode along

the field lines, while the electrons are pushed toward the anode. The digital twins must

accurately replicate how these electrons and holes move as they are drifted through the

detector’s bulk. Understanding the temporal and spatial propagation of the charges en-

ables the accurate reconstruction of the current signals at the electrodes. In particular,

the so-called Shockley-Ramo theoremexplains how to emulate the detector signals know-

ing the movement of the free electron and holes [292]–[296].

Fig. 4.1b displays the simulated current signals at the anode location produced

with a modern simulator [284]. For this visual example, we consider a representative

planar CZT detector with the reasonable dimensions of 1 × 1 × 1 cm3. Note that pho-

ton interaction event here occurred right at the center of the cube, at the coordinates

(x0, y0, z0) = (0.5, 0.5, 0.5) cm of the detector, and the presumed deposited energy was

140.5 keV, corresponding to the gamma photons typically used in medical SPECT applica-

tions and emitted by a source of Technetium-99m. To simplify the model, we assume a

strong bias E-field, approximated as a uniform constant field of Eb = 1000 V/cm through-

out the crystal, created by the applied linear voltage induced at the electrodes (see Fig.

4.1a) [297]–[299]. While this planar detector configuration and constant-field assumption

serve as a practical scenario for demonstration, they are not limitations of our method

for analyzing diffusion and repulsion processes, which can be extended tomore complex

detector geometries [300] and variable E-fields [301]–[303].

In this example, the free electrons generatedwithin the CZT crystal reach the anode

more quickly than the holes reach the cathode. This is due to the significantly higher

mobility of electrons, which is approximately 1000 cm2/Vs, compared to the mobility of
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holes, which ranges between 10 and 100 cm2/Vs [304]. Note that the amount of charges

fluctuates with time and decreases as a result of the trap-induced recombination [305],

[306], leading to a slight decay in the signals over time (see Fig. 4.1b). One can additionally

see a drop in the electron signal right after the electron collection at 0.5 µs1. Observe in

Fig. 4.1b that the electrons contributemore than the holes to the total anode signal, which

happens because of their higher drift velocity and their increasing proximity to the anode

over time. It must be emphasized that another similar signal, although with a negative

sign, could be read at the cathode location (not shown in the figure).

However, many of the simulators from the literature [271], [272], [278], [283], [284],

[289], [307], fully overlook the effects of charge diffusion and Coulomb repulsion. They

rather consider the cloudas apoint-charge thatmoves following the one-dimensionalpaths

of the bias E-field. Other simulators omit only the self-repulsion effect [277], [280], as this

effect is particularly demanding from the computationally point of view [308]. While we

should acknowledge that diffusion and repulsion are second-order effects that often have

a relatively low impact on the current signal, they are responsible for spreading the charge

cloud in three-dimensional space as it traverses the crystal, as shown in Fig. 4.1c.

Many simulators exclude these two effects not because they are insignificant, but

due to the increased model complexity and computational time associated with their in-

clusion. In many applications, neglecting them still yields acceptable approximations.

However, asnew-generationdetectors demandhigher energy and spatial resolution, these

subtle effects are becoming increasingly important in refined simulations [282]. Quanti-

fying the specific contribution of diffusion and repulsion is challenging, as their impact
1The electron drift velocity can be estimated as the product of the charge mobility with the bias E-field,

v = (103cm2/Vs)(103V/cm) = 106 cm/s in the simulated scenario plot in Fig. 4.1b. This implies that elec-
trons travel from the midpoint of the detector (at z = 0.5 cm) to the anode (at z = 0 cm) in 0.5 µs, as seen
in Figs. 4.1a-b.
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strongly depends on numerous factors, including the detector geometry, the semicon-

ductor material, the energy of incident photons, the location of the interaction, and the

operation conditions (such as temperature). In any case, to highlight the importance that

these two effects have in a real scenarios, consider an event occurring near or over the

interpixel gap between two anodes. In this situation, a basic model that treats the charge

injection as a delta-distribution could lead to complete current leakage or their collection

at only one anode pixel. In contrast, accounting for the expansion of the charge cloud

(which can grow to hundreds of microns) could result in the realistic phenomenon of

shared collection of the electron cloud at the adjacent anodes, significantly changing the

signals shape.

Our present study analyzes these second-order effects in depth. First, we will eval-

uate two prevalent models previously employed to integrate these effects effectively: (i)

the analytical study developed by Gatti et al. [309] in 1987, and (ii) the stochastic method

devised by Benoit and Hamel [310] in 2009. Gatti’s model treated diffusion and Coulomb

repulsion as separate phenomena, each modeled by a distinct partial differential equa-

tion. This work has influenced many subsequent relevant analyses [311]–[315].

Built upon Gatti’s results, the more recently developed Benoit-Hamel (BH) method

consolidates both the diffusion and repulsion effects together into a single mathematical

model. This approach assumes that the charge distribution maintains a simple three-

dimensional Gaussian shape over time, with a mean located at the center of the cloud

and an evolving standard deviation that slowly increases. Our proposed approach fur-

ther extends the BH model and proposes that the charges spread out following a Gen-

eralized Normal Distribution (GND). This distribution offers greater flexibility than the

simple Gaussian model and allows us to accurately match the shape of the real intricate
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charge spread.

4.1.2 Theoretical Background

For themoment, wewill focus solely on the diffusion and repulsion of charges, neglecting

(i) the charge drift due to the external E-field, and (ii) the charge fluctuation due to addi-

tional pair generations, recombination, or trapping-detrapping processes. Observe that

it is possible to adopt a local coordinate system centered on the electron cloud, which

moves at the electron drift velocity [311]. This choice of reference frame can simplify

the analysis by considering the electron cloud as stationary relative to its surrounding

environment (see Fig. 4.1c-d). The core of our analysis then becomes the well-known

diffusion-repulsion equation, formulated as:

∂tn = D∇2n−∇ · (µnE) (4.1)

Here, µ represents the mobility of the charge carriers, D denotes the Einstein diffusion

coefficient, and E is the field generated by the cloud itself. Importantly, D is not an in-

dependent parameter, as it can be derived from the semiconductor temperature T and

the carrier mobility. Following the Einstein–Smoluchowski relation [316], D = µkBT/q,

where kB is the Boltzmann constant and q is the elementary charge. Equation 4.1 thus de-

scribes the time- and space-dependent evolutionof the electron concentrationn(x, y, z, t).

A similar equation and approach are applicable to holes, considering their corresponding

mobility and diffusion coefficient. According to Gauss’s law, the repulsive Coulomb field
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generated by the charges within the cloud2 is expressed as

∇ · E =
ρ

ϵ
(4.2)

Here ρ = q n is the electron density (C/cm3) and ϵ is the permittivity of the crystal. We then

aim to solve a system with two coupled partial differential equations (PDE), with Eqs. 4.1

and 4.2.

Both the diffusion process and Coulomb repulsion inherently lack directional pref-

erence. When the P generated electron-hole pairs are located deep within the central

bulk of the detector, they are minimally affected by boundary effects and it is expected

that they will maintain radial uniformity [309]. The characteristic broadening of the dis-

tribution is then expected as the concentration evolves in time (see Fig. 4.1c-d). We can

now rewrite the equations and variables using spherical coordinates (r, θ, ϕ). If wemulti-

ply both sides of Eq. 4.1 by q andperform the 3D integral over a ballwith radiusR, denoted

by the open set Ω = B(0, R) ⊂ R3, we obtain the following result:

∫
Ω

q ∂tn dV =

∫
Ω

q

(
D

r2
∂r
(
r2∂rn

)
− µ∇ · (nE)

)
dV (4.3)

The left-hand side of Eq. 4.3 can then be reformulated as ∂tQ, using the total charge

Q(R, t) contained in a volume. The right-hand side of Eq. 4.3, however, presents a more

complicated integrand composed of twoparts, one responsible for diffusion and the other
2The self-repulsion field of the cloud should not be confused with the externally applied bias electric

field Eb between the electrodes, as shown in Fig. 4.1a.
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for repulsion. Integrating the diffusion part, one gets the following expression:

∫
Ω

q

(
D

r2
∂r
(
r2∂rn

))
dV = D

(
∂RR Q− 2∂R Q

R

)
(4.4)

The repulsion part on the right-hand side of Eq. 4.3 can be simplified using the Gauss

divergence theorem [317],

∫
Ω

q

(
µ∇ · (nE)

)
dV = µ

∂R Q

4πR2

Q

ϵ
(4.5)

Note that the Coulomb field E was calculated, as a function of the total charge Q, by

solving analytically the Gauss law [318] over the conveniently selected ball Ω. We have

finally derived a simplified reformulation of the initial coupled partial differential equa-

tions from Eqs. 4.1 and 4.2 as

∂tQ = D

(
∂RR Q− 2∂R Q

R

)
− µ

∂R Q

4πR2

Q

ϵ
(4.6)

Eq. 4.6 does not have a closed-form analytical solution given a general initial condition

Q(R, t = 0). However, we can solve it using numerical tools. Despite its apparent simplic-

ity, special care should be taken due to the nonlinear behavior. We have employed a cus-

tomized implicit finite differenceMethod (IFDM) [319] and solved the resulting nonlinear

discrete equations (at each time step)with theNewton-Raphsonmethod. More details are

provided in Appendix A. We analyze the propagation of charges in a time range of (0, 1]

µs, with T = 200 time steps, and a radial space interval of (0, 400] µm, where N = 400

represents the spatial steps.

While the current numerical approach successfully provides the desired solution, it

presents two significant challenges. First, it is important to note that standard computers
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require approximately 3 to 7 seconds to compute this solution. Although thismight not ap-

pear excessive at first glance, efficient simulators are typically designed to operate within

a timeframe of tens of milliseconds, as they often must be evaluated thousands of times

to address inverse problems. Second, these digital twins do not only account for diffusion

and repulsion, but also for the charge drift due to the external field and the charge fluctu-

ations, and incorporating the numerical solutions for diffusion-repulsion into a generally

complicated simulator framework is not straightforward.

As a result, research efforts focus on developing approximate solutions that are

computationally efficient and can be easily integrated into broader simulation frame-

works. In this work, we will utilize the precise numerical results from the IFDMmethod

solely for comparison purposes, allowing us to evaluate the accuracy of two commonly

used efficient approximations (the Gatti and BHmethods) alongside our novel approach.

4.1.3 Gatti Model: Decoupling Processes

4.1.3.1 Diffusion

Gatti et al. [309] analytically examined diffusion and repulsion as independent processes.

In particular, note that we can extract the diffusion part from Eq. 4.6 as

∂tQ
diff = D

(
∂RR Qdiff − 2∂R Qdiff

R

)
(4.7)

The associated diffusion equation for charge concentrations then becomes

∂tn
diff = D∇2ndiff (4.8)
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For a initial delta distribution, n(r, 0) = δ(r), Eq. 4.8 has a well-known solution:

ndiff(r, t) =
N

(4πDt)3/2
exp

(
− r2

4Dt

)
(4.9)

In other words, the charge concentration propagates following a 3D Gaussian shape with

variance that progressively increases in time, as σ(t)2 = 2Dt. If we consider instead an

initial Gaussian distribution at the initial time, n(r, 0) ∼ N(0, σ0), the same propagation

shape is still valid. In that case, the concentration becomes

ndiff(r, t) =
N

[2π(σ2
0 + 2Dt)]3/2

exp

(
− r2

2(σ2
0 + 2Dt)

)
(4.10)

We can then calculate by integration [309] the solution of Eq. 4.7, the initial diffusion

equation for total charges.

4.1.3.2 Repulsion

On the other hand, the repulsion part is extracted from Eq. 4.1 as

∂tQ
rep = −µ∂R Qrep

4πR2

Qrep

ϵ
(4.11)

Using the separation of variables method3, Gatti et al. [309] found the following solution:

Qrep(R, t) =
R3

3
(

µ
4πϵ

)
t

[
H(R)−H(R−R0(t))

]
+ qN H(R−R0(t)) (4.12)

3An alternative approach to solving the repulsion-only equation can be found in terms of charge density
[310], ∂tρrep = −∇ · (µρrepE), instead of using Eq. 4.11 for total charge. From the numerical result shown in
Fig. 4.2h, it is evident that the charge density ρ(r, t)must be uniform, which we adopt as an ansatz. Thus,
∂tρ

rep = −µ
[
E · ∇ρrep + ρrep∇ ·E

]
= −µρrep∇ ·E = −(ρrep)2µ/ϵ. Here, we have used the Gauss’s law from

Eq. 4.2 and the identity∇ρrep = 0, which derived from the ansatz. This allows us to solve the ODE directly,
yielding the same solution as in Eq. 4.15
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Where the time-dependent function R0(t) is defined as

R0(t) =

[
3

(
µ

4πϵ

)
t qN

]1/3
(4.13)

Note that beyond the radius R0(t), the charge distribution collects all the charges (qN

coulombs). Here, we have used the Heaviside step function,

H(x) =


0 if x < 0,

1 if x ≥ 0.

(4.14)

Observe that, in the limit when t → 0, we get R0(t) = 0, and the total charge becomes

Qrep(R, 0) = qN at R = 0 and zero elsewhere. This corresponds to the delta distribution

for the initial condition of the charge density, ρ(r, 0) = q N δ(r). From Eq. 4.12, we can

calculate the charge concentration for t > 0 using partial derivatives as

ρrep(r, t) =


ϵ
µt

if r < R0(t),

0 if r ≥ R0(t).

(4.15)

In conclusion, at any given time, the charge density remains constantwithin the radiusR0

and zero beyond it. Thus, in contrast to the 3D Gaussian spread resulting from diffusion,

repulsion cause the charges to propagate as a 3D uniform distribution.
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Figure 4.2: Numerical solutions from the IFDM for diffusion-only, repulsion-only, and diffusion-
repulsion combined. Further description provided in Section 3.3.

4.1.3.3 Root Mean Square Metric

Figure 4.2 shows the ground-truth numerical results for diffusion-only, repulsion-only,

and diffusion-repulsion, which were found using the aforementioned IFDM approach.

We used the common values for electrons in CZT crystals [284] at room temperature, with
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µ = 1000 cm/Vs and D = 25 cm2/s. There are four common alternative to present the

results, which are shown in the different rows of Fig. 4.2:

• The number of elementary charges,N(R), within a given radial distanceR from the

center of the charge cloud, as displayed in Figs. 4.2a-c. For R values larger than the

charge cloud, N(R) will approximate the total number of generated electron-hole

pairs (in this representative case, P = 2 × 105 charges). Alternatively, this variable

can be expressed as the total Coulomb charge,Q(R) = qN(R), or as the normalized

charge distribution, Q̂(R) = Q(R)/qP .

• Theprobability density function (PDF) of the chargedistribution, f(r, t) = ∂RQ̂(R, t),

shown in Figs. 4.2d-f.

• The charge densities ρ(r, t) = ∂RQ(R)/4πR2, expressed in C/cm3, as displayed in

Figs. 4.2g-i.

• The charge densities projected over the x−coordinate (due to symmetry, this pro-

jection is identical for all coordinates) become

ρx(x, t) =

∫ ∞

−∞
dy

∫ ∞

−∞
dzρ(x, y, z, t) =∫ ∞

|x|
dr

∫ 2π

0

dϕ ρ(r, θ, ϕ, t)r sin(θ) =

∫ ∞

|x|
ρ(r, t)2πrdr

(4.16)

Where one needs to consider the spherical symmetry of the density and θ = π/2.

We previously mentioned that the density ρdiff(r, t) = q ndiff(r, t) for the diffusion-

only process is characterized by the shape of a 3D Gaussian, as derived by Gatti and pre-

sented inEq. 4.9. A fundamental principle in statistics [320] states that themarginal distri-

bution of a multivariate normal distribution is also normally distributed. Thus, ρdiffx (x, t)
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is a 1D Gaussian (with the same mean and standard deviation), as observed in Fig. 4.2j.

This property will play an important role in the subsequent Benoit-Hamel approach.

Note that so far our analysis has focusedon thediffusionand repulsionof the charges

distributed around a central point, the origin. Tomeasure the spread of this distribution,

we then consider the standard deviation of ρx(x, t) around the zeromean, which provides

the root mean squared:

RMS(t) =
∫ ∞

∞
x2ρx(x, t)dx (4.17)

Figure 4.3 indicates that the effect of repulsion on the cloud spreading is slightly stronger

than that of diffusion. This behavior is influenced by the initial generation of electron-

hole pairs, where diffusion dominates when the deposited energy is lower, while repul-

sion becomes the predominant factor as the deposited energy increases.

One can calculate the quadratic sum of the RMS for diffusion-only and repulsion-

only to obtain a rough estimate of the RMS for the combined effects of diffusion and re-

pulsion, as see Fig. 4.3. Note that by decoupling both processes, we can provide an ap-

proximate efficient solution that no longer requires to solve PDEs, as we could directly

use the analytical solutions.



172

Figure 4.3: Root mean square for diffusion-only, repulsion-only, and diffusion-repulsion com-
bined. We can see that the quadratic sum of diffusion-only and repulsion-only differs from the
actual spread of the diffusion-repulsion processes. Parameters: µ = 1000 cm/Vs, D = 25 cm2/s,
P = 2× 105 electrons, ϵr = 11 relative permittivity, initial standard deviation σ0 = 10 µm.

4.1.4 BHModel: Gaussian Distribution

4.1.4.1 Analytical Derivations

Inspired by Gatti’s model, Benoit and Hamel (BH) [310] proposed an alternative approx-

imate solution for the original system of Eqs. 4.1 and 4.2, but now effectively coupling

both the diffusion and repulsion processes. They started with the initial assumption that

the intricate projected charge density along the x−axis, resulting from the combined ef-

fects of diffusion and repulsion (refer to Fig. 4.2l), can be approximated by a simple one-

dimensional Gaussian density. Consequently, the following formula applies:

ρBHx (r, t) =
Nq

[2πσBHx (t)2]1/2
exp

(
− r2

2σBHx (t)2

)
(4.18)
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Where σBHx = σdiffx + σrepx is an unknown function responsible for the spread in time. Note

that this assumption is equivalent to saying that the three-dimensional charge density

ρ(x, y, z, t) can be approximated as a 3D multivariate normal density. We will now deter-

mine each of the two addends of the standard deviation:

• As mentioned above, charges diffusing in three dimensions adopt a Gaussian dis-

tribution with a variance of σdiff(t)2 = 2Dt. The marginal density ρdiffx along the

x-axis remains Gaussian and has the same identical variance, so σdiffx (t)2 = 2Dt. For

reasons that will become apparent in Section 4.3, expressing this formula as a time-

dependent differential equation is more advantageous. Thus, we could represent it

as

∂tσ
diff
x (t)2 = 2D (4.19)

• On the other hand, the charges spread as a result of repulsion in a uniform three-

dimensional shape. The charge density ρrep(r) due to repulsion-only is described in

Eq. 4.15, but note that themarginal density ρrepx (x) along the x−axis has amore intri-

catemathematical description: As seen in Fig. 4.2k, it is no longer uniform. Despite

its complicated shape, the variance of this marginal density can still be calculated

by definition. For instance, after a few calculations in the intermediate steps, one

can derive the following:

σrepx (t)2 =

∫ −∞

∞
(x− 0)2ρrepx (x, t)dx =

R2
0(t)

5
(4.20)

Asmentioned in thepoint above,we arenow looking for an expressionof the tempo-
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ral derivative of the variance. Therefore, we easily derive the following expression:

∂tσ
rep
x (t)2 =

2R′
0(t)R0(t)

5
=

µNq

10
√
5πϵ σ

rep
x (t)

(4.21)

Assuming that these two processes can be coupled together using a simple Gaussian dis-

tribution from Eq. 4.18 with an evolving standard deviation σBHx (t), one gets

∂tσ
BH
x (t)2 = 2

(
D +

µNq

20
√
5πϵ σBHx (t)

)
= 2D̃(t) (4.22)

In conclusion, the BH approach suggests that repulsion can also bemodeled as a second-

order process similar to diffusion. Themodel now includes a time-dependent coefficient,

denoted by D̃(t), which accounts for both diffusion and repulsion4.

4.1.4.2 Numerical Evaluation

The BH approach provides extremely accurate predictions for the spread of charges. The

average absolute error for RMS is as low as 0.40 µm, while the RMS error found with the

Gatti model (see Fig. 4.3) was 4.20 µm. Fig. 4.4a illustrates the comparison between the

ground-truth distributions and those calculated using the BH approach. Although the BH

model provides a good overall fit of the charge distributions, there is room for improve-

ment: This method does not fully capture the exact shape of the charge cloud.

It is important to note that fitting the ground-truth numerical solutions with a sim-

ple Gaussian distribution is fully equivalent to using the Benoit-Hamel (BH) approach. In
4Note that another strength of the BH approach is that a similar mathematical procedure applies for

elliptical (non-spherically symmetric) charge distributions. We can model these shapes using asymmetric
3D Gaussian distributions, where the diagonal covariance matrix may have σx ̸= σy ̸= σz. The asymmetry
for initialization provides higher degrees of freedom and flexibility, which generally allows better fits to
the experimental data.
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essence, the BH method inherently provides the optimal fit to the data. This property is

evident because the Gaussian distribution involves only two parameters: A known mean

of zero and a standard deviation, which is precisely derived from the ODE in Eq. 22 to

match the standard deviation of the data.

(a) (b)

Figure 4.4: (a) Charge distribution (non-normalized) accounting for the total amount of elemen-
tary charges, plot at different times. We see the ground-truth distributions and those generated
with the Benoit-Hamel model and with our proposed Generalized Normal Distribution (GND)
model. (b) Error metrics of the BH and our GNDmodels.

To show the discrepancy between the ground-truth and approximated normal dis-

tributions, we will measure the root mean squared error (RMSE) and the mean absolute

error (MAE) at each time,

RMSE(t) =

√√√√ 1

N

N∑
i=1

[
Q̂gt(Ri, t)− Q̂approx(Ri, t)

]2 (4.23a)

MAE(t) =
1

N

N∑
i=1

∣∣Q̂gt(Ri, t)− Q̂approx(Ri, t)
∣∣ (4.23b)

The time-averaged errors for the BHmodel were: AnMSE of 3.21% and an RMSE of 2.19%.

Fig. 4.4b shows the RMSE and MAE over time. Moreover, one can see how these errors

tend to increase as the charges evolve over time and continue to spread.
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4.1.4.3 Monte Carlo Algorithm

The advantage of using a simple Gaussian distribution approximation for both processes

lies in the ability to simulate the diffusion-repulsion process as a random walk. Note that

the marginal charge distribution along the x−axis, ρx(x, t), follows N
[
0, σBHx (t)2

]
at any

time step t ∈ {1, ..., T = 200}. To sequentially simulate this marginal distribution in a

stochastic manner, we will now consider Xi(t) random variables, for i ∈ {1, 2, ..., S} and

S = 200 the number of samples, each distributed as

Xi(t) ∼ Xi(t− 1) +N
[
0,∆σBH(t)2

]
(4.24)

The initial delta distribution at t = 0 produced right after the photon-absorption is often

represented numerically as a Gaussian distribution with a small standard deviation. In

our simulations, we initializeXi(0) ∼ N
[
0, σBH(0)2

]
, where the standard deviation σBH(0)

is 10 µm, as done in [310]. Therefore, the progression iteratively expands to:

Xi(t) ∼ N
[
0, σBH(0)2

]
+

M∑
i=0

N
[
0, σBH(t− i)2 − σBH(t− (i− 1))2

] (4.25)

Note that the sumof independentGaussian variables follows aGaussiandistribution [321],

with themean and variance being the sum of the individual means and variances. Apply-

ing this property to Eq. 4.25, it can be seen that the random variables Xi(t) will indeed

follow N
[
0, σBH(t)2

]
, in agreement with the charge distribution described by the Benoit-

Hamel method.

Observe that we initially had to solve the complicated non-linear PDE from Eq. 4.6,

which required the computationally intensive IFDM. In contrast, we can now iteratively
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propagate the S representative charges stochastically at each time step. Before each step,

we need to find ∆σBH(t)2 = σBH(t)2 − σBH(t − 1)2 = 2D̃(t)∆t, as described in Eq. 4.22. It

becomes now clear why we reformulated the standard deviation using a time-dependent

ODE. Moreover, we can then efficiently solve that equation using a first-order explicit

finite-difference scheme.

Of course, the same approach followed for the propagation of charge in the x− di-

rection can also be implemented for the y and z axes, due to the spherical symmetry. The

complete BHmethod is outlined in Algorithm 1, which takes only about 9-16 µs on a stan-

dard computer (hundreds of times faster thanwith the numerical IFDM)5. The results are

shown in Fig. 4.5.

Figure 4.5: Monte Carlo simulation with S = 200 representative samples, using the simple Gaus-
sian model (BH) and the GNDmodel (ours).

5In the algorithm, the notationNS(·, ·) denotes the generation of S normally distributed samples with a
certain mean and variance.
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Algorithm 1 BH approach: Diffusion and repulsion
Require: Simulation parameters
1: Number of samples, S = 200
2: Time steps, T = 200
3: Time increment,∆t = 5× 10−9 s
Require: Physical constants
4: Electron charge, q = 1.60× 10−19 C
5: Permittivity, ϵ0 = 8.85× 10−12 F/m
6: Relative permittivity, ϵr = 11
7: Diffusion coefficient,D = 25 cm2/s
8: Electron mobility, µ = 1000 cm2/Vs
9: Number of electrons, P = 2× 105

10: Initial standard deviation, σ0 = 10µm

11: ϵ← ϵ0 · ϵr
12: σ2

BH[0]← σ2
0

13: x[0], y[0], z[0] ∼ NS(0, 1) · σ0

14: for t← 1 to T do
15: D̃ ← D + µP q

20
√
5π ϵ
√

σ2
BH[t−1]

16: ∆σBH ←
√
2 · D̃ ·∆t

17: x[t]← x[t− 1] +NS(0, 1) ·∆σBH

18: y[t]← y[t− 1] +NS(0, 1) ·∆σBH

19: z[t]← z[t− 1] +NS(0, 1) ·∆σBH

20: σBH[t]2 ← ∆σBH[t− 1]2 + 2 · D̃ ·∆t
21: end for

Additionally, it should be emphasized that the BH approach is compatible with ex-

isting detector simulators that account for additional charge displacements and fluctua-

tions. At each time step, one can drift the S representative charges due to the bias E-field,

then add a secondary weaker walk due to diffusion-repulsion, and finally recalculate the

amount of charges after the trap-induced recombination process, as explained in more

details in [310].
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4.1.5 Our Proposed GNDModel

4.1.5.1 Generalized Normal Distributions

Rather than approximating the normalized charge distribution Q̂(R, t) as a 3D Gaussian

shape, we now propose that it more closely resembles a Generalized Normal Distribution

(GND). The probability density function (PDF) of the GND is defined as follows:

fGND(r, t) =
βGND

2αGNDΓ(1/βGND)
exp

(
|x− µGND|

αGND

)βGND

(4.26)

Note that wemust consider the parameters as time-dependent, being for instance µGND(t)

the mean. Additionally, the mean is now not necessarily zero (see Figs. 4.2d-f), since Eq.

4.26 represents the radial density f(r, t) = ∂RQ̂(R, t) and not the marginal density on the

x−axis (Figs. 4.2j-l). The parameter βGND(t)modulates the peakedness of the distribution,

categorizing a family of distributions. Specifically, βGND = 2 corresponds to the standard

normal distribution with mean µGND(t) and variance αGND(t)2/2. Values of βGND less than

two result in distributions with sharper peaks and heavier tails, whereas values greater

than two yield flatter densities with lighter tails.

Figure 4.4a presents the ground-truth numerical solutions alongside their fits using

a Gaussian distribution (solid lines) and the GND (dashed lines, superimposed on the nu-

merical solutions). As anticipated, the greater flexibility of the GND allows for amarkedly

improved fit to the numerical solutions. The RMS error decreases now even more than

with the BH approach, reaching 0.18 µmwith the GND. Similarly, Fig. 4.4b illustrates the

error between the ground-truth numerical solutions and their fits, comparing the simple

Gaussian distribution (solid blue and red lines) with the GND (dashed blue and red lines).

The corresponding time-average MAE and RMSE are exceptionally low for the GND fits,
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with values of 0.17%and 0.14%, respectively. These errors are an order ofmagnitude lower

than those obtained from simple Gaussian fits. More importantly, the error appears to

be stable over time (see Fig. 4.4b). We also evaluated additional metrics for comparison,

such as the Kullback-Leibler (KL) divergence, the Pearson correlation coefficient, and the

cosine similarity. The results, detailed in the Table 4.1, further highlight the advantages

of adopting the Generalized Normal Distribution (GND) over the simple Gaussian distri-

bution. Observe that for each time step, the parameters were found by solving a least

squares error problem, which fits the ground-truth distribution to our proposed model

using the Trust Region Reflective Optimizer defined in the Python package SciPy [322].

Table 4.1: Comparison of metrics: Fitting ground-truth distributions using the simple Gaussian
model by BH and our proposed GNDmethod.

Metrics Gaussian (BH) GND (Ours)

RMS absolute error (µm) 0.40 0.18

MAE (%) 3.21 0.17

RMSE (%) 2.19 0.14

Cosine similarity 1− 2.19 · 10−3 1− 8.92 · 10−6

Correlation coefficient 1− 9.20 · 10−4 1− 2.14 · 10−6

KL divergence 1.94 · 10−4 1.32 · 10−5

4.1.5.2 Gaussian Mixture Model

We aim to develop a Monte Carlo simulation based on Gaussian processes, as previously

done in Section 4.3. This will enable the integration of our approximated results for

repulsion-diffusion into a broader simulator that also accounts for the additional effects

of charge drift and fluctuations. To build the stochasticmethod, wewill first apply a Gaus-

sian Mixture Model (GMM) to model the generalized normal distribution (GND) as a sum
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of Gaussian distributions. Our findings indicate that the sum of only two Gaussian com-

ponents are sufficient to accurately represent the GNDs that appear in our problem. The

PDF of the GMM is then expressed as follows:

fGMM(r) = w1ϕ(r;µ1, σ
2
1) + w2ϕ(r;µ2, σ

2
2) (4.27)

Here, ϕ represents the PDF of a Gaussian distribution, and the parameters (µ1, σ
2
1)

and (µ2, σ
2
2) specify the means and variances of the two Gaussian components, respec-

tively. Note that the GND is symmetric around its central point µGND. We will main-

tain such a property by ensuring that both Gaussian functions have: (1) the same weight

w1 = w2 = 0.5, (2) the same standard deviation σ1 = σ2, and (3) symmetric means with

|µGND − µ1| = |µGND − µ2|. Let us now determine the exact value for these four unknown

parameters:

• We can find a reasonable value for µ1 (and therefore µ2 also) by matching the first

three moments (mean, variance, and skewness) of the GMM with the GND. In par-

ticular, if we define

µ1(t) :=
√
σGND(t)2 − σ1(t)2 + µGND (4.28)

Then we can derive, from Eq. 4.28, the following

µGMM = w1µ1 + w2µ2 = µGND (4.29a)

(σGMM)2 = w1σ
2
1 + w2σ

2
2 + w1(µ1 − µGMM)2

+ w2(µ2 − µGMM)2 = (σGND)2 (4.29b)

Note that both results are valid for any σ1 value (we will decide on a particular value
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below). Because both the GMM and the GND are symmetric, there is also a match

of the third moment (the skewness is zero).

• We can now find a convenient σ1 value by matching the peak of the GMM density

with the peak of the GND density at the central point, r0 = µGND, meaning

fGND(r0;µ
GND, σGND) ≡ fGMM(r0;µ1, σ1) (4.30)

Substituting the value of µ1 from Eq. 4.28 and considering the known peak value

cpeak of the GND distribution, one finds:

fGMM(σ1) =
1√
2πσ2

1

exp

(
(σGND)2 − σ2

1

2σ2
1

)
= cpeak (4.31)

This non-linear algebraic equation can be efficiently solved as a least squares min-

imization problem, where the objective function represents the residuals of the

equation. Specifically, we employed the Python package SciPy and utilized again the

efficient trust-region optimizer, incorporating box constraints to ensure that σ1 re-

mainswithin the physicallymeaningful range of positive values less than the known

parameter σGND.

Fig. 4.6 shows the fits of theGNDprobability density functions at two different times

using the proposed mixture model.
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Figure 4.6: Gaussian Mixture Model (with two Gaussian functions) matching the PDF of the
charges at two different times.

4.1.5.3 Monte-Carlo Algorithm

Using Eqs. 4.28 and 4.30, we can also compute the values for (µ1, σ1) and (µ2, σ2). We now

have all the necessary information to develop aMonte Carlo simulator with the proposed

GND approach. This simulator follows a methodology analogous to the one described in

Algorithm 1, with the slight difference of (1) having two simultaneous Gaussian processes

instead of one, and (2) doing the updates of the radial distance instead of the Cartesian co-

ordinates. The new methodology is outlined in Algorithm ??. The computational cost of

this modified algorithm ranges between 16-19 µs on a standard computer, approximately

double that of the original BH approach. The charge distributions found with this simu-

lation are illustrated in Fig. 4.5.
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Algorithm 2Novel approach: Diffusion and repulsion
Require: Simulation parameters (as in Algorithm 1)
Require: Physical constants (as in Algorithm 1)
Require: Pre-computed parameters: µ1, µ2, σ1, σ2
1: ϵ← ϵ0 · ϵr
2: r1[0]← µ1[0] +NS(0, σ1[0])
3: r2[0]← µ2[0] +NS(0, σ2[0])
4: ϕ1, ϕ2 ← randS[0, 2π]
5: θ1, θ2 ← randS[0, π]
6: x1[0], x2[0]← r1[0] sinϕ1 cos θ1, r2[0] sinϕ2 cos θ2
7: y1[0], y2[0]← r1[0] sinϕ1 sin θ1, r2[0] sinϕ2 sin θ2
8: z1[0], z2[0]← r1[0] cosϕ1, r2[0] cosϕ2

9: for t = 1 to T do
10: ∆µ1[t]← µ1[t]− µ1[t− 1]
11: ∆µ2[t]← µ2[t]− µ2[t− 1]
12: ∆σ1[t]← σ1[t]− σ1[t− 1]
13: ∆σ2[t]← σ2[t]− σ2[t− 1]
14: ∆r1[t]← ∆µ1[t− 1] +NS(0, 1) ·∆σ1
15: ∆r2[t]← ∆µ2[t− 1] +NS(0, 1) ·∆σ2
16: x1[t]← x1[t− 1](1 + ∆r1/r1[t− 1])
17: x2[t]← x2[t− 1](1 + ∆r2/r2[t− 1])
18: y1[t]← y1[t− 1](1 + ∆r1/r1[t− 1])
19: y2[t]← y2[t− 1](1 + ∆r2/r2[t− 1])
20: z1[t]← z1[t− 1](1 + ∆r1/r1[t− 1])
21: z2[t]← z2[t− 1](1 + ∆r2/r2[t− 1])
22: r1[t]←

√
x1[t]2 + y1[t]2 + z1[t]2

23: r2[t]←
√
x2[t]2 + y2[t]2 + z2[t]2

24: end for

4.1.5.4 Extending the Algorithm for Different Scenarios

One can observe that there is a high correlation between the parameter σBH(t) foundwith

the simple Gaussian fit and the parameters µGND(t) andαGND(t) of the GNDapproach. This

correlation is clearly illustrated in Figs. 4.7a-b. The consistency between the two models

allows us to generalize our proposed GND for other scenarios (with different material

properties and deposited energies) without having to pre-compute the GND parameters

for each scenario beforehand, rather using the very convenient results from the Benoit-

Hamel model.
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(a) (b) (c)

Figure 4.7: Illustrating the strong linear correlation between the time-dependent parameters (a)
µGND and σBH, (b) αGND and σBH, for a representative scenario with P = 2× 104 ∈ [2× 104, 2× 105]
electron-hole pairs and with an electron mobility of µ = 1113 ∈ [700, 1300] cm2/Vs. (c) Time-
average βGND for different (P, µ) scenarios compared with our proposed model from Eq. 4.33.

For a specific material with permittivity ϵ, the dynamic of the charges due to dif-

fusion and repulsion dynamics are solely6 influenced by the charge mobility µ and the

number of electron-hole pairs generated P . Taking for example a wide range of interest,

such as µ ∈ [700, 1300] for electrons in CZT and P ∈ [2× 104, 2× 105], we have established

the following relationships:

µGND(t;µ, P ) = [µa1 + Pb1 + c1] · σBH(t) + [µd1 + Pe1 + f1] (4.32a)

αGND(t;µ, P ) = [µa2 + Pb2 + c2] · σBH(t) + [µd2 + Pe2 + f2] (4.32b)

The particular values of the coefficients are provided in Appendix B for these par-

ticular range of interest. Similar analyses could be done by the reader in other different

ranges of interest for µ and P to analyze different crystals.
6It is important to remark again that the diffusion coefficient D is not an independent variable - it is

linearly related to µ by the Einstein-Smoluchowski relation [316]
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It is important to note that shaping parameter βGND shows aminimal dependency on

the physical parameters (µ, P ), and therefore a correlation with σBH was not found. This

time-dependent coefficient influences the peakedness of the distribution, and a value

greater than two allows for the steeper distributions observed in our problem (see Fig.

4.4a). Our findings indicate that the time evolution of βGND(t) aligns closely with a model

that features an initial exponential decay followed by a gradual transition to a linear de-

crease. We have modeled this parameter as a piecewise function with βGND(t = 0) = a3,

matching the initial distribution at the starting time, and then modeling the time evolu-

tion for t > 0 as

βGND(t) = b3e
−c3t + (d3t+ e3) (4.33)

The particular coefficients are also provided in the Appendix B. The R-squared of the βGND

parameter from Eq. 4.33, calculated with respect to different ground-truth βGND(t;µ, P ),

is in average 0.986, showing an excellent fit, as one can observe in Fig. 4.7c.

Employing the time-dependent parameters from Eqs. 4.32-4.33 using the presented

correlation analysis, we obtained the time-averagedMAE of 0.44% and RMSE of 0.35% for

the charge cloud distribution. These results are slightly worse than those obtained from

pre-computed parameters (shown in Table. 4.1), but still about an order of magnitude

better than the results from the BH approach. In exchange for losing some accuracy,

this correlation-based method offers greater flexibility: It extends our novel algorithm

to different scenarios without the need to pre-compute any values at all, just using the

simple solutions for σBH(t) from the Benoit-Hamel algorithm.
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4.1.6 Concluding Remarks

In this study, we examine the charge dynamics in semiconductors, focusing on diffusion

and repulsion effects, with specific applications to high-energy semiconductor detectors.

First, we treated diffusion and repulsion as decoupled processes and used the the-

oretical findings from Gatti et al [309] to get analytical expressions for the charge distri-

butions. While the charges propagate following amultivariate (3D) Gaussian distribution

under the influence of diffusion, they propagate as a multivariate (3D) uniform distri-

bution due to Coulomb repulsion. Considering the RMS as the quadratic sum of both

separate processes leads to considerable inaccuracies. In particular, our simulations for

electrondynamics in aCZTdetector, the time-averageRMSmismatch for the charge cloud

distribution was found to be 4.20 µm. On the bright side, these approximated results can

be computed very efficiently from the close-form expressions.

Second, we analyzed how the Benoit-Hamel (BH) approach [310] improves upon the

previous model by coupling both processes, approximating the overall charge distribu-

tion as a simplemultivariate 3DGaussian function. Thismethodology enables an efficient

implementation of the distributions using a Monte Carlo technique. It also allows for the

easy integration of these twoweak processes inmore general simulation frameworks that

account for other effects. Note that the standard deviation of the Gaussian distribution in-

creases with time, reflecting the spatial expansion of the charges. In our simulations, the

BH approach yielded a time-averaged RMS error of only 0.40 µm. Although this method

provides high accuracy in predicting the spread of charges, the actual shape of the charge

distribution does not closely resemble a Gaussian function. For instance, the MAE and

RMSE of the charge distribution were 3.21% and 2.19%, respectively.
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Third, we have developed a novel method that naturally extends the BH approach.

Rather than taking a simple Gaussian as an ansatz, we consider a Generalized Normal

Distribution (GND). This new assumption provides higher degrees of freedom that allow

better fits of the actual ground-truth distributions. We approximated the GND as a Gaus-

sianMixtureModel (GMM)with two Gaussian functions, enabling an efficient simulation

of these processes using another Monte Carlo algorithm. Fitting the GND to the ground-

truth numerical solutions lead to a RMS error of the cloud of 0.18%. The MAE and RMSE

of the charge distribution (cloud shape) is also reduced to 0.17% and 0.14%. These results

then demonstrate the strong capability of this more complex distribution to accurately

model the system. The GND algorithm can be easily extended to various scenarios (with

different material properties and deposited energies) by determining the GND parame-

ters from the BH parameters via correlation analysis. Using this correlation approach,

the error between the ground-truth numerical solution and the GND results remains low,

with a MAE of 0.44% and a RMSE of 0.35% for the cloud shape. The computational cost of

the GND approach is about double of the BH approach, though still reasonable and in the

order of tens of milliseconds in standard computers.

These findings facilitate the refinement of semiconductor detector simulators and

contribute to the analysis of next-generation detectors. Using these simulators, future

research could focus on accurately solving inverse problems considering diffusion and

repulsion, either by performing event reconstructions or by characterizing the material

properties of the detector bulk.
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4.2 Defect detection with automatic differentiation

CdZnTe-baseddetectors are highly valuedbecause of their high spectral resolution, which

is an essential feature for nuclear medical imaging. However, this resolution is compro-

mised when there are substantial defects in the CdZnTe crystals. In this study, we present

a learning-based approach to determine the spatially dependent bulk properties and de-

fects in semiconductor detectors. This characterization allows us to mitigate and com-

pensate for the undesired effects caused by crystal impurities. We tested our model with

computer-generated noise-free input data, where it showed excellent accuracy, achieving

an average RMSE of 0.43% between the predicted and the ground truth crystal properties.

In addition, a sensitivity analysis was performed to determine the effect of noisy data on

the accuracy of the model.

4.2.1 Introduction

Single-photon detectors are essential in nuclearmedical imaging techniques, where high

spectral resolution is critical for tissue differentiation. In particular, detector technolo-

gies based on cadmium zinc telluride (CdZnTe) are increasingly favored inmodalities that

operate with relatively low photon flux, such as single photon emission computed tomogra-

phy (SPECT) [323]. CdZnTe crystals exhibit a high stoppingpower (allowing the absorption

of most incoming photons) and a wide band gap of 1.6 eV (allowing detector operation at

room temperature) [324]. These photon-counting detector (PCDs) offer a rapid temporal

response (less than 10 ns) and can be configuredwith a pixelated geometry, enabling sub-

millimeter spatial resolution. However, the energy resolution of these detectors is often

compromised due to the high defect density typically found in the thick CdZnTe crystals

[325]–[327]. These defects include point defects, dislocations, and grain boundaries [312],
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which adversely influence the optoelectric properties of the crystal.

In this study, we employ a reverse engineering approach to determine the mate-

rial properties and defects in the CdZnTe crystals used for radiation detectors. Building

upon prior physics-based learning models developed by our team [285]–[289], our novel

model accurately identifies fundamental spatially-dependent properties, such as charge

mobility and the lifetimes for charge recombination, trapping, and detrapping. By pre-

cisely characterizing these features, the study seeks to mitigate the detrimental effects of

crystal impurities. The model takes as input the charge-induced signals and the charge

concentrations after a particular photon-detector event interaction. We initially validate

our model using computer-generated noise-free data to establish a baseline for perfor-

mance. Subsequently, we now assess for the first time the impact of noise in the input

data on the accuracy of this characterization.

4.2.2 Detector Simulator

Wehavebuilt a physics-drivenmodel that simulates the functioningof theCdZnTephoton-

counting detectors. Our simulations consider a detector with dimensions 1 × 1 × 1 cm3

and a standard pixelated configuration: a single cathode on top and nine anodes on the

bottom (see Fig. 4.8). When a γ−ray penetrates the cathode and interacts with the crys-

tal, several electron-hole (e-h) pairs are generated. Drifted by an external electric fieldE,

these charge carriers move and produce charge-induced signals at the nearby electrodes

[294], [328].
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Figure 4.8: Pixelated detector geometry with one cathode on the top and nine anodes on the bot-
tom.

Following a delta-like photon-detector event δ(x0, y0, z0, t0) occurring at time t0 and

specific location (x0, y0, z0) ∈ [0, 1]3, the electron concentration ne(x, y, z, t) can be model

with a system of partial differential equations (PDEs) [273], [329]:


∂tne −∇ · (µeEne) = − 1

τeR
ne − 1

τTe
ne +

1
τeD

ñe + δ

∂tñe =
1
τeT
ne − 1

τeD
ñe

(4.34)

Note that an equivalent system and notation can also be applied to model the dynamics

of holes, where the concentration is denoted as nh. Eq. 4.34 account for various dynamic

processes: charge drift, charge generation-recombination, and trapping-detrapping ef-

fects. The variable ñe represents the concentration of electrons within the trapping en-

ergy levels, which includes shallow and deep traps. These traps are conceptualized as an

infinitewells that attracts (and eventually expels) a percentage of the charges, as described

by the Shockley-Read-Hall theory [330].

The mean lifetimes for electron charge trapping, detrapping, and recombination
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are denoted by τeT, τeD and τeR, respectively. The electron mobility is given by µe, with its

drift velocity being ve = −µeE. In the simulations, we considered a uniform vertical field

with magnitude E = 850 V/cm. Our model simplifies the charge dynamics by assuming a

purely vertical trajectory for the charges along the z−axis, omittingminor deviations that

could arise from interpixel gaps [331] or polarization effects [332]. Additionally, we incor-

porate an empirical relationship between themobilities of electrons and holes, estimated

as µh ≈ µe/10, based on the findings reported in [333]. Our model neglects the weak ef-

fects of diffusion and Coulomb repulsion, which is reasonable under a high electric field

strength [281], [310].

Eq. 4.34 can be efficiently solved numerically using the explicit finite-difference

method [284]. We defined a spatial step of ∆z = 0.01 cm and a time step of ∆t = 10

ns, capturing the high temporal response of the real CdZnTe-PCDs. Note that the crystal

properties (chargemobility and lifetimes) can be equivalently reformulated using dimen-

sionless computational parameters, as detailed in Table 4.2. These parameters naturally

emerge during the discretization of the PDE system, as further explained in [288]. To ac-

commodate the spatial variability of properties, we define a stratified media: There are

N = 100 layers (stacked sequentially from the cathode to the anode), each with distinct

parameter values.
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Table 4.2: Commonmaterial properties of CdZnTe crystals [284], along with the corresponding di-
mensionless computational parameters used in the simulations. The table also shows the NRMSE
between the predicted parameters and the ground-truth ones when employing noise-free and
noisy input data.

Material properties Symbol Value Parameter Value
NRMSE (%)

Noise-free Noisy

Charge mobility [cm2/Vs]
µe 1120 Re = (µeE)∆t/∆z 0.95 < 10−2 0.22

µh ≈ µe/10 112 Rh = (µhE)∆t/∆z 0.095 < 10−2 0.22

Recombination lifetime [µs]
τeR 10 PeR = ∆t/τeR 0.001 2.81 23.81

τhR 1 PhR = ∆t/τhR 0.01 < 10−2 2.86

Trapping lifetime [µs]
τeT 10 PeT = ∆t/τeT 0.001 0.18 3.46

τhT 0.067 PhT = ∆t/τhT 0.15 < 10−2 0.74

Detrapping lifetime [µs]
τeD 0.4 PeD = ∆t/τeD 0.025 0.01 4.52

τhD 0.067 PhD = ∆t/τhD 0.15 < 10−2 0.88

After numerically solving the system from Eq. 4.34 for both electron and hole con-

centrations, we obtain the charge densities as functions of time and space. The current

signals for each electrode, indexed by k ∈ {1, 2, ..., 10}, are subsequently calculated using

the Shockley-Ramo theorem [294]:

i(k)(t) = qne(t, x, y, z)E
(k)
w (x, y, z), (4.35)

where theweighting electric fieldE(k)
w is derived from the correspondingweightingpoten-

tialϕ(k)
w . Theweightingpotential is determinedby solving thePoissonequation∇2ϕ

(k)
w (x, y, z) =

0, subject to the boundary conditions ϕ
(k)
w = 1 at the location of the electrode k, and

ϕ
(k)
w = 0 at the areas of all other electrodes. Figure 4.9 illustrates the weighting poten-

tial for an anode located at the edge of the bottom pixel array. It is worth noting that the
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commonlymeasured charge-induced signals are simply calculated asQ(k)(t) =
∫
i(k)(t)dt.

Figure 4.9: Weighting potential for anode k at the edge of the pixel array grid. (a) 3D view of the
weighting potential. (b) 2D slice of the weighting potential at x = 0.70 cm.

4.2.3 Detector Characterization

Given the detector signals and charge concentrations, we can now construct an inverse

model that provides us with the material properties and defects of the CdZnTe crystal at

different locations, as outlined in Fig. 4.10. As proposed in [288], we aim to solve the

following optimization problem:

minC(Θ) = ∥nsime (t, z; Θ)− ngivene (t, z)∥2F

+ ∥nsimh (t, z; Θ)− n
given
h (t, z)∥2F

+ ∥ñsime (t, z; Θ)− ñgivene (t, z)∥2F

+ ∥ñsimh (t, z; Θ)− ñ
given
h (t, z)∥2F

+ λ

10∑
i=1

∥Qsim
i (t; Θ)−Q

given
i (t)∥2F

(4.36)
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The 2D array nsime (t, z; Θ) depicts the simulated concentration of electrons at dis-

crete times and positions, and ∥ · ∥F the Frobenius matrix norm. The simulated concen-

tration and signals depend on the computational parameters, which are encapsulated by

Θ ∈ R7×100, seven parameters over the N = 100 voxels in depth. Equation 4.36 describes

a problem in which we try to fit the simulator’s output to the provided data. It is crucial to

note that the data used in this study were generated in a computational manner, not from

experiments. This means that we have prior knowledge of the ground-truth parameters,

enabling a straightforward evaluationof our inverse solver algorithm. Theerrors between

the calculated and given charge-induced signalsQ(k) at each electrode k ∈ {1, 2, ..., 10} are

incorporated into the Eq. 4.36 as a regularization term with a relatively low coefficient

(λ = 0.1), as proposed in [288].

Figure 4.10: Diagram illustrating the forward and inverse problems. In the forward problem (a),
the model serves as a digital twin of the photon-counting detector, providing an accurate sim-
ulation of the detector signals based on the crystal properties, such as charge mobility (µe), or
equivalently, the computational parameter Re (mobility ratio). Conversely, the inverse problem
(b) aims to deduce the material properties from the available information on the charges and re-
sulting signals.

The non-linear fitting problem fromEq. 4.36 displays a cost functionC(Θ)with sev-
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eral local minima, and therefore describes a complicated global optimization problem.

Due to the curse of dimensionality [260], conventional global optimizers have a relatively

high computational cost and are less suitable for our problem. To address this challenge,

we employ the Adam optimizer [334], a momentum-based gradient descent method de-

signed to handle non-convex optimization problems efficiently while avoiding stagnation

at local minima. For that optimizer, we set the hyperparameters with a learning rate of

5 · 10−4, a first moment β1 = 0.9, and a second moment β2 = 0.999.

Please observe thatwe used automatic differentiation to accelerate gradient compu-

tationswith thePyTorch library. Wealsoutilized anNVIDIATeslaGPU to runourprogram,

which is specifically designed to accelerate AI operations. We are able to perform 20,000

iterations, until convergence, in approximately 3 hours.

To evaluate themodel outcomes, we adopt the Normalized Root Mean Square Error

(NRMSE) of each parameter within a specified Region of Interest (ROI). For an event at

the center of the detector (depth voxel 50), the ROI for the electron properties spans vox-

els 50-100, as most of the generated free electrons reach the anode location (voxel 100).

In contrast, due to the relative lower drift velocity of holes, they predominantly undergo

recombination or trapping when traveling through the first 10 voxels, being their ROI be-

tween voxels 40-50. Finally, it is important to note that we enforce box constraints using

the projected gradient method [335]. The NRMSE could range±25% relative to the values

of the ground-truth parameters.

4.2.4 Results

We first want to extract detector characteristics and defects considering ideally noise-

free computer-generated input data. Figure 4.11 a shows both the predicted and ground-
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truth computational parameterRe (see Table 4.2) in each depth voxel, indicative of charge

mobility. Consequently, we are using a singlemobility parameter for both electrons (with

ROI highlighted in blue) and holes (ROI in red). Figure 4.11b offers a fitting result for

another representative parameter (associated with the electron trapping lifetime). Please

find in Table 4.2 all the NRMSE found for the multiple computational parameters. The

average error was only 0.43% for all the parameters, indicating the correct convergence.

Figure 4.11: Comparison of ground-truth and predicted parameters for (a,b) noise-free, and (c,d)
noisy input data. (a,c) Mobility ratio, and (b,d) electron trapping parameter.

We will now analyze the case in which an additive Gaussian noise is introduced to

the computer-generated input datasets. The standard deviation of the Gaussian noise is

0.1% of themaximum signal value. It is crucial to note that the cost functionC should not
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reach zero in these noisy scenarios: A cost below the threshold given by the ground truth

parameters, C(Θgt), would indicate an overfit, suggesting that the model has learned the

noise. The regularizer in Eq. 4.36 prevents such overfitting, as it inhibits the algorithm

from adjusting both the noise in the concentrations and the signals simultaneously. Fig-

ures 4.11c-4.11d show a comparison between the predicted parameters Re and PeT and

their ground-truth values within the regions of interest for this case with noisy data. The

average NRMSE of the parameters determined became 4.89%. Although Re maintained

a relatively low error of 0.22%, the error for PeT increased to 3.46% (see Fig. 4.11). The

last column of the Table 4.2 presents the results for all other parameters, in this case of

noisy input data. In particular, we can see that the electron recombination parameter,

PeR, exhibits a significantly larger error. Its precise prediction during training becomes

less critical because small variations in this parameter do not significantly impact the

overall concentrations and signals [284].

Figure 4.12a indicates the correlationbetween the increase in the standarddeviation

in the input data and the increase in the average error in the predicted parameters. With

a standard deviation ranging from 0% to 2%, the highest observedNRMSEwas 16.19%. In-

terestingly, the randomnature of the added noise and theADAMoptimizer itself led to the

peak at 1.5% and not 2.0%, as one might initially anticipate. In contrast, the NRMSE for

the mobility ratio increased almost linearly with the added noise level and found a maxi-

mum value of only 3.01%. In Fig. 4.12b, one sees the ideal ground-truth signals compared

to the signals generated by the predicted parameters. Even with an input noise level that

has a standard deviation of 2%, the predicted signals align closely with the ground truth,

resulting in an error of 0.25%.
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Figure 4.12: (a) Average error in predicted parameters with varying noise levels in the input data.
(b) Ground-truth signal compared to signals from predicted parameters under high noise condi-
tions (std = 2%).

4.2.5 Discussions

Although our inverse model demonstrated high accuracy with noise-free input data, the

introduction of additive Gaussian noise to the charge concentrations and signals led to

more pronounced errors. It is important to emphasize that themodel still yields valuable

insights even under high noise levels, as explained in the next two arguments.

First, the initial parameters deviate by 20% from the ground truth values, and the

limit of the box constraint was up to ±25%. In contrast, the average error of our model

remained well below 16.2% for all scenarios (see Fig. 4.12a). These results demonstrate

that even under pathologically noisy conditions, the algorithm still refines the initial es-

timates.

Second, throughout all noise conditions, the mobility ratio maintained a relatively

low error. Slight variations in this parameter induce large changes in the signal produc-

tion, and therefore in the cost function value [284]. Therefore, this high sensitivity en-
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ables the correct characterization of the charge mobility.

However, our approach is not without limitations. On the one hand, we recognize

that our approach involves the so-called “inverse crime”, since we employ the same simu-

lator for the generation of input data (with or without noise) and to solve the optimization

problem. Future studies should validate the model using real-world experimental data.

On the other hand, it must be noted that, while our detector simulator [284] is efficient, it

operates under simplified assumptions. As mentioned, it considers a uniformly directed

external E-field from the anodes to the cathode (resulting in one-dimensional charge tra-

jectories, in the z− direction) and also neglects the charge cloud expansion in the 3D

space due to the second-order effects of charge diffusion and Coulomb repulsion.

4.2.6 Conclusions

This study introduces a reverse engineering model to infer spatially varying material

properties and defects in CdZnTe detectors using charge concentrations and signals. Our

developed software shows a relatively high accuracy (with anaverage error of 0.43%)when

using noise-free input data. However, the error increased to 4.89% when processing data

inputs affected by the additive Gaussian noise, with a standard deviation of 0.1% of the

signal peak. Despite the performance degradation with higher noise levels, the derived

parameters still provide a refined understanding compared to the initial assumptions.

Furthermore, ourmodel accurately predicted themobility ratio even under conditions of

very high noise levels. Finally, it is important to highlight that the parameters related to

the lifetimes of recombination, trapping, and detrapping are highly susceptible to noise

disturbances in the input data.
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4.3 Event reconstruction and detector characterization

4.3.1 Slime Mold Algorithm for detector characterization

Semiconductor detectors for high-energy detection (X−rays and γ−rays) are generally

categorized as either energy-integrating detectors (EIDs) or photon-counting detectors

(PCDs). EIDs accumulate the total energy deposited by incoming photons to produce a

single-channel output, whereas PCDs register individual photon interactions, enabling

energy discrimination and multi-channel image formation. This energy-resolved capa-

bility is particularly beneficial when photon fluxes are low enough to allow distinct pulse

identification [336].

These semiconductor detectors have a wide range of applications, including high-

energy astrophysics, particle physics, homeland security, and nuclear medical imaging.

The latter includes modalities such as radiography, computed tomography (CT), single-

photonemission computed tomography (SPECT), andpositronemission tomography (PET).

While EIDs are commonly used in traditional CT, PCDs are essential in SPECT and PET,

where the low photon count and broad energy spectrum of gamma emissions allow en-

hanced tissue contrast and tumor localization. Among PCD technologies, cadmium zinc

telluride (CdZnTe) stands out for its spectroscopic performance [337]. CdZnTe detectors

also offer a high stopping power and can also operate at room temperature, eliminating

theneed for cryogenic cooling systems required byhigh-resolution germanium-based de-

tectors. This makes CdZnTe an attractive material for scalable and cost-effective detector

systems.

However, a major challenge with CdZnTe detectors is the inherent non-uniformity

of their crystalline structure, especially in thick detector configurations [10]. Spatial vari-
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ations in charge transport properties, along with localized defects, introduce complex

position-dependent responses that degrade performance. To address this, we develop a

method to recover material parameters and defect characteristics from the observed de-

tector signals, effectively mitigating these intrinsic imperfections.

The forward model simulates time-dependent electrode signals in response to a

gamma-ray interaction, defined by the 3D injection position (x0, y0, z0), deposited energy

Ed, and a set of eight key material parameters, collectively denoted as θ. For the test sce-

nario presented in this study, we simulate an interaction at the center of the detector unit,

with an injection position at (0, 0, 0.5) cm in a cubic detector of 1 cm3, and a deposited en-

ergy of 140 keV. The material properties used are as follows: electron mobility µe = 1000

cm2/Vs and hole mobility µh = 100 cm2/Vs; recombination lifetimes τeR = 10 µs and

τhR = 1 µs; trapping times τeT = 10 µs and τhT = 0.07 µs; and detrapping times τeD = 0.4 µs

and τhD = 0.08 µs. These values represent usual operating conditions for a CdZnTe detec-

tor and serve as the baseline for inversion and optimization [284].

The charge transport is modeled using a probabilistic particle-based scheme in-

spired by the approach of Benoit and Hamel (2009) [310]. A representative number of

elements for electrons and holes are propagated under the influence of the internal elec-

tric field, while second-order effects, diffusion and Coulomb repulsion, are incorporated

through a time-evolving Gaussian approximation. The diffusion coefficient is given by

the Einstein–Smoluchowski relation, D = µkBT/q, where kB is Boltzmann constant and

q the elementary charge. The initial charge cloud formed by a gamma-ray interaction

is assumed to follow a 3D Gaussian distribution with standard deviation σ0 = AE (1 −

B/(1 + C Ed)), where Ed is the deposited energy in keV, and A = 0.95µm/keV, B = 0.98,

and C = 0.003 keV−1. For an energy deposition of 140 keV, the initial spread is approxi-
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mately σ0 ≈ 41µm. The evolution of this spread is then tracked over time by evaluating

σ(t) at time steps of ∆t = 10 ns, accounting for the combined broadening due to diffu-

sion and charge repulsion [8]. Carrier fluctuation loss mechanisms throughout the path

(recombination, trapping, and detrapping) aremodeled using exponential decay laws de-

rived from the Shockley–Read–Hall theory. Finally, the time-dependent current induced

at each detector electrode is computed using the Shockley–Ramo theorem [281].

Themodel outputs the time-dependent induced currents at ten electrodes: the cen-

tral pixel anode, eight neighboring anodes, and the common cathode. Given a set of

observed signals, the inverse problem consists of identifying the unknown parameters

(z0, Ed, θ) that best reproduce these signals via the forward model. While (x0, y0) are as-

sumed to be known from careful experimental calibration, (z0, Ed) and the eight parame-

ters in θ are estimated within a bounded uncertainty of±20% from estimated values pro-

vided by the manufacturer. We formulate this inverse problem as a minimization of the

root mean square error (RMSE) between the measured and simulated signals. To tackle

this complicated non-linear, and non-convex optimization problem, we employ the Slime

Mold Algorithm, a recently discovered metaheuristic optimizer inspired by the behavior

of the Physarum polycephalum [338]. Compared to other traditional heuristic optimizers,

SMA has demonstrated superior global search capabilities in complex error over a large

wide range of problems [339].

Our numerical experiments, based on simulated data, show promising results: The

depth of interaction (z0) is recovered with an accuracy better than 2 µm, and the energy

Ed is reconstructed with an error of just 0.71%. Among all parameters, electron mobility

µe exhibits the strongest influence on the signal shape and is recovered with high preci-

sion (0.24% error). Other parameters, while less sensitive, are also successfully estimated
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within acceptable ranges (average error of 7.2%), with a hole trapping time error of 4.7%,

hole mobility of 6.3%, and electron trapping of 13.2%. These results demonstrate that

a small subset of parameters dominate signal formation, allowing accurate calibration

even when less critical parameters are recovered with lower precision.

In conclusion, we present a robust strategy to infer averagematerial properties and

defect parameters in CdZnTe detectors using a biologically-inspired global optimization

framework. Our results, although based on simulated data, validate the feasibility of

signal-based detector characterization and open the door for future work with experi-

mental measurements. This framework has the potential to enhance detector calibration

and compensate for intrinsic crystal defects, ultimately improving the performance of

room-temperature semiconductor detectors.

4.3.2 Convolutional neural networks for event reconstruction

Room-temperature semiconductor detectors (RTSD) arewidelyused forX-ray andgamma-

ray detection inmedical imaging and nuclear instrumentation due to their ability to oper-

ate without cooling systems while maintaining their spectroscopic capabilities. Among

these, CdTe and CdZnTe detectors are of particular relevance owing to their low intrin-

sic noise and high atomic numbers, which provide efficient photon stopping power and

good energy resolution at room temperature [290]. However, thick CdZnTe crystals are

often affected by material defects that introduce charge trapping centers, degrading en-

ergy and position resolution [289], [340]. A typical detector configuration involve a planar

cathode on the top surface and amatrix of anode on the bottom (such as 11×11), forming

a sub-pixelated configuration (Fig. 4.13a). For signal interpretation, analysis is usually re-

stricted to a local 3 × 3 subset of anodes centered around the interaction site, as signals

from more distant electrodes are negligible. In this study, we consider a 1 × 1 × 1 cm3
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CdZnTe crystal to investigate charge transport and signal formation.

Figure 4.13: (a) Pixelated CdZnTe unit representation. (b) Signal at different electrodes with noise.
(c) DL Architecture. (d) Normalized log amplitude of the signals. (e) Training history cost.

When a high-energy photon interacts within the crystal (usually through the pho-
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toelectric absorption and Compton scattering), it generates a cloud with thousands of

electron-hole pairs. These carriers drift under an applied electric field (−1000 V at the

cathode with grounded anodes in our simulations), inducing current signals at the elec-

trodes. According to the Shockley-Ramo theorem, the induced current depends on the

carrier position and the specific weighting potential of each electrode [294]. This di-

mensionless potential quantifies the contribution of carrier motion at each point in the

detector to the signal on each electrode. Fig. 4.13b shows the signals at different elec-

trodes (signal 0 is for cathode and 1-9 for anodes from north-west to south-east). The

sub-pixelated configuration enhances the small pixel effect [290], in which the weight-

ing potential becomes sharply peaked near the collecting anode. As a result, the signal

is dominated by the final portion of the electron trajectory, making it largely insensitive

to slower hole related components and reducing the impact of hole trapping. This ef-

fect is particularly beneficial given the significantly higher electron mobility in CdZnTe

(µe ≈ 1000 cm2/Vs ≈ 10µh) and longer lifetime compared to holes.

Accurate reconstructionof the 3D interactionposition anddeposited energy (x, y, z, Ed)

remains a intricate tasknowadays, especiallywhenaccounting formaterial inhomogeneities,

charge trapping-detrapping, and recombination. In previous work, our group developed

a convolutional neural network (CNN) that infers these quantities from the temporal sig-

nals of the ten anodes surrounding the interaction [341]. Here, we extend this framework

to incorporate more realistic charge transport physics and noisy signal conditions. In

particular, we now introduce a probabilistic forward model in which the carrier cloud

evolves as a 3D Gaussian distribution under the combined effects of electrostatic repul-

sion and diffusion, as detailed in [8]. This model accounts for dynamic cloud expansion

in time and incorporates carrier loss mechanisms such as trapping, detrapping, and re-

combination, modeled through the exponential decay processes (parameterized by their
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specific lifetimes). Additionally, to better characterize the noise structure, the input to the

network includes not only the raw temporal signals but also the normalized logarithmic

amplitude of their Fourier transforms. To capture both local and temporal signal features,

we augment the CNN with a recurrent architecture based on Long Short-Term Memory

(LSTM) units, enabling the network to exploit temporal dependencies without suffering

fromvanishing gradient issues. This hybrid CNN-RNN structure (Fig. 4.13c) combines the

strengths of spatial and sequential learning and has shown strong performance in related

image processing applications [342].

The network was trained on 5000 simulated events with random interaction loca-

tions and energies between 80 and 160 keV. Signal were consideredwith additive Gaussian

white noise at levels up to 0.1% of the maximum amplitude (see Fig. 4.13b). The dataset

was split 85/15/15% for training, validation, and testing, respectively. Training was per-

formed on a T4 GPU using the ADAM optimizer with a learning rate of 10−3 and momen-

tumparameters β = (0.9, 0.999) in a PyTorch framework, during 10000 epochs (Fig. 4.13e).

The model achieved a mean absolute position error of 225 µm and an energy resolution

error of 2.42%.

In summary,wepresent a significant enhancement to event reconstruction inCdZnTe

detectors by integrating thephysically informed3Dcharge cloudexpansion, the frequency-

domain signal representation, and the newly proposed hybrid CNN-RNN deep learning

architecture. The resulting system achieves sub-millimeter spatial resolution and accu-

rate energy estimation under realistic noise and defect conditions, advancing the capa-

bilities of RTSDs for precise imaging and spectroscopy.
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Appendix A

Supplementary Material for Single-shot
Interferometric Camera
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Figure A.1: Setup diagram for the novel camera based on the synthetic wavelength concept. (a)
The 3D object is illuminated with an object beam that contains light waves at wavelengths λ1 and
λ2. The field reflected in the object will pass through an imaging system and reach the camera
sensor chip. In addition, two reference beams directly illuminate the sensor. (b) The frontal view
of the optical system: Looking at the objective from the sensor location. The horizontal reference
uses wavelength λ1 and vertical reference λ2. We control the angle at which the reference beams
reach the sensor by modifying the distances dhor and dvert.

A.1 Retrieving the optical fields

In this supplementary section, we will describe in detail how to retrieve the optical fields

E(λ1) and E(λ2) from a single captured image I(x, y). In the Supp. Sec. A.1.1, we will
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provide some mathematical background, defining the object and reference beams that

arrive at the sensor. Then, Supp. Sec. A.1.2 will explain the Fourier-based demodulation

algorithm that recovers the optical fields from the single-shot image.

A.1.1 Mathematical background

Asmentioned in section 3.1 of the main manuscript, our setup has two reference sources

that point directly towards the sensor array. One reference beam at λ1 encloses an angle

θ1 with the horizontal x-axis, while the other reference beam at λ2 encloses an angle θ2

with the vertical y-axis of the detector. In addition, there is an object source that emits

light beams at λ1 and λ2 to illuminate the object uniformly. The schematic of our setup

is shown in Fig. A.1, and our full setup including diagram of the illumination engine is

shown in Fig. A.2.

The light fields that scatter off the object and arrive at the sensor plane (at z = z0)

are represented asE(λ1) ≡ E1(x, y, t) andE(λ2) ≡ E2(x, y, t). Wewill employ the notation

on the right-hand side of these equations to explicitly show that the optical fields are time

and space dependent.

Object fields and reference fields:

The referencebeamspropagate as sphericalwaves from their point sources (the end

of the optical fibers) toward the sensor chip. The distance from the reference sources to

the sensor location is relatively long (about 38 cm) compared to the sensor size (less than 1

cm). Therefore, one can reasonably assume that the reference beam wavefront is almost

planarwhen arrives at the sensor location. Wehavemodeled these beams as planarwaves

hitting the sensor (at z = z0) with an offset angle, as shown in the Fig. A.1. The reference
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electric fields are then described as

Eref
1 (x, y, t) =

1

2
|Eref

1 |ei(ω1t−k1·r+σ1) + cc,

Eref
2 (x, y, t) =

1

2
|Eref

2 |ei(ω2t−k2·r+σ2) + cc.
(A.1)

Here cc denotes the complex conjugate, which ensures that the reference fields are

“real” in nature. This common complex notation [185] is employed to ease future calcula-

tions. The fieldEref
1 (x, y, t) denotes the horizontal reference field at λ1 and has the approx-

imately constant amplitude |Eref
1 | at the sensor location. Moreover, ω1 = 2π c/λ1 is the an-

gular frequency (c being the speed of light), and k1 = (kx
1 , k

y
1 , k

z
1) is the so-called “propaga-

tion vector” that indicates the three-dimensional propagationdirectionof theplanarwave

[69]. The constant shift σ1 denotes the initial phase. It is known that |k1| = k1 = 2π/λ1

and k1 · r = (kx
1 , k

y
1 , k

z
1) · (x, y, z = z0) is the usual dot product. To simplify the formulas

in this study, we assume that both the object and reference beams arriving at the sensor

have nearly aligned linear polarizations. This assumption enables us to adopt a simplified

scalar wave approach.

The angle between the reference beams and the optical axis (as shown in Fig. A.1)

can be represented as θ1 and θ2. Using these angles, the propagation vectors can be ex-

pressed as k1 = (k1 sin(θ1), 0, k1 cos(θ1)) and k2 = (0, k2 sin(θ2), k2 cos(θ2)). The reference

beams from Eq. A.1 can then be rewritten as:

Eref
1 (x, y, t) =

1

2
|Eref

1 |ei(ω1t−k1x sin θ1−k1z0 cos θ1+σ1) + cc

Eref
2 (x, y, t) =

1

2
|Eref

2 |ei(ω2t−k2y sin θ2−k2z0 sin θ2+σ2) + cc

(A.2)

It should be noted that (k1 cos(θ1)z0 + σ1) and
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(k2 cos(θ2)z0 + σ2) are constant shift phases that do not affect the phase difference at differ-

ent positions (x, y). Therefore, these terms can be included within their random initial

phases σ1 and σ2. Following a similar approach, we can express the two object beams at

λ1 and λ2 with the following general beam expressions:

E1(x, y, t) =
1

2
|E1(x, y)|ei(ω1t−ϕ1(x,y)) + cc

E2(x, y, t) =
1

2
|E2(x, y)|ei(ω2t−ϕ2(x,y)) + cc

(A.3)

The unknownphasemapswe aim to obtain are represented by the functions ϕ1(x, y)

and ϕ2(x, y). For optically rough surfaces, these phasemaps exhibit a fully developed

speckle pattern. ϕ1(x, y) and ϕ2(x, y) are rapidly-changing functions influenced by the

random microscopic depth variations in the object’s surface. The also unknown ampli-

tudes of these phasemaps are denoted by |E1(x, y)| and |E2(x, y)|.

Intensity at the sensor location:

The sensor encounters four incoming electric fields: two associated with the object

beam (E1 andE2), and two with the reference beams (Eref
1 andEref

2 ). The intensity field at

the sensor’s position can be represented as the time-averaged magnitude of the Poynting

vector resulting from the superposition of these four beams,

I(x, y) = ⟨|S|⟩T ∝ ⟨|Eref
1 + Eref

1 + E1 + E2|2⟩T (A.4)

Here, T refers to the sensor’s exposure time, ⟨·⟩T signifies time-averaging, and S is

the Poynting vector. During the free-space propagation, the norm of the Poynting vector
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Figure A.2: (a) Photograph of our particular setup. Two identical tunable lasers will emit light
in the NIR range at around 850 nm. We use optical fibers and beam splitters (BS) to direct the
beams flexibly. We employ a 4f-system to image the object into the sensor array. (b) Diagram of
the illumination engine.

becomes |S| = |Eall ×Ball| = |Eall|2/c, where Eall denotes the superposition of the fields.

As mentioned, if we assume assume that all beams reaching the sensor has roughly the

same polarization direction (for instance, when a polarizer is placed in front of the sen-

sor), then thewave superposition reduces to simple addition of the scalarwaves, as shown

in Eq. A.4. Absent the polarizer, wemust consider the object beams as unpolarized, given

their reflection from the object’s rough surface. At any given time, each electric field then

points in a random direction within the plane perpendicular to their propagation vec-

tor. These vectors can be decomposed into their component axes for superposition, and

only the components that align will superpose. Even though our analysis simplifies the

situation by considering aligned beams with linear polarization, a similar mathematical

treatment applies to this more complex scenario.
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When we calculate the squared norm from Eq. A.4, we find several interferences

terms coming from the superposition of the different waves at wavelengths λ1 and λ2.

However, some of these terms corresponds to time-dependent interference fringes that

oscillate too fast to be temporally resolvedwith a conventional sensor. During the integra-

tion over the sensor’s exposure time, rapidly oscillating fringes are averaged out. These

oscillating terms are encountered when superposing waves with slightly different wave-

lengths, such as in the pairings of (E1,E2), (Eref
1 ,Eref

2 ), (Eref
1 ,E2), and (E1,Eref

2 ). Further

details about these time-varying fringes and an exploration of the interferences between

the object beams, specifically the (E1,E2) case, are provided in Supp. section A.2.

On the other hand, the interference between waves of identical wavelengths, such

as the pairs (Eref
1 ,E1) and (Eref

2 ,E2), produces time-invariant fringes that the detector can

discern. Taking these factors into account, we can rewrite the intensity field from Eq. A.4

using Eqs. A.2-A.3 as follows:

I(x, y) = |Eref
1 |2 + |Eref

2 |2 + |E1(x, y)|2 + |E2(x, y)|2

+|Eref
1 ||E1(x, y)| cos(ϕ1(x, y)− k1x sin(θ1))

+|Eref
2 ||E2(x, y)| cos(ϕ2(x, y)− k2y sin(θ2))

(A.5)

To simplify Eq. A.5, we first establish the DC term as

a(x, y) = |Eref
1 |2 + |Eref

2 |2 + |E1(x, y)|2 + |E2(x, y)|2 (A.6)
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Then, the amplitudes of the static interference fringes will be denoted as follows:

b1(x, y) = |Eref
1 ||E1(x, y)|

b2(x, y) = |Eref
2 ||E2(x, y)|

(A.7)

Finally, we establish ki sin(θi) = 2πfi, where fi are the so-called spatial carrier fre-

quencies, for i ∈ {1, 2}. Subsequently, we reformulate Eq. A.5 using Eqs. A.6-A.7 and

finally obtain

I(x, y) = a(x, y) + b1(x, y) cos(ϕ1(x, y) + 2πf1x)

+b2(x, y) cos(ϕ2(x, y) + 2πf2y)

(A.8)

Eq. A.8 encompasses all information about the experimental image I(x, y) obtained

with our single-shot camera. The image I(x, y) displays a speckle pattern superimposed

with crossed interference fringes. The vertical fringes, with a spatial carrier frequency

f1 along the x-axis, result from the interference between the object beam E1(x, y) and

the horizontal reference beam (at λ1). Similarly, the horizontal fringes, with a carrier fre-

quency f2 along the y-axis, originate from the interference of the object beamE2(x, y) and

the vertical reference beam (at λ2). Fig. A.3 shows a real captured imagewith two zoom-in

sections. The first zoom-in window (Fig. A.3 b) showcases the speckle pattern generated

by the object beams, while the second zoom-in window (Fig. A.3 c) clearly exhibits the

cross-like static fringes due to the interference between the object and reference beams.

Our subsequent objective is to extract the phase values ϕ1(x, y) and ϕ2(x, y) that ap-

pear in Eq. A.8 using only the known real 2D numerical array I(x, y). The demodulation

algorithm for this purpose is detailed below, in Supp. section A.1.2.
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A.1.2 Demodulation algorithm

Takeda et al. [57] pioneered a method for retrieving a single phasemap using a Fourier-

based demodulation algorithm. This technique has since been applied in off-axis holog-

raphy, interferometry, and fringe projection profilometry [15], [17], [41], [61], [343], [344].

Drawing inspiration from these methods, we developed an algorithm tailored for com-

puter vision applications, extending the capability to retrieve two phasemaps. Following

the argument from [57], we define the following variables:

c1(x, y) = 1/2 · b1(x, y)eiϕ1(x,y)

c2(x, y) = 1/2 · b2(x, y)eiϕ2(x,y)

(A.9)

Then, we rewrite the image intensity formula from Eq. A.8 using the definition of

the complex cosine:

I(x, y) = a(x, y) + c1(x, y)e
i(2πf1x) + c∗1(x, y)e

−i(2πf1x)

+c2(x, y)e
i(2πf2y) + c∗2(x, y)e

−i(2πf2y)

(A.10)

Where ∗ denotes the complex conjugate. The 2D Fourier transform of the captured

image I(x, y) has then the following mathematical expression:

F [I](fx, fy) = A(fx, fy) + C1(fx − f1, fy)

+C∗
1(fx + f1, fy) + C2(fx, fy − f2) + C∗

2(fx, fy + f2)

(A.11)

The capital letters in Eq. A.11 represent the Fourier Transform of their respective

functions. By leveraging the linearity and shifting properties of the Fourier Transform
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Figure A.3: (a) Image captured with our camera sensor. The spatial FoV of the camera is around
66mm × 66mm and the pixel resolution of the captured images is 1448×1448 pixels. We have
cropped a window in the image at the central location pixels so that one can clearly see (b) the
speckles (red window) and (c) the crossed vertical and horizontal fringes (blue window). The dis-
tance between fringes is about 3 pixels, near the sampling limit.

[345], we are able to derive Eq. A.11 from Eq. A.10. It should be noted that each of the

functions (A,C1,C∗
1 ,C2,C∗

2 ) corresponds to a specific circular spectral region, as depicted

in Fig. A.4a. As detailed in section 4 of the main manuscript, we have meticulously ad-

justed the aperture sizewithin the experimental setup to ensure no overlap between these

regions. Consequently, we can effectively isolate each region in the Fourier Transform

F [I] of our experimental data for further analysis.

In linewith themethodology detailed in section 2.2 of themainmanuscript, we pro-

ceed to isolate the right-side spectral region that corresponds to the term C1(fx − f1, fy).

Initially, we estimate f1, the spatial carrier frequency, as the center of the right-side spec-

tral region. Subsequently, by shifting the spectrumusing the estimated carrier frequency,

we position f1 at the center of the Fourier Transform (refer to Fig. A.4b). Following this,

we apply a Hanning or Gaussian filter to effectively eliminate any unrelated signals (re-

fer to Fig. A.4c). This sequence of steps results in successful isolation of the horizontal

(right-hand side) spectral region, denoted as Fhor[I(x, y)] = C1(fx, fy). Applying the in-
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verse Fourier transform to this isolated region, we obtain:

F−1{Fhor[I(x, y)]} = c1(x, y) = 1/2 · b1(x, y)eiϕ1(x,y) (A.12)

Following the definition provided in Eq. A.7, we know that b1(x, y) = |Eref
1 ||E1(x, y)|.

This leads us to derive Eq. 3 of the main manuscript:

F−1{Fhor[I(x, y)]} ∝ |E1(x, y)|eiϕ1(x,y) = E1(x, y) (A.13)

In this manner, we effectively recover the speckle object field E1(x, y) ≡ E(λ1). Applying

a similar approach to isolate the vertical region C2(fx, fy − f2) yields E(λ2).

Figs. A.5 a-d present the absolute amplitudes and the phases of each optical field at

each optical wavelength. The speckle pattern is clearly visible in the amplitude images

(refer to Fig. A.5 a,c), while the randomized phases are shown in Fig. A.5 b,d.
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Figure A.4: (a) Fourier transform of the captured image I(x, y). (b) Shifting the Fourier spectrum
so that the carrier frequency f1 corresponding to the horizontal reference beam is displaced to
the center. (c) Applying a Gaussian filter to the shifted Fourier spectrum to uniformly remove any
signals outside the region.
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A.2 Synthetic Wavelength Interferometry

So far, we have recovered the object optical fields from Eq. A.3, finding their respec-

tive amplitude and phases. However, the optical phasemaps are randomized due to the

speckle noise and do not provide the depth information of the macroscopic object. To

extract the 3D shape of the object, we propose the following thought experiment: Consider

the two object beams now arriving at a “virtual” sensor capable of resolving the rapidly

oscillating optical waves. As the object beamsE1(x, y, t) andE2(x, y, t) have slightly differ-

ent wavelengths, their superposition Eobj(x, y) = E1(x, y, t) + E2(x, y, t) generates a beat

Figure A.5: (a) Amplitude and (b) phase of the object beam reflected by the object withwavelength
λ1. Similarly, (c) and (d) represent the amplitude and phase of the object beam reflected by the
object with wavelength λ2. Then, (e) and (f) show the calculated synthetic wave, Λ.
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wave, a phenomenon well-known in optical physics [69]. The time-dependent intensity

of this simulated beat at the ideal sensor can be determined as follows:

Ivirtualobj (x, y, t) ∝ |E1(x, y, t) + E2(x, y, t)|2 =

= |E1(x, y)|2 + |E1(x, y)|2 + E∆ω(x, y, t) + EΣω(x, y, t)

(A.14)

Considering that our virtual camera can capture the light energy at each particu-

lar instance, we no longer need to consider the time-average (as done in Eq. A.14). The

first two terms of the beat intensity equation correspond to a DC term, representing static

background illumination. The latter two terms relate to interferences and generate time-

dependent fringes. Specifically, EΣω(x, y, t) comprises the waves with high temporal fre-

quencies, corresponding to the beat’s carrier frequencies ω1 + ω2, 2ω1, and 2ω2. Con-

versely, E∆ω(x, y) denotes to the slowly oscillating envelope with beat frequency |ω1−ω2|

[69]. By substituting Eq. A.3 into Eq. A.14, we express the beat envelope explicitly as

follows:

E∆ω(x, y, t) = |E1(x, y)| · |E2(x, y)|·

exp
(
(ω1 − ω2)t+ ϕ1(x, y)− ϕ2(x, y)

)
+ cc

(A.15)

We can determine the beat wavelength of this envelope wave using the following re-

lationships:

Λ =
2πc

∆ω
=

2πc

|ω1 − ω2|
=

2πc

|2πc
λ1
− 2πc

λ2
|
=

λ1λ2

|λ1 − λ2|
(A.16)

So far, we have worked with our designed thought experiment. However, it should

be emphasized that, in the real single-shot experiment, the two object waves indeed su-

perpose and form these time-varying interference patterns. Unfortunately, conventional
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sensors cannot resolveE∆ω(x, y, t)orEΣω(x, y, t). To give some roughestimation, λ1 = 850

nm and λ2 = 850.02 nm lead to Σω ≫ ∆ω = 1.3 × 109 1/s, while conventional cameras

have a presumably exposure time of around 10−3 seconds. Therefore, when we integrate

Eq. A.14 over the exposure time of a real sensor, the average measurable intensity of the

time-varying fringes blurs out.

Please note that in the double-shotmethod (see section 3.2 of themainmanuscript),

we recover the optical fields E1(x, y, t) and E2(x, y, t) sequentially. In that scenario, the

object fields areproduced at different timeanddonot superpose in the actual experiment,

being the beat wave purely simulated. In either case, beat envelope is commonly denoted

as E(Λ) ≡ E∆ω(x, y, t) and called the synthetic wave. Since E(Λ) changes over time, we

should compute it at a fixed time (for example, at t = 0). We can then rewrite Eq. A.15 in

a compact form as

E(Λ) = |E(λ1)||E(λ2)| cos(ϕ(λ1)− ϕ(λ2)) (A.17)

Where ϕ(Λ) = ϕ(λ1)−ϕ(λ2) is referred to as the synthetic phasemap. For the previous

examplewith∆ω = 1.3×109Hz,wewould get a syntheticwavelengthΛ ≈ 3.6mm, though

we could tune our lasers for different λ1 and λ2 to getmultiple synthetic wavelengths. The

importance of our thought experiment and the computational construction of the synthetic

wave is that this synthetic wavelength is now larger than the object surface roughness,

and therefore:

While the optical waves are susceptible to microscopic optical path length differences gen-

erated by the rough object surface, the synthetic wavelength is larger and less sensitive, providing

us with a phasemap that is not “speckled,” i.e., not subject to random phase variations.

Please note that EΣω(x, y, t) instead do not carry valuable information about the
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macroscopic object surface variation, as the correspondingwavelengths are roughly simi-

lar to theopticalwavelengths, i.e., in thenanometer range: λ12 = λ1λ2/|λ1+λ2|,λ11 = λ1/2

and λ22 = λ2/2. We shall neglect these terms in the following for our virtual beat wave.

An intuitive idea of the above explanation is provided in section 2.1 of the main

manuscript. Fig. A.5f shows the synthetic phasemap, which encodes the depth informa-

tion of the object surface via Eq. 1 of themainmanuscript. Moreover, Fig. A.5e shows the

square-root amplitude |E(Λ)|1/2 of the synthetic wave. We plot the square-root amplitude

to preserve the physical units of the electric field (W/m) and to see the clear correlation

between |E(λ1)| and |E(λ2)| in Fig. A.5. If two speckle points are correlated in |E(λ1)| and

|E(λ2)|, then we will see a bright point in |E(Λ)|1/2 = |E(λ1) · E(λ2)|1/2. However, this

bright point will dim as the correlation between both fields is lost. In our experiments,

λ1 is only slightly different from λ2 (with less than 0.02 nm of difference). Therefore, we

observe a high spectral correlation between the speckles of |E(λ1)| and |E(λ1)|. For our

current experiments, we typically use Λ = 1, 3, 10, 15, 30, 45, 50 mm (which are clearly

larger than the surface roughness of our objects).

Observation: There exists an alternate way to derive the (synthetic) interference

term E(Λ) from Eq. A.17, which involves the wave mixing formula. This method is dis-

cussed in ref. [55] and aligns with Chapter 1 from [185]. In this context, E(λ1) and E(λ2)

denote complex waves. The synthetic wave can then be expressed by the following wave

mixing term:

E(Λ) = Real
{
E(λ1) · E(λ2)

∗} (A.18)

While we can employ both complementary theories to derive the synthetic beat

wave computationally, it is crucial to emphasize that the wave mixing process does not
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happen in the actual single-shot experiment. In real-world settings, wavemixingmay oc-

curwhen two (ormore) optical waves propagate throughnon-linear crystals, thereby gen-

erating another actual light wave at different frequencies, such as the second harmonic.

In the single-shot experiment,E(Λ) corresponds to the envelope of the beat wave between

E(λ1) and E(λ2), which oscillates too rapidly to be discerned by our sensors. In other

words, E(Λ) is not an actual electromagnetic wave with wavelength Λ, but rather repre-

sents the amplitude modulation of two interfering waves.

A.3 Limitations of the double-shot method
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FigureA.6: Limitations of the double-shotmethod: The top rowdisplays an analysis for a synthetic
wavelength Λ = 5mmwith translations d of (a) 0, (b) 0.01, (c) 0.04, and (d) 0.16 mm. Similarly, the
bottom row presents an analysis for Λ = 30mmwith translations of (e) 0, (f) 0.01, (g) 0.04, and (h)
0.16 mm.

In this section, we explain in detail why and how the double-shot method generally

fails to capture moving objects, motivating the need for our proposed single-shot cam-

era. In our explanations above, we assumed that the object remains static during the
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two sequential images taken with the double-shot method. As mentioned in the main

manuscript, the speckle patterns E(λ1) and E(λ2) would start to decorrelate if the object

moves between captures. The loss in correlation leads to a degeneration of the synthetic

phase map. Ultimately, a total decorrelation would lead to a meaningless synthetic field

ϕ(Λ) that no longer provides the 3D information of the object. As described in [26], [55],

the effect can be compared with the formation of “synthetic speckle”.

How fast the sequentially captured fields E(λ1) and E(λ2) decorrelate during ob-

ject motion depends the difference |λ1 − λ2| between both wavelengths (spectral decor-

relation), the surface roughness, and the resulting isoplanatic angle spanned with object

surface and sensor geometry and described by the angular memory effect [55], [346].

For typically measured objects and setup configurations shown in this paper, it is

important to estimate the “critical objectmovement speed”, i.e., the smallest objectmove-

ment speed when the double-shot method starts to fail. To estimate this speed, we have

conducted the following experiment:

The double-shot experiment described in section 3.B of themainmanuscript serves

as a basis for our new experiment. The experiment is conducted using a single tunable

laser, which first generates the illumination beam at wavelength λ1 and later at λ2. The

wavelength-switching process of the tunable laser leads to some inherent time delays, re-

sulting in a few seconds between two sequential captures. As we do not want to take the

laser tuning time into account for our consideration, we perform a “stop-and-go” mea-

surement of the object. In other words, we acquire E(λ1), and then move the object a

small specific distance dbefore acquiringE(λ2). Weuse ahigh-precision translation stage

to move the object to the exact positions. By this approach, we can approximate how a

measurement with continuous objectmotionwould look like where both fieldsE(λ1) and
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E(λ2) would be directly taken after each other (without having to wait for the laser).

Fig. A.6 presents the recovered synthetic phasemaps for various displacements (d =

0.0, 0.01, 0.04, and 0.16 mm) at two distinct wavelengths. The top and bottom rows corre-

spond to the reconstructions at Λ = 5 mm and Λ = 30 mm, respectively. One can clearly

observe the performance degradationwhen the displacement d increases. Compensating

for the undesired “fringing” effects observed in the phasemaps is a complicated challenge

that falls outside the scope of this project. For instance, it is important to clarify that a

mere shift of the captured optical fields (in order to account for object displacement) is

insufficient to avoid the artifacts. This is because the speckle pattern experiences further

shift and decorrelation in relation to the moving object frame. Specifically, this occurs as

the object is illuminated under different angles for each sequential shot.

We could optimistically suppose that it is somehow possible to eliminate this arti-

fact and retrieve the true 3D object information. Nevertheless, it can be seen that beyond

the limit d ≥ 0.16mm, either the correlation between the speckle patterns is lost, or the

fringe frequency becomes too high (resulting in undersampled fringes). Considering this

distance as the operational limit for our double-shot camera and assuming a standard

camera frame rate of 60 fps, the maximum speed of a moving object allowed by this sys-

temwould be less than 1 cm/s (or 0.4 inches/s). This severe constraint highlights the need

for the proposed single-shot method.

A.4 Non-Line-of-Sight experiment

Section 3.4 of the main manuscript shows a first single-shot Non-Light-of-Sight (NLoS)

experiment. To recap briefly, we used the object source (the end of an optical fiber that

simultaneously emits light at λ1 and λ2) as a self-illuminating single-point object. This
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object was hidden behind a 220 grit ground glass diffuser. Direct imaging of the object

with the camera was not possible due to the fairly strong scattering (see Fig. 7 of the

main manuscript). We focused the camera on the rough surface of the diffuser and cap-

tured a single-shot image I(x, y). Using our proposed method (section 2.2 of the main

manuscript), we recovered the synthetic field E(Λ = 1mm), which can be now inter-

preted as a “synthetic hologram” of the object. This is becauseE(Λ = 1mm) is not the field

distribution directly on the object surface but rather the propagated field (since the cam-

era was focused at the diffuser location and the object was placed further away). Similar

to [55], we can now use the Angular Spectrum Method [345] to backpropagate the field

into the hidden volume to obtain a reconstruction of the object.

As it was done in [55], we now want to determine the theoretical resolution of our

object reconstruction by calculating the diffraction limit of our system at the synthetic

wavelength. According to the Abbe diffraction limit (see [69] and [55]), the minimal lat-

erally resolvable distance in the hidden volume is given by δx = Λ
2NA . In our case, the

aperture is defined by the observable region on the diffuser (with a diameter of about

D = 66 mm). With the object standoff distance of z = 300 mm, the numerical aperture

calculates to NA = n sin(θ) ≈ tan(θ) = D/2
z
≈ 33mm/300mm = 0.11 and hence, the the-

oretical lateral resolution to δx = Λ
2NA ≈

1mm
2·0.11 ≈ 4.55mm. It can be seen in Fig. 7c of

the main manuscript that this theoretical calculation roughly matches the radius of the

reconstructed object (about δexpx ≈ 5mmradius), meaning that our shownNLoSmeasure-

ment reached diffraction-limited performance at the synthetic wavelength.
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Figure A.7: Double-shot acquisition mode. The measured object is a clay pot approximately 20
cm in height. The camera FoV was cropped to about 40 × 40mm2: (a) Image of the small object
with awindow (red) showing the FoV. (b)Wrapped phasemap ϕ(Λ = 3mm). (c) Acquired synthetic
phasemap ϕ(Λ = 20mm). (d) Phasemap ϕunwrap(Λ = 3mm), unwrappedwith ourmulti-frequency
unwrapping algorithm. (e) 3D model of the object calculated from ϕ(Λ = 20mm), and (f) from
unwrapped phasemap ϕunwrap(Λ = 3mm).

A.5 Analysis and further results

A.5.1 Results using the multifrequency unwrapping algorithm

In the section 2.2 and 2.3 of the main manuscript, we show the results of the double-shot

and single-shot methods using our multifrequency unwrapping algorithm (see Figs. 3-4

in the main manuscript). In this section, we show additional results to demonstrate the

versatility of our approach.

For the double-shot method, we imaged a small clay pot with fine 3D reliefs (see
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Fig. A.7c). Fig. A.7a displays an unwrapped synthetic phasemap of the object acquired

at a large synthetic wavelength of Λ = 20 mm. Fig. A.7b shows a wrapped synthetic

phasemap acquired at Λ = 3mm.

Using our multifrequency unwrapping algorithm, one can find the unwrapped syn-

thetic phasemap ϕunwrap(Λ = 3mm) using ϕ(Λ = 20mm) as the guidance phasemap.

Figs. A.7 e-f show the object’s 3D models, which are calculated from ϕ(Λ = 20mm) and

ϕunwrap(Λ = 3mm) using Eq. 1 of themainmanuscript. As can be seen, ourmethod is able

to impressively resolve the fine imprinted details of the clay pot in 3D.

In addition, we show similar results for the single-shotmethod to image a small bust

figure (see Fig. A.8c). In this case, the large wavelength is Λ = 50 mm, and the smaller

one, Λ = 5mm.

A.5.2 Learning-based single-shot unwrapping algorithm

Toexploit themain featureof ournovel camera,weneed tounwrap the synthetic phasemaps

from a single shot image. Conventional single-shot unwrapping algorithms (such as those

predefined in Matlab or Python) fail to unwrap our phasemaps due to their geometric

complexity and the relatively large noise level. For that reason, we have built a Deep-

Learning-based single-shot unwrapping algorithm. Compared to other state-of-the-art

phase unwrapping procedures [51], [52], our approach is specifically tailored to our data

structure.

As briefly discussed in the main manuscript, our approach defines a Convolutional

Neural Network (CNN) with an encoder-decoder structure [77], [260], [347]. Inspired by

thework fromPerera et al. [75], we also added aLong Short-TermMemory (LSTM)module

into our network. The LSTMmodules are commonly used in Recurrent Neural Networks
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Figure A.8: Single-shot acquisition mode. The measured object is a plaster bust of approxi-
mately 6 cm in height. (a) Image of the small object with a window (red) showing the FoV.
(b) Wrapped phasemap ϕ(Λ = 5mm). (c) Acquired synthetic phasemap ϕ(Λ = 50mm). (d)
Phasemap ϕunwrap(Λ = 5mm), unwrapped with our multi-frequency unwrapping algorithm. (e)
3D model of the object calculated from ϕ(Λ = 50mm), and (f) from the unwrapped phasemap
ϕunwrap(Λ = 5mm).

to solve the so-called “vanishing gradient” problem [78], [348]. Nevertheless, it is also

becoming a powerful tool in CNNs to learn the spatial relations between local features

[342], [349]. In phase unwrappingproblems, these spatial relations between local features

are essential to identify the phase jumps.

The LSTMmodule was added between the encoder and decoder networks: It takes

in the local features from the encoded image and provides their local spatial relations to

the decoder network. The structure of the network is shown in Fig. A.9. One can ob-

serve that each layer from the encoder is concatenated with a corresponding decoder

layer [347], [350]. This concatenation provides information to the decoder that was oth-
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erwise lost during downsampling (or encoding phase). The network predicts more accu-

rately if we combine the extracted features (from the encoder) with the original values

(given through the concatenation).
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Figure A.9: Architecture of the Deep Learning algorithm.

The training dataset employs both experimental and simulated data. For the exper-

imental part, we use wrapped synthetic phasemaps directly obtained from our camera.

To build the input-output pairs consisting of wrapped and unwrapped phasemaps, we use

our multifrequency unwrapping algorithm.

For the simulated data, wefirst created realistic 3Dmodels of commonobjects using

Mitsuba 3 [351]. Given the depth information D(x, y) = z fromMitsuba, one can quickly

generate unwrapped phasemaps ϕunwrap(x, y,Λ) for different synthetic wavelengths Λ us-

ing the Eq. 1 of the main manuscript. Eventually, phase wrapping is performed using the

modulus operation. To have more realistic simulated data, we have introduced a certain
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noise level. We have added Gaussian noise (µ = 0, σ = π/6) to each wrapped phasemap

pixel that randomly reduces or increases the pixel value.

We used 22 wrapped-unwrapped phasemap pairs retrieved from real experiments

at relatively small synthetic wavelengths (around 3-10 mm). We increased this experi-

mental dataset to 66 by including rigid transformations of the phasemaps (reflection, ro-

tation, and translations). In addition, we simulated 21 wrapped-unwrapped phasemap

pairs using the Mitsuba renderer Mitsuba. Implementing also rigid transformations of

the simulated phasemaps, different noise levels, and different synthetic wavelengths, we

increased the simulated dataset size up to 1512. The training dataset (with real and sim-

ulated data) had 1578 data. Fig. A.10 shows one of the simulated pairs of data from the

training dataset: A wrapped phasemap that serves as input and its associated nicely un-

wrapped phasemap corresponding to its output.

（b）（a）
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Figure A.10: Simulated data for the training of the Deep Learning unwrapping algorithm. We
employedMitsuba [351] to simulate realistic 3D objects. (a) Input: Wrapped noisy phasemap. (b)
Output: Unwrapped phasemap.

The loss function for our networkmeasures themean squared error (MSE) between

the ground truth unwrapped phasemap and the predicted phasemap. During the training
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process, the parameters of the CNN are optimized so that the model produces accurate

unwrapped output phasemaps out of the wrapped input phasemaps. Once the model is

trained, we test the model’s performance using the wrapped phasemaps of new objects.

We emphasize again that the unwrappingmodel has neither seen the test data phasemaps

beforenor any other measurements of the test objects (e.g., phasemaps at differentwave-

lengths, measurements of the same object taken from a different perspective, etc.).

To improve the network’s accuracy, we should also mention that we divided the

training according to different synthetic wavelengths (relatively small wavelengths be-

tween 3-10 mm, or rather large wavelengths around 30-45 mm). Besides the result pro-

vided in the main manuscript in Fig. 7, we provide in Fig. A.11 another result for the

measurement of a bust.

A.5.3 Smoothing parameters for shown images

For the sake of transparency and reproducibility, we provide below the smoothing pa-

rameters we have employed for our results (both in the main manuscript and the Supp.

Mat.).

• Fig. 3 (a) of the main manuscript. We first applied a 2D Gaussian filter on the com-

plex synthetic field E(Λ = 45mm) with σ = 4 and a kernel sizeK = 20× 20. Then,

we employed the median filter on the phasemap, with a kernel size K = 21 × 21

pixels. Finally, we used a strong Gaussian filter on the phasemap with σ = 30 and

K = 121× 121 pixels.

• Fig. 3 (d) of the main manuscript. We first applied a 2D Gaussian filter on the com-

plex synthetic field E(Λ = 10mm) with σ = 4 and K = 20 × 20 pixels. Then, we

employed the median filter on the phasemap with K = 41 × 41 pixels. Finally, we
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Figure A.11: Single-shot deep learning-based phase unwrapping method. (a) Wrapped phasemap
ϕ(Λ = 10mm). (b) Unwrapped phasemap predicted by the neural network approach. (c) Image
of the small object with a window (red) showing FoV. (d) 3D model of the object calculated from
unwrapped phasemap ϕunwrap(Λ = 10mm).

used the Gaussian filter on the unwrapped phasemap with σ = 9 and K = 37 × 37

pixels.

• Fig. 4 (a) of the main manuscript. We first applied a 2D Gaussian filter on the com-

plex synthetic field E(Λ = 50mm) with σ = 4 and K = 20 × 20 pixels. Then, we

employed the median filter on the phasemap with K = 21 × 21 pixels. Finally, we

used the Gaussian filter on the phasemap with σ = 40 andK = 161× 161 pixels.

• Fig. 4 (d) of the main manuscript. We first applied a 2D Gaussian filter on the com-

plex synthetic field E(Λ = 10mm) with σ = 10 and K = 10 × 10 pixels. Then, we

employed the median filter on the phasemap with K = 41 × 41 pixels. Finally, we

used the Gaussian filter on the unwrapped phasemap with σ = 9 and K = 37 × 37
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pixels.

• Fig. 5 (b) and (d) of the main manuscript. We first applied a 2D Gaussian filter on

the complex synthetic field E(Λ = 30mm) with σ = 10 and K = 60 × 60 pixels.

Then, we employed the median filter on the phasemap withK = 21× 21 pixels. We

additionally applied a bilateral filter using the predefinedMatlab function imbilatfilt

using 1 degree of smoothing a σ = 20. Finally, we used the Gaussian filter on the

phasemap with σ = 20 andK = 81× 81 pixels.

• Fig. A.7 (a). We first applied a 2D Gaussian filter on the complex synthetic field

E(Λ = 20mm) with σ = 4 and K = 20 × 20 pixels. Then, we employed the median

filter on the phasemap withK = 21× 21 pixels. Finally, we used the Gaussian filter

on the phasemap with σ = 20 andK = 81× 81 pixels.

• Fig. A.7 (d). We first applied a 2D Gaussian filter on the complex synthetic field

E(Λ = 3mm) with σ = 4 and K = 20 × 20 pixels. Then, we employed the median

filter on the phasemap withK = 41× 41 pixels. Finally, we used the Gaussian filter

on the unwrapped phasemap with σ = 9 andK = 37× 37 pixels.

• Supplementary Fig. A.8 (a). We first applied a 2D Gaussian filter on the complex

synthetic fieldE(Λ = 50mm)with σ = 4 andK = 20×20 pixels. Then, we employed

the median filter on the phasemap with K = 21 × 21 pixels. Finally, we used the

Gaussian filter on the phasemap with σ = 40 andK = 161× 161 pixels.

• Supplementary Fig. A.8 (d). We first applied a 2D Gaussian filter on the complex

synthetic field E(Λ = 5mm)with σ = 2 andK = 10× 10 pixels. Then, we employed

the median filter on the phasemap with K = 41 × 41 pixels. Finally, we used the

Gaussian filter on the unwrapped phasemap with σ = 9 andK = 37× 37 pixels.
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• Figure 6b of the paper and Fig. A.11b. We first applied a 2D Gaussian filter on the

complex synthetic field E(Λ = 10mm)with σ = 7 andK = 40× 40 pixels. Then, we

employed the median filter on the unwrapped phasemap with K = 21 × 21 pixels.

Finally, we used the Gaussian filter on the unwrapped phasemap with σ = 10 and

K = 41× 41 pixels.
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Appendix B

Supplementary Material for Thin Solid Films
Spectroscopy

B.1 Swanepoel transmission and reflection coefficients

Following the notation from Swanepoel [164], we define the following coefficients for Sec-

tion 3.1.4 (see next page):
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rij = rij + ir′ij
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(n2

i − n2
j ) + (κ2
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j )
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B.2 Substrate absorption model for simulations

In Section 3.1.4, we explain the light propagation through our sample of interest: a thin

film deposited over a substrate. It should be noted that in real samples, the absorption of

the glass substrate varies with wavelength. For instance, the common Borofloat33 (a type

of borosilicate substrate) exhibits significant absorption in the UV range (below 350 nm)

and the NIR range (above 2100 nm) but is nearly transparent in the middle of the visible

spectrum. Despite this quasi-transparency, subtle variations in transmission and reflec-

tion still occur. Researchers often limit their analysis to regions of evident transparency,

though completely eliminating absorption effects is not feasible in practice (e.g., see the

slight variations in substrate absorption lines in Fig. 3 of [183]). In our study, we use a

simulated substrate with a constant weak absorption across the spectrum to provide a

generalized analysis of errors in transmission and reflection formulas. This approach

ensures that our findings are applicable to any type of substrate, as real substrates have

diverse absorption curves.

B.3 High frequency noise in spectrophotometric measures

In Section 3.1.5, we analyze the exact formula for uniform films. There, we argue that

the superposition of infinite waves with a phase delay range exceeding 2π will effectively

average out. Note that the phase delay change ∆δ2 depends not only on the bandwidth

but also on the central wavelength. As the central wavelength increases, the change in

the phase delay decreases, making interference effects from the substrate more likely

to appear in the sample’s transmittance and reflectance. This can result in subtle noise

at longer wavelengths. Most modern spectrophotometers [103] can mitigate this high-

frequency noise, as well as photometric noise, using smoothing techniques, such as the
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Savitzky-Golay filter.
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Appendix C

Supplementary Material for Gamma-ray radiation
detector

C.1 Solving diffusion-repulsion equation numerically

To solve the partial differential equation from Eq. 4.6 for the total chargeQ(R, t), we em-

ploy a classical approach, using the Implicit FiniteDifferenceMethod (IFDM) to discretize

the equation and then solving the resulting non-linear system with the Newton-Raphson

method.

The equation is discretized in both space and time. We use a uniform grid in the

radial coordinateR ∈ (0, 400]µm,where the radial domain is divided intoN = 400points.

The time range t ∈ (0, 1] µs is discretized in T = 200 time steps.

The first and second spatial derivative is approximated using first-order central fi-

nite differences for the interior points andone-sideddifferences at theboundaries. There-
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fore, at the inner points, we would have:

∂RRQ ≈
Qi+1 − 2Qi +Qi−1

∆R2
(C.1a)

∂RQ ≈
Qi+1 −Qi−1

2∆R
(C.1b)

Considering these spatial derivatives, we discretize Eq. 4.6 using an implicit scheme

as:
Qt+1
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i

4πϵR2
i
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The non-linear system of equations defined in for different time and spatial steps is

then solved using the Newton-Raphson method. Considering the update of the new time

step t+ 1, we define the function F for different spatial steps i as:

F [i] = −Qt+1
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The Jacobianmatrix is zero everywhere except near the diagonal, specifically at the

space steps i+ 1, i, and i− 1, where it is defined as:
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We can then update the total charge at the next time step t+1 for every spatial step

by iterating the Newton-Raphson algorithm during k rounds:

[Qt+1]k+1 ← [Qt+1]k − (J−1F )
(
[Qt+1]k

)
(C.5)

We repeat the iterations until the update during two consecutive iterations k and

k + 1 is below the tolerance threshold 10−9.

C.2 Generalization of the diffusion-repulsion algorithm

We present here the parameter found with our correlation study from Section 4.1.5.4 to

generalize our diffusion-repulsion algorithm to semiconductor materials with different

properties under diverse injection energies:

• a1 = −8.80× 10−6, b1 = 5.08× 10−7, c1 = 1.61

• d1 = −2.23× 1−−7, e1 = −2.45× 10−9, f1 = 10−4

• a2 = 9.75× 10−7, b2 = −2.45× 10−9, c2 = 0.95

• d2 = 1.47× 1−−8, e2 = −9.11× 10−10, f2 = 0

• a3 = 3.34, b3 = 6.19, c3 = 80.01, d3 = −0.17, e3 = 2.36
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