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Abstract

Past research on superconducting qubits shows that these devices exhibit considerable varia-
tion and thus cannot be realistically captured under a uniform, homogeneous noise model. Our
work aims to define the boundaries of acceptable defectiveness (BADs), the upper boundary of
defectiveness with respect to lattice-wide variation or outlier defects, beyond which the logical
computation becomes effectively unusable for a targeted application or process. We present a
simulation framework that enables rapid experimentation with the performance of rotated surface
codes under a parametrizable noise model. Using this tool, memory experiment circuits were gen-
erated and sampled for distances 3 to 17, with various individual defects and deviated Gaussian
noise distributions. The results suggest that there are boundaries of acceptable defectiveness in
which a defective qubit, with a physical error rate less than or equal to 0.75, can be left in the
lattice with negligible impact on logical error rate given sufficient code distances and proper place-
ment in the lattice. When modeling noise as a Gaussian distribution, the logical error rate shows
minimal impact as deviation increases. Our research shows how heterogeneity affects logical error
rates and, using our framework, supports defining quantitative design targets for hardware with

imperfect or non-uniform qubit qualities.
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CHAPTER 1

Introduction

Quantum error correction (QEC) enables fault-tolerant quantum computing by utilizing multiple
physical qubits to redundantly encode a single abstract logical qubit, thereby making the informa-
tion more resilient to errors such as decoherence or gate noise [8]]. A leading method for QEC is
the surface code (SC), a topological QEC code in which physical qubits are arranged in a 2D lattice
and operations are performed between neighboring qubits [[8]. The SC is favorable for near-term
QEC demonstrations because of its high noise tolerance, and defective qubits in the 2D lattice
can be managed by deforming the lattice around the defect at the cost of additional physical qubit
overhead [2, |28, |16]]. Existing SC research explores (1) how logical error rate (LER) is affected
by physical error rate and (2) how physical overheads are impacted by defects. However, anal-
ysis often considers physical qubit performance, specifically in regard to superconducting qubit
architectures, in a rigid, homogeneous manner wherein physical qubits are characterized as either
uniform in their error rates or completely unusable. As a result, critical insights into the impact
and upper bounds of the usability of qubits that range in their defectiveness are currently sparse. A
better understanding of how SC tolerates heterogeneous error landscapes is necessary to improve

the mapping of QEC to realistic quantum systems.

1.1 Contributions

The primary goal of this work is to better understand how the SC responds when the physical

error rate is not held constant across a lattice, such as with normally distributed noise or individual
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defects, and to provide a framework for analyzing performance in the presence of heterogeneity.
Using a QEC simulation framework that supports distributed error models and is based on Stim,
we investigate the impacts of defective outlier qubits and normally distributed noise on overall

LER across code distances ranging from 3 to 17. Our contributions are as follows:

1. For the first time, we define the concept of boundaries of acceptable defectiveness (BADs) as
a way to examine and quantify the performance and thresholds for imperfect noise models.
The community lacks quantitative guidance with respect to the question of “how defective
is too defective” for qubit error distance from the mean. Our research shows the utility of
treating the physical error rate as a distribution when selecting the best SC solution to achieve
an algorithm’s target logical error. Further, our simulation results show (1) the existence of
BADs in both homogeneous and heterogeneous noise models and (2) these BADs are not
static and differ greatly depending on the assumed noise model (i.e., the quality of qubits
within a lattice) and targets for LER. Real quantum hardware exhibits vast variation in noise,
and thus, in the pursuit of grounding our simulated models in reality, identifying the BADs
allows a more accurate understanding of how performance scales given any arbitrary noise

model.

2. We developed a novel circuit generator framework using Stim for rapid experimentation of
SC performance under any arbitrary and unique noise model. Our code, which will be open
source, creates quantum circuits with granular control over each qubit’s fidelity, enabling
comparisons across any configuration of noise models. It also provides a novel generation of
heterogeneous noise models based on deviations from a mean physical error rate. This tool
has a high potential to find utility in QEC resource estimation and design space exploration
based on superconducting qubits. This code and demo notebooks used to generate the figures

within this paper can be found here on GitHub.

3. We model the performance of the SC under heterogeneous noise models, providing addi-

tional insights into the relationship between logical performance on imperfect quantum de-


https://github.com/JacobSPalmer/quantum-ddq-toolkit

12

vices and increasingly deviant physical noise distributions.

1.2 Thesis Organization

This thesis is an extended version of a pre-print co-authored with Kaitlin Smith [23]]. The remain-
der of the thesis is structured as follows: Chapter 2 provides a brief background on classical and
quantum error correction as well as the surface code and a discussion of previous work. Chapter
3 delves into the circuit generation tool developed as part of this work. Chapter 4 formally intro-
duces the boundaries of acceptable defectiveness framework. Next, Chapter 5 contains the results
simulating four different types chosen noise models with further discussion on these results found
in Chapter 6. Finally, Chapters 7 and 8 conclude this thesis with propositions for future work and

conclusion to the paper.
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CHAPTER 2

Background

2.1 Classical Error Correction

To understand the necessity and unique complexity introduced in quantum error correction, it is
first helpful to review some basic principles of classical error correction. At its simplest, error
correction codes involve the utilization of multiple bits to encode single units of information [25].

All error correction codes share the same structure:
1. Source — The logical information that we want to encode

2. Encode — Encode the information over multiple bits redundantly using the instructions

determined by the specific error correction code, called “codewords”

3. Noise — Noise can be introduced during computation, causing erroneous, unintended changes

to the encoded information
4. Decode — Detect if any errors occurred and decode the information accordingly

A simple example of such a code is the three-bit repetition code, in which we encode O and 1 a

series of three bits, like such:

0 — 000

1 — 111
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These three-bit strings are called codewords, which are valid sequences of bits that encode our
original data with additional redundancy that can be then be used in error correction and detection
during data processing and storage. For instance, to encode 0, we copy the logical information into
three individual bits, creating {000}. Here, {000} and {111} are our codewords. For decoding, we
can use majority voting on the output to determine if an error occurred in our logical information.
On classical devices, a bit-flip error occurs when a bit erroneously changes from a 0 to 1 (or vice
versa). In this thesis, we will later refer to errors that occur to the individual bits that comprise our
encoded logical information as physical errors. In the three-bit code example, a bit-flip can occur
on any of the three bits that comprise our encoded data. If our data is initially encoded as {000},

then upon decoding we could determine the following about possible errors that occurred:

» {000} — 0: (No Physical Error or Logical Error) No errors occurred since our source

matches the logical source

» {100},{010},{001} — 0O: (I Physical Error; No Logical Error) A singular bit-flip error (1

— 0; 0 — 1) occurs, but we correctly decode this as 0 by majority vote.

« {011},{110},{101} — 1: (2 Physical Errors; Logical Error) Two bit-flip errors occur,

causing the logical information to be decoded incorrectly as 1.

e {111} — 1: (3 Physical Errors; Logical Error) All three bits are subject to a bit-flip error,

which results in the valid codeword for the opposite state from our logical source

This three-bit repetition code can handle at most 1 error, since any more than one bit-flip causes
the information to be decoded to the opposite state. When three bit-flips occur, the result is {111},
which is itself a valid codeword for 1. This is what is defined as a logical error, or when the errors
occur in such the information is decoded to an incorrect, but valid, logical state. The number of
errors required to transform one valid codeword into another valid codeword is called the code
distance. The code distance, d, can be determined by the minimum number of errors the code can

correct, t, as follows:
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d=2t+1
-]
2

Most often, codes are described by [[n, k, d]] using the number of bits in a codeword (n), the
number of logical bits we are encoding (k), and the distance of the code (d). In the case of the
three-bit repetition code, it would be described as [3, 1, 3] since we use 3 bits to encode a single
logical bit, and 3-bit flip errors result in the transformation of one valid codeword to another. What
should be made clear here is that the ability to accurately correct errors depends entirely on the
error correction code being employed and the specific environmental factors in which noise, and
therefore errors, are introduced. If we can guarantee that the probability for an error to occur, p,
is incredibly low (p <<< 0), then the likelihood of at least two bit-flips (p?) occurring, resulting
in a logical error, could be considered negligible. In this case then, perhaps the three-bit repetition
code with majority voting would suffice. However, for most practical cases, the three-bit code is
rarely sufficient enough for robust classical error correction and certainly not for correcting errors

in quantum computers. Yet still, the core concepts and descriptors introduced here are key in

understanding the backbone of QEC.

2.2 Classical Bits to Quantum Qubits

In transitioning from the realm of classical to quantum, it is first important to establish the dif-
ferences in the fundamental errors we are attempting to correct. As mentioned above, classical
computers operate on binary bits of 1’s and 0’s, and the only error that can occur is a logical
bit-flip in which a 0 becomes a 1 or vice versa. Moving into the quantum realm, we now work
with quantum bits, or qubits, as the unit of information with a quantum computer. Qubits are two-
level quantum systems, with a measurement in the computational basis yielding a 1 or 0, much

like a classical bit. However, prior to measurement, the qubit’s state can exist in an infinitesimal
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continuum, or superposition, of these two states. An individual qubit’s state, |¢/), is commonly

represented in terms of this computational basis of the states |0) and |1) as follows:

[¥) = al0) + B [1) 2.1

Where « and [ are complex numbers that represent the probability amplitudes of each of our
orthonormal computational basis states [25]. Per Born’s rule, the likelihood of measuring a qubit
in a specific state is proportional to the square of the probability amplitude of the associated state.
Given that the resulting value is representative of a probability of measuring a possible quantum

state, the sum of the squared amplitudes associated with each basis of a quantum state is equal to

1:

lal*+ 8> =1 (2.2)

What should be evident at this point is that we are no longer strictly working with deterministic
outcomes (e.g., the ON/OFF state of a transistor) but instead with probabilistic outcomes governed
by complex wave functions. For instance, starting with a one-qubit system initialized in the ground

state, [¢)) = |0), we can create a state in superposition by applying a Hadamard (H) operation:

o 1 |1 1

_E 1 -1

1 1
H®W>:ﬁ|0>+ﬁ|1>

Upon measuring |¢)), the states |0) and |1) will be measured with an equal probability of 50%
(since |af* = |B]> = | J5[* = 0.5). As with classical bits, a bit-flip error, or often referred to as an

X-error, can occur causing a |0) to become a |1), for instance.



17

Figure 2.1: The Bloch sphere is visualization of a two-level quantum system, such as a qubit, and is fre-
quently used in quantum information science to visualize how quantum operations, such as the Hadamard
operation, impact the qubit’s state, |1)).

However, what might not be evident is one additional source of added complexity when it
comes to correcting quantum errors, which is a phase-flip. Another way of representing the quan-
tum state, in which phase is given a more notable representation, is via the Bloch sphere , which

visualizes a quantum state as a point on the surface or within a three-dimensional unit sphere. The

general geometric formula for a quantum state can thus be written as:

|Y) = cos (g) 0) + € sin (g) 1) (2.3)

In this formula, the relative phase is determined by e®. As such, a phase-flip, or Z error,
changes the phase of the qubit. For instance, if we have a two-qubit system in the state |¢)) =
«|00) + B |11), a Z-error would result in a phase flip on the |11), which changes the sign change

+ to -, like such:
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Z® W)y =2 (a|00)+ F]11)) = «]00) — 5 ]11)

While the precise importance of relative phase in regards to quantum computing will be omitted
for brevity, it’s important to know that we now must consider both errors in relating to bit-flips and

phase-flips.

2.3 Quantum Error Correction

Quantum computers, by utilizing phenomena like superposition and entanglement, offer the pos-
sibility of solving problems previously thought to be intractable, such as prime factorization [26].
These same features that motivate the development of quantum computers also make quantum in-
formation incredibly difficult to preserve and precisely manipulate. As the development of classical
computers advanced, the optimization of transistor technology has resulted in incredible resilience
to errors at the lowest-level. However, to assume that simply developing better qubit technologies
alone will reduce the error rates to a level comparable to classical devices is far too hopeful. For
one, regardless of qubit modality (e.g., trapped ion, superconducting, neutral atom, etc.), physical
qubits and the operations performed on them are incredibly noisy, due in part to the level of preci-
sion needed to manipulate quantum environments with sufficient fidelity. As the number of qubits
and circuit depth increase, these errors compound and accumulate much more significantly than in
the classical realm. This difficulty in manipulating inherently sensitive information motivates the
development of quantum error correction (QEC) codes, which provide a means to protect quantum
information so that reliable, large-scale computation can be performed despite the imperfect, noisy
physical hardware.

Despite the high resilience of modern transistors, the regime of classical error correction serves
as the basis for its quantum dual. However, classical error correction relies heavily on copying in-
formation and intermediate checks of stored information, two concepts that are seemingly incom-

patible with two core principles in quantum mechanics - the “No Cloning Theorem” and quantum
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state collapse upon measurement. The “No Cloning Theorem” [22]] states that, given two quan-
tum states, there is no way to identically copy the information in one qubit onto a second qubit.
Secondly, while a qubit can exist in any infinitesimal superposition of |0) and |1), the process of
measuring that qubit results in a collapse to a discrete value, destroying the quantum state in the
process. These two concepts, that quantum information cannot be simply copied and that mea-
surement is destructive, are a vital component in understanding the why behind quantum error
correction.

The core tenet of QEC, like its classical counterpart, is to protect quantum information by
redundantly encoding logical information across many entangled physical qubits, resulting in a
robust abstract logical qubit. To clarify, the physical qubit is the hardware-level object that makes
up the qubit while the logical qubit is the abstract computational unit that we want to preserve. The
logical qubit is not stored in any one physical qubit, but instead is delocalized across a variable
number of physical qubits. As information is encoded across many entangled physical qubits, a
series of repeated measurements on specific measurement qubits can be performed in such a way

that detects if errors occurred in the logical qubit while preserving the overall quantum state.

2.4 The Surface Code

The surface code [8] (SC) is one of the most promising QEC codes for physical realization, espe-
cially with superconducting qubits, due to its implementation using a 2D nearest-neighbor qubit
layout, and its high tolerance to noise [8]. Recent demonstrations on superconducting circuits have
allowed logical qubits to be demonstrated and logical error rates (LER) to drop below threshold [/1]].
SCs can implement a universal set of gates, create logical entanglement with lattice surgery [18],
and generate magic resource states with magic state distillation [[19,|12]]. In this work, we focus on
the rotated SC (i.e., any further mention of SC is assumed to be this), requiring 2d* — 1 physical
qubits per logical qubit. Our goal is to study the SC’s ability to store logical qubit states over time
while being subject to various noise models.

An illustration of a d=5 SC patch can be seen on the left side of Fig. In this picture, d* data
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Figure 2.2: An example visualization of a d=>5 rotated surface code lattice (left) where data qubits are found
on the grid boundaries, and X (Z) measurement/stabilizer qubits are found within the red (blue) squares of
the grid. The sequence of operations (right) for a single Measure-X and Measure-Z surface code cycle are
also illustrated.

qubits are found on the edges of the grid while d? — 1 measurement qubits are found within the red
and blue squares representing Measure-X and Measure-Z stabilizers, respectively. The right side of
Fig.[2.2]shows the sequence of operations performed during the SC cycle that allows the data qubits
(bottom four lines) to interact with the measurement qubit (top line). Over many cycles, the history
of detection events gives insight into the errors happening during runtime. These syndromes are
then used by the decoding algorithm, minimum-weight perfect matching (MWPM) [6]] in our case,

to locate the error within the logical qubit so that it can be corrected. A logical error is introduced

into the SC when at least d/2 errors occur along a non-trivial path.

2.4.1 Homogeneous vs. Heterogeneous Assumptions of Noise on Surface Code Lattices

In general, if physical operations on the SC are performed below a sufficiently low critical noise
threshold then logical error rates are exponentially suppressed with increasing code distances [8].

This scaling can be expressed by the relation:
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d+1

£ ( P ) i (2.4)
DPihr

where € is LER, py,- is threshold for physical noise tolerance, and d is the distance of our code []1]].

Prior work has found p;p,,, = 0.0057 [8, |1]. In this general form relation, p represents the physical
error rate of all 2d*> — 1 physical qubits that encode our singular logical qubit in a given lattice.
Thus, this relation assumes uniform and homogeneous physical noise exhibited across the lattice.
However, results from real quantum devices have shown that superconducting quantum devices do
not exhibit uniform noise throughout the processor, but instead vary greatly in qubit fidelity [20,

30].

2.5 Previous Work

The heterogeneous nature of superconducting qubit physical qubit error has been well-documented [3,
21, 4]. Prior work has proposed novel architectures, such as those based on chiplets [27], to pro-
mote device scaling with more uniform metrics, but it is unlikely that quantum systems comprised
of imperfectly fabricated processors will ever demonstrate perfectly homogeneous noise. This
raises many challenges in terms of how to design QEC strategies that best meet the needs of algo-
rithms while managing realistic constraints of hardware.

Previous work with the SC has made progress in combating the reality of defective qubits
by leveraging “super stabilizers” and boundary deformations in the SC patch. These techniques
work by routing the stabilizer measurement circuits so that they avoid faulty components [[17, |5,
32]. Current deformation methodologies incur a tradeoff: deform the lattice around the defect,
thus removing the defect’s negative impact on the LER but incur additional resource overhead in
the process. This increase in overhead is typically due to a higher physical qubit requirement,
but some deformation techniques also incur increased complexity during compilation or runtime
through specialized steps to facilitate computation within the deformed lattice.

Most work in SC defect management assumes a rigid categorization of qubit quality in the
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sense that a qubit is either operating at the mean physical error rate or it is completely unusable and
should be dropped out of the logical qubit mapping. However, more lenient bounds of acceptable
defectiveness could exist, especially in the case where the distribution of physical qubit error rates
is characterized by a standard deviation. For example, the work in [20] reports that the current
variation in coherence time seen on existing superconducting qubits leads to hindered LER with
the SC. This presents the question of how defects should be defined, and which qubits with higher
error rates can be left in the lattice in its current state, given the QEC designer’s choice of code
distances. These sorts of estimates remain to be fully explored, with early efforts appearing in
Carroll et al. [3]], which examined how logical error rates for subsystem surface and compass
codes on a heavy-hex lattice depend on non-identical infidelity distributions and the presence of
outlier qubits with significantly higher physical error rates. Our work validates and extends this
type of analysis for rotated surface codes, and uses it as a foundation for developing the boundaries

of acceptable defectiveness in the presence of non-uniform qubit fidelity.
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CHAPTER 3

Simulation Framework

The tool developed as part of this research is, at its core, a quantum circuit generator with granular
per-qubit physical noise control on rotated SCs using Stim [[11]]. The circuits generated are memory
experiments, in which the goal is to identify how well a logical observable is preserved over time.
In essence, a memory experiment involves initializing a logical qubit in a known state, performing
repeated rounds of syndrome extraction, and measuring the logical observable [9]. If no logical
errors occur, the final measured logical observable at the end of the circuit will be the same as the
initial logical observable. Memory experiments are a reliable benchmark for stabilizer codes, like
the surface codes, in determining how logical computation is affected by characteristics like code
distance and how physical noise affects our logical computation. Stim is specifically designed for
rapid design and simulation of quantum stabilizer circuits, and the tool presented here uses Stim to
generate dynamic noise memory experiments [10]. While other popular quantum circuit simulators
exist [[14, 7] Stim was selected because (1) the ability to adaptively create entire stabilizer circuits
from string manipulation and (2) it offers very fast runtime allowing for sampling the logical error
count from millions of shots in minutes. For example, in our distributed heterogeneous noise
simulations in Section the simulations (Fig. and Fig. consist of nearly 4 * 107 total
shots over the eight distances sampled for each, with each point representing a generated circuit
with a unique noise distribution with 5 * 10* shots. Thus, it was important that the simulation tool
be reasonably fast in order to test a wide variety of different input parameters.

The circuits are generated with a variety of input parameters to facilitate testing variations
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in both individual qubit noise (e.g., specific defect location and defect physical error rates) and
overall lattice noise distributions (e.g., uniform or heterogeneous). Our code works in three parts
(1) generating the parameterized Stim string representation of the Z-memory experiment circuit,
(2) parsing the simulation data and performance results provided by Stim into usable DataFrames,
and (3) directly plotting simulation data into easy-to-understand plots that allow for immediate
comparison of performance across any number of code distances. Each of these circuits is built
using either a uniform (homogeneous) or normally distributed / defect-injected (heterogeneous)

noise distribution.

3.1 Building Circuits as Stim Strings

For a given distance d, the generators first assign each of the n = 2d? — 1 physical qubits a
coordinate pair (X, Y) within a grid representing the 2D lattice. The set of values for both the
x-coordinate and the y-coordinate starts at 0.5, increments by 0.5, and goes up to (d + 0.5).

In SCs, each qubit is either a measurement (stabilizer) qubit or a data qubit [8]. Within our
generators, data qubits are always located at integer coordinates (e.g., (3, 5)) and measurement
qubits are always located at non-integer coordinates .5 in x or y direction from the data qubits
(e.g., (.5,.5) or (1.5, 2.5)).

Because Stim strings represent the stabilizer circuits in a manner similar to quantum circuit
diagrams [22]], each of the n qubits is referred to by a wire index from 0 to n—1. Our generators map
coordinate pairs to the appropriate wire index within the Stim string, allowing for the generators to
accept coordinates as inputs for specific noise models and then appropriately translate between the
index and coordinate references for any given qubit. Additionally, the generators will map special
location keywords to coordinates on the lattice, as seen in Fig. [3.1] Since the distance directly
determines the grid space, these special keywords facilitate placing defects at the same relative

location in the lattice, simplifying cross-distance performance analysis.
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‘edge measure’

[ ] O

(1, 1) (5, 1)

‘center data’
()

‘center measure’
[ ] O

‘edge data’

(1,5 (5,5

Figure 3.1: For the simulations and selection of defect locations, the generators optionally allow for specific
qubit locations to be designated in order to maintain similarity across various code distances. The qubit lo-
cations are marked by the special case strings, ‘center data’, ‘center measure’, ‘edge data’, ‘edge measure’,
which are then converted to an (X, Y") pair by calculating their respective coordinate for any given distance,
d. For example, for a d=3 lattice, the center data qubit would be located at (2, 2) while the same location on
a d=5 lattice would be (3, 3). Instead of needing to specify the exact coordinate pair for each distance, the
‘center data’ string can be provided to the circuit generator.

3.2 Types of Distributions

3.2.1 Homogeneous Distributions

The homogeneous generator takes as input a physical error rate p that will be set as the standard
physical error rate for all qubits in the lattice. This represents the idealized uniform assumption of

noise across a lattice.
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3.2.2 Heterogeneous Distributions

As discussed earlier, a primary motivation for this research is to provide methods for exploring,
simulating, and analyzing noise models that more accurately resemble real superconducting de-
vices [20, [I]l. To achieve this, the heterogeneous generator creates a circuit that can be used to
model the performance of a non-perfect lattice with individual qubits’ physical error rate spanning
any arbitrary distribution of noise values, rather than a static p.

In this first iteration of our code, the heterogeneous generator defaults to a truncated Gaussian
distribution. For each qubit in a lattice, its physical error rate is randomly sampled from a truncated
normal distribution created based on two input parameters: a mean physical error rate, p, , and

either standard deviation, p,, , or a scalar, a,, which determines p, as such:

Po = Q%D (3.1

Heterogeneous PER Distribution
(d=5, py=0.01, p;=0.006)
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Figure 3.2: A heatmap and distribution representing a randomly distributed heterogeneous noise distribution
on a d=5 code. The distribution on the right is shown to demonstrate that, although the truncated normal
distribution results in slight differences, the samples still form a distribution around p, and p,. For our
experiments in Case 3 (Section [5.3) and Case 4 (Section [5.4), we utilize an o parameter and the actual
sampled distribution mean to ensure that any shifts from the input mean are reflected (i.e., when p, > p,
at sufficiently small p,, values). In this figure, with a p, = 0.006 and p,, = 0.01, the o parameter would be
a = 0.6, given that p, = o x p,,. Within all heatmaps shown, data qubits are denoted by + and measurement
qubits are denoted with X.

Each time a circuit is generated with a given input p, and p, , a distribution following these
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parameters will be randomly sampled from, creating unique distributions of heterogeneous noise
between circuit generations, as seen in Fig. for a d=5 code. This unique distribution for each
generated circuit is, in part, a modest reflection of how the noise exhibited by superconducting
qubits can greatly fluctuate during or between runtime, but introduces some variability in our
simulation’s performance results that leads to some trends being non-monotonic, something that is
discussed in Section[5land Section [7]later on.

It is important to note that noise distribution on current superconducting devices does not nec-
essarily follow a Gaussian model [29]. Thus, as a preliminary method for analyzing the impact of
increasingly distributed noise in a lattice, analyzing how the SC reacts under a Gaussian distribu-
tion is an ideal starting point, and our parameterized modeling allows for other distributions to be

explored in future work.

3.2.3 Defective Qubits

Both homogeneous and heterogeneous circuit generators accept a number of parameters, includ-
ing distance, rounds, maximum shots. More importantly, the generator methods allow individual
defect(s) to be arbitrarily created at any part in the lattice by providing a qubit’s coordinate (X, y)

pair within the lattice (as seen in Fig. [3.1)) and a physical error rate for each defect, pe; .

3.3 Operational Noise

For this initial foray into heterogeneous noise models, we adopt a simplified notion of noise.
Specifically, our memory experiments primarily use depolarizing-channel (D) noise, a standard
quantum noise model in which a qubit is depolarized with probability p [31]. Applying depolar-
izing channel to a qubit means that a qubit’s state is left unaltered with probability 1 — p, and an
equal probability of % that either a Pauli-X, Pauli-Z, or Pauli-Y will be applied. In most contexts, p
is treated as the overall physical noise level of a qubit, encompassing more than just depolarization
[8]. In our simplified model, however, noise enters only through Pauli-X (bit-flip) errors on state

preparation and measurement and depolarizing errors on C'X gate operations. In reality, quantum
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noise can be introduced by a wide variety of sources, such as interactions with the environment,
uncontrolled interactions with other qubits, imperfect operations, or leakage [24]]. Additionally,
noise can be introduced permanently on specific qubits as a result of manufacturing defects on the
superconducting devices [2]. Implementing a more complex noise space is an area that could be
greatly extended upon and is discussed further in our future work section.

In our generators, noise is introduced right before circuit elements (e.g., gates and measure-
ments) as a noise operator with a given probability of being applied, p. Each qubit is assigned an
individual error rate, p; , where i is the index of the qubit. p; determines the error rate for all opera-
tion involving this qubit. These operations include all multi-qubit operations (“DEPOLARIZE2”),
single-qubit operations (“DEPOLARIZE1”), and measurements (“X-ERROR”) on the qubit. The
p; 1is scaled based on single or two-qubit operations. Generally, multi-qubit operations are more
prone to errors than operations involving only a single qubit. Thus, it should be reflected that CX
operations involving the defective qubits would exhibit a higher error rate than their single-qubit
operations. Thus, for two-qubit depolarization noise associated with CX operations, the error rate
is set as a mean of the p; corresponding to the two qubits involved in the operation. Since two-
qubit operations are more prone to error than single-qubit operations [1, |20], two-qubit noise has

an additional scaling factor, s, on the ¢; + ¢; mean, in the form:

Pecx = (W) * 5 (3.2)
This scaling factor is set as s=1.2, representing a 20% increase over single qubit operations. For
single-qubit depolarization and Pauli-X, the value for each operation on a qubit g; is set directly
to its corresponding p; value. The process of error decoding is handled by the Stim package,
which utilizes the minimum weight perfect matching (MWPM) algorithm provided by PyMatching
[13] as the decoding algorithm. In MWPM, the most likely error chain is identified using the
syndrome detection events simulated by Stim to minimize the graph’s total edge weight. MWPM

is a popular polynomial-time algorithm for decoding SC errors due to the SC having a nearest-

neighbor connection which results in graph-like errors.
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CHAPTER 4

Boundaries of Acceptable Defectiveness

At this point, we once again return to the idea of the “Boundaries of acceptable defectiveness”,
or BADs. For each code distance, the boundary of acceptable defectiveness (BAD) defines the
maximum physical noise tolerance after which the LER surpasses the €;4,4; . Within the figures
for each of our case experiments, the BAD for each code distance is precisely at the intersection
point between the target £,4,4; and the distance’s performance curve. Once the physical noise level
has surpassed the BAD, we can consider the lattice to be effectively too noisy and the computation
unusable. Broadly speaking, the BAD can be viewed as a function of a processor’s distance, unique

noise characteristics, and the selected €4y get :

BAD(p) = f(distance, noise configuration, €ger)

Importantly, these boundaries of acceptable defectiveness for a given distance are not held con-
stant across different models of noise. Thus, using these boundaries provides a meaningful way to
quantitatively compare performance across various noise models. Using our tool, the boundaries
of acceptable defectiveness (BADs) are provided by determining the intersection point of the log-
ical performance curve and the targeted logical error rate. More formally, we can define [ as the
piecewise linear interpolant through the set of points for each sample, and let L be the horizontal
line representing the targeted logical error rate. Then, for a given sample, we define the BAD as

the solution of L(z) = I(x).
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CHAPTER 5

Case Studies and Analysis

To demonstrate the performance disparity between heterogeneous and homogeneous noise assump-
tions, we examined how LER scales across code distances 3-17 when assuming a homogeneous vs.
heterogeneous noise model. In each case, the logical error rate per round, €4,4¢¢ , 1S the metric used
to evaluate performance. Every circuit generated for these memory experiments contains 3 rounds
of syndrome extraction followed by a measurement in the Z-basis. A shot refers to one complete
run of the circuit. The logical error rate for each shot is considered as the average number of errors

that occur per round in the measurement circuit:

5.1

errors >

15 d = (
roun shots x rounds

To facilitate comparison and benchmarking across the four cases, we establish a target logical
error rate, €4rget, 0f 0.005. The €44rger t0 use as a baseline depends primarily on the fidelity
required to support a specific algorithm or application on a particular quantum device. With Shor’s
algorithm, for instance, past literature has estimated a £4,get € [107°,107] in order to reach
sufficient fidelity to achieve an acceptable chance of success [8]]. For our purposes, we assume
that a £44,4e¢ = 0.005 is considered to be sufficient fidelity for the generated memory experiments.
While a 44rge: = 0.005 is significantly higher than in practical use cases such as Shor’s algorithm,
it reflects a realistic logical error rate achievable with emerging hardware as we approach the
early fault-tolerant era [[1]. A primary benefit of our proposed BADs framework is that it enables

performance analysis to contextualize targeted applications within given hardware configurations
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and constraints. As such, these case studies serve as both an analysis reflecting current estimates
of superconducting hardware and an example of how the BADs framework can be applied to
benchmark performance for any given application.

Four primary cases were selected under increasingly complex models of noise: (1) a completely
uniform homogeneous lattice, (2) a uniform homogeneous lattice with a single defect in the center
data qubit, (3) a heterogeneous lattice, and (4) a heterogeneous lattice with a single defect in the
center data qubit. In Cases 2, 3, and 4, we vary a single case-specific parameter and measure
performance across code distances, allowing the impact of that parameter on performance scaling
with distance to become evident. For Cases 2 and 4, this parameter is the defective qubits physical
noise pqcr ; in Case 3, it is a deviation scalar « that determines how far the physical noise of all
qubits deviates from the mean. For each distance and each value of the case-specific parameter,
we generate 20 distinct physical error rates p (mean physical error rates, p,, in Cases 3 and 4)
logarithmically spaced between 1072 and 10~'. For each combination of d, p (p,), and case
parameter, one circuit is constructed and the performance is simulated over 50,000 shots. The
logical error rate plotted at each point is the average logical error rate per round over those 50,000
shots, so each curve shows how a single sampled processor with a fixed parameter behaves as the

overall noise level varies.
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5.1 Case Study 1: Homogeneous Noise

Case 1 covers the assumption of uniform noise in which all physical qubits within a lattice uni-
laterally express the same p noise. A heatmap for this uniform homogeneous noise model can be
seen in Fig. [5.1] The performance results for Case 1 are shown in Fig. [5.2]for d=[3, 5, 7, 9, 11,

13, 15, 17]. In past literature, this most closely resembles the ideal and common notion of how
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Figure 5.1: (Case Study 1) Heatmap for a homogeneous noise model on a d=5 code with no defects or
deviations. In this heatmap, data qubits are denoted by + and measurement qubits are denoted with X.

noise is represented in SC. As shown in Fig. [5.2] all distances (with the exception of d=3) cross the
Etarget - TOT the highest distance sampled, d=17, the BAD is at p ~ 0.006. Any d=17 lattice with
ap < 0.006 would, in this theoretical model where 4,4 = 0.005, be sufficient for computation.
However, if our goal is to minimize the code distance and thus our physical qubit overhead, we
would select the minimum viable code distance for which our device’s expressed p is below the

BAD for that distance. In this uniform homogeneous model, the d=5 code has a BAD at approx-



33

Uniform Homogeneous Noise
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Figure 5.2: (Case Study 1) Performance results for a completely uniform, homogeneous noise model across
distances d=[3, 5, 7, 9, 11, 13, 15, 17]. Each point in the plot represents a single simulated processor
instance: for each fixed distance, we generate one circuit per p € {10_3+(%) |k € {0,1,2,...,19}} (e.g.,
20 points evenly spread in log-space ranging from 102 and 10~!) and estimate the logical error rate at that
point from 50,000 shots of that circuit. Case 1 represents the most ideal noise model assumptions when
considering SCs in that all qubits within the lattice have an identical quality of p and no qubit deviates
from this value. In Cases 2 and 3, the blue line in each performance result figure is the baseline for each
distance when no deviation is expected. As such, each line in this figure is functionally equivalent to the
blue baseline in the Case 2 and Case 3 performance results for the corresponding distance. Because errors
are probabilistically applied, small differences in these baselines can occur across simulations.

imately p ~ 0.003. Thus, if deciding an optimal code distance for a physical device capable of
performing computation with physical noise, p ~ 0.003, we should select the d=5 code. While
achieving p = 0.003 on a real superconducting device might be out of reach with current hardware
[15]], analyzing the BADs for a given code distance with a realistic physical noise model allows
for additional optimization considerations. In Case 1, performance requirements are met at all but
the smallest distance, d=3. While achieving uniform noise across all physical qubits results in the
highest overall fidelity and the most viable code distances, noise data from superconducting de-

vices exhibit significant variations in noise within a given chip. Thus, this uniform model in Case
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1, at least for superconducting devices, is naive and an unrealistic basis for accurately modeling

SC robustness [|15] 20]].
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5.2 Case Study 2: Homogeneous Noise with Outlier Defect

In this second scenario, we examine the impact of a single defect on the SC’s performance under
an otherwise uniform noise model. To test individual qubit impact within a homogeneous noise
model, circuits were generated with a defect located at the center data qubit. A heatmap for the
homogeneous noise model with an outlier defect center data qubit can be seen in Fig. The
performance results for Case 2 are shown in Fig. for d=[3, 5, 7, 9] and Fig. for d=[11, 13,
15, 17].
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Figure 5.3: (Case Study 2) Heatmap for a homogeneous noise model on a d=5 code with a defect on the
center data qubit. The pg.r shown in this heatmap is 0.05 to show this distribution, but significantly higher
values pge s are also used in the Case 2 experiments as well. In this heatmap, data qubits are denoted by +
and measurement qubits are denoted with X.

In this experiment, all lattices across the sampled distances have a defect located at the data
qubit in the center of the lattice with ps.r € {0.05,0.25,0.5,0.75}. At the upper end of the

Pdes Values sampled, the individual qubit is essentially completely unreliable, with roughly 75% of
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Logical Error Rate per round (&)
S

Pdefect § / Pdefect
©— No Defect /i P ©— No Defect
0.05 k & 0.05
| = 025 1/ & 025
10 e 05 & o 05
o 075 v A o 075
=== 0.005 LERtarget A — =+ 0.005 LERarget
Homogeneous Noise w/ Center Data Qubit Defect; (d=7, r=3) Homogeneous Noise w/ Center Data Qubit Defect; (d=9, r=3)

A 4 K
7 7
[ DPdefect f DPdefect

Logical Error Rate per round (&)
S

Y ©— No Defect / ©— No Defect
/{ | 0.05 4 — =+ 0.005 LER¢arger
1074 o //) =025 | " 005
/"",‘ va o 05 7 = 025
s - o 075 F / o 05
g7/ ~ == 0.005 LERtarger #hd =013
a — T o I T
10° 102 10'10° 10° 10!
Physical Error Rate (p) Physical Error Rate (p)

Figure 5.4: (Case Study 2) Performance of homogeneous noise model with outlier center data defect over
d=3 through d=9. Each point in the plots represents a single simulated processor instance: for each fixed
distance and pgefect, We generate one circuit per p € {10_3+(%)]k € {0,1,2,...,19}} (e.g., 20 points
evenly spread in log-space ranging from 10~2 and 10~!) and estimate the logical error rate at that point
from 50,000 shots of that circuit.

operations on this qubit resulting in an erroneous computation. The results of this experiment (Fig.
[5.4] Fig. [5.5] and Fig. [5.6) show an incredibly strong resilience to the individual defect. Similar
to that of the unilateral homogeneous model in Case 1 (Fig. [5.2)), all but the smallest code distance
d=3 (Fig. @ were able to meet the €44 . In the worst case with pg.r = 0.75, the BAD for the
d=17 code (Fig. [5.5) is p ~ 0.0058. In comparing this to the d=17 performance in Case 1 (Fig.
[5.2), the maximally defective qubit only reduced our BAD by 3%. For the minimum viable code
distance in Case 2, d=5 (Fig. @), the BAD is located at p ~ 0.0017.

Specifically, for d=5 in Case 2 with the BAD for d=5 (p ~ 0.0029) in Case 1 (Fig. [5.2), the

presence of the defect with pg.¢ = 0.75 resulted in a larger reduction to our acceptable boundary

by about 50%. As with physical noise tolerance, the results here suggest that under a homoge-
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Figure 5.5: (Case Study 2) Performance of homogeneous noise model with outlier center data defect d=11
through d=17.

neous noise model, an increase in code distance also directly results in a significant increase in the

resilience to individual defects with high levels of noise, which can be clearly seen in Fig. [5.6]
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Homogeneous Noise w/ Center Data Qubit Defect; (p=0.001)
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Figure 5.6: (Case Study 2) Logical error rate vs. defective physical qubit error rate for code distances
d=[3, 5,7, 9, 11]. To further examine how performance is affected across code distances, this figure shows
a similar homogeneous noise model to that in Case 2, except that the noise for all other qubits is kept
constant at p = 0.001. As we increase our code distance, the lattice becomes increasingly resilient to the
noise introduced by the defective data qubit, as expected. At distances of 9 or above, the performance is
essentially unaffected by the presence of the defective qubit. Thus, this further suggests that the impact of
highly defective qubits becomes negligible at a sufficiently large code distance.

5.3 Case Study 3: Heterogeneous (Gaussian) Noise

In the third case, we expand our noise model to a heterogeneous normal distribution of physical
errors and examine the impact on the logical performance. A heatmap demonstrating a potential
configuration for a d=5 heterogeneous noise model can be seen in Fig. The performance
results for Case 3 are shown in Fig. [5.8] for d=[3, 5, 7, 9] and Fig. [5.9|for d=[11, 13, 15, 17].

For this experiment, we simulate heterogeneity by assigning each qubit a p; randomly sampled
from a truncated normal distribution with an input mean parameter, p,, and an input standard
deviation, p, . All operations involving this qubit in this instance will use the p; following the

same operational noise assignment detailed in Section[3.3] To examine the impact of this Gaussian
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Figure 5.7: (Case Study 3) Heatmap for a heterogeneous noise model on a d=5 code. Data qubits are
denoted by + and measurement qubits are denoted with X.

model of heterogeneous noise on logical performance, we simulated o € {0.01,0.3,0.6,0.9},
corresponding to normal distributions with a deviation of 1% to 90% of the p,, . For each « value
examined, we simulated their performance with 20 different p, values evenly distributed between
1073 and 10! on a logarithmic scale. To prevent negative probabilities from being sampled, a
truncated distribution is used. When a distribution is truncated, the input mean used to create
the distribution, p,, can differ from the actual mean, p,_. , of the values sampled from the
distribution. Thus, to accurately reflect any shifts between input and actual mean, the p,,_ o, is

used as the x-axis in our performance plots. For clarity, if p,, is the randomly sampled physical

noise for qubit ¢; and n = 2d% — 1, then the average mean of the sampled distribution is as follows:

n-1
Zin
i=0

n

(5.2)

Pu—out =
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Figure 5.8: (Case Study 3) Performance of heterogeneous noise model for distances 3 through 9. The
blue line (o = 0) represents a unilateral homogeneous noise model. Each point in the plots represents
a single simulated processor instance: for each fixed distance and o, we generate one circuit per p, €

{10*3+(%) |k €{0,1,2,...,19}} (e.g., 20 points evenly spread in log-space ranging from 103 and 10~1)
and estimate the logical error rate at that point from 50,000 shots of that circuit.

Similar to Case 1 (Fig. [5.2) and 2 (Fig. [5.4and Fig. [5.5), the performance of the heterogeneous
noise is benchmarked against a uniform homogeneous distribution, which is equivalent to when
the a = p, = 0.0. The non-monotonic behavior of the plotted data in Fig. [5.8] and Fig. [5.9]is a
result of this randomly sampled distribution, in which some circuits have a higher distribution of
physical noise placed on more detrimental locations, such as higher noise on measurement qubits
or edge qubits of which have a greater impact on LER [8]]. However, the noise and coherence prop-
erties of individual superconducting qubits can change frequently [15]. Thus, purely monotonic
performance curves when utilizing superconducting qubits is not a guarantee.

This is most notable with d=3 in Fig. @ in which the €,,,,4 appears to fluctuate more dras-
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Figure 5.9: (Case Study 3) Performance of heterogeneous noise model for distances 11 through 17. The
blue line (o« = 0.0) represents a unilateral homogeneous noise model covered in Case 1.

tically as « increases. In a d=3, the proportion of 2-weight stabilizers on the edge of a lattice to
4-weight stabilizers in the bulk of the lattice is higher. With a higher proportion of low-weight

stabilizers in d=3, the increased deviation leads to greater fluctuations, as shown for o = 0.9 and

a = 0.6 in Fig. 5.8
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5.4 Case Study 4: Heterogeneous (Gaussian) Noise with Outlier Defect

In the fourth case, we examine performance changes under a heterogeneous noise model in the
presence of a center data-defect qubit. A heatmap demonstrating a potential configuration for a
d=5 heterogeneous noise model with a center defect can be seen in Fig. The performance

results for Case 4 are shown in Fig. [5.11]for d=[3, 5, 7, 9] and Fig. [5.12]for d=[11, 13, 15, 17]. The

Heterogeneous PER Distribution w/ Center Data Defect
(d=5, py=0.01, ps=0.006, pger=0.05)

X
0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5

0.05

2- o

-~ [ <> <> <>

n 0.04
- o o
o - -

- -
S - Sl -
~_ B - -
= B B El
* B B B B
ol NN BN e ol

- @ g Bl

bof pot

3.5 2.5
o o
=) o
N w
Physical Error (p)

4
|

4.5
'

-0.01

5.5
!

-0.00

Figure 5.10: (Case Study 4) Heatmap for a heterogeneous noise model on a d=5 code with an outlier center
data qubit. In this heatmap, data qubits are denoted by + and measurement qubits are denoted with X.

location of the defect (center data qubit) and pg.s € {0.05,0.25,0.5,0.75} is identical to the setup
in Case 2, with the exception that the noise of all other qubits is normally distributed rather than
constant. As with the setup of the experiments in Case 3, we use the actual mean of the physical
noise that was randomly sampled, p,, . , as the horizontal axis. Additionally, like in Case 2, we
want to assess how increasing the noise of all other qubits in the presence of a defect impacts the

LER. Thus, our p,_,,; does not include the pg.; value as it is not sampled from the distribution
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Figure 5.11: (Case Study 4) Performance of heterogeneous noise model with center data defect for dis-
tances 3 through 9. In Case 4, we simulated the performance of heterogeneous noise resembling a Gaus-
sian distribution with a single defect at the center data qubit with a pg s in the range of 0.05 to 0.75. In
all simulations in Case 4, the o parameter, which determines the deviation as a percentage of the input
mean, is held constant at « = 0.6. The blue line represents a baseline heterogeneous noise model with no
defects present, which is the same as the @ = 0.6 simulations in Case 3. Each point in the plots repre-
sents a single simulated processor instance: for each fixed distance and pge fe.t, We generate one circuit per
Pu € {10_3+(%)\k €{0,1,2,...,19}} (e.g., 20 points evenly spread in log-space ranging from 10~ and
10~1) and estimate the logical error rate at that point from 50,000 shots of that circuit.

itself. For clarity, in Case 4, the p,,_,, is as follows:

n-1
qui — Ddef
i=0
oyt = ————— 5.3
pu t n—1 ( )
For this experiment, we selected a single o used in Case 3, « = 0.6, and used the same

Pdey values that were selected in Case 2. Interestingly, the performance trends shown in Case 4

(Fig. [5.11]and Fig. [5.12) follow a pattern similar to that observed in Case 2 (Fig. [5.4]and Fig. [5.5)
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Figure 5.12: (Case Study 4) Performance of heterogeneous noise model with center data defect for distances

11 through 17. The blue line represents a baseline heterogeneous noise model with no defects present.

in which higher distances show a strong resilience to increasing magnitudes of pg. .
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CHAPTER 6

Discussion

Our experiments aimed to highlight how heterogeneity affects performance on the SC, and the
results indicate that the presumed model of noise greatly impacts the purported performance of the
SC. We proposed in this work that, in order to accurately model SC on superconducting qubits,
accepting some level of heterogeneity is necessary due to the inherent non-uniform noise exhibited
by superconducting qubits. The aim of our work is thus to provide a preliminary accounting of
how the performance of heterogeneous distributions directly affects the LER. As shown in our
experiments, the presence of a single defective qubit with an error rate as high as 75% significantly
affects the LER only at small code distances and becomes increasingly negligible as the code
distance increases.

With regard to the impact of individual defects, the performance data for both a single defect
in the presence of heterogeneous and homogeneous noise models show that the defective qubit’s
impact is only non-negligible at distances at or closely above the minimum viable code distance
(the distance at which the target LER is reachable).

In the performance experiments for Case 2 (Fig. and Fig. [5.5), the minimum viable code
distance occurs at d=5. At d=3, the target LER is not reachable even when there are no defects
present. Although the performance at d=3 is insufficient, the performance across the increasing
Pdes hoise is nearly identical, indicating that this defect has little impact on the LER. At d=5, the
trend lines suddenly deviate, and the impact of higher p,. s noise on performance is noticeable. At

d=5 through d=9, this performance deviation between p,. ¢ noise begins to converge. At d=11 and
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above, the impact of an increasingly defective qubit is nearly negligible again. What we can extrap-
olate from this is that there exists a sort of “Goldilocks zone” in which the detrimental impact of
increasing noise on the defective qubit is evident. Within this “Goldilocks zone,” choosing to drop
out or mitigate the defective qubit with large p,. s values could result in noticeable performance
gains. At d=11 and above, however, the impact of this defective qubit, even at p=0.75, is negli-
gible and thus implementing a mitigation technique incurs additional cost, such as an increase in
physical overhead [32, 27] or circuit depth [S]], but results in no performance gains. Ideally, when
making design decisions, techniques that incur additional costs should only be used when there is
a noticeable performance gain. In this way, our research suggests that treating defect mitigation
should be viewed as an optimization problem in which we aim to only drop out qubits in which the
resulting performance gain is non-negligible in light of the cost incurred by the mitigation method.
Regarding the impact of heterogeneous noise that resembles a Gaussian distribution, our results
show that the LER is not greatly affected by increasing deviation. In comparing the performance
curves in Cases 1 with static p and Cases 3 with normally distributed noise, we see nearly iden-
tical trends, indicating the increased deviation had a minimal impact on the LER. In Case 4, the
same defect configuration (center data qubit) is tested under the heterogeneous model with a fixed
a = 0.6. In the performance experiments conducted (Fig. [5.11] and Fig. [5.12), the defect noise
reflects a significant outlier from the remainder of the comparatively small normally distributed
noise. These results closely resemble the trends discussed in Case 2. When comparing the insights
of Case 1 vs. Case 3 and Case 2 vs. Case 4, our results indicate that while evenly distributed
distributions may not impact LER, outlier defects much higher than the average physical noise do.
The simulations used 3 rounds across all distances, which was done to enable rapid experiment-
ing over many configurations and distances while we were exploring these preliminary models
of noise. We performed the same experiments for each case study with rounds=distance. While
higher pg. ¢ values became slightly more noticeable impact on LER at higher distances, the trends
discussed for all cases involving both defects and impact of Gaussian noise were the same.

It appears that if noise is normally distributed, the slightly higher fidelity qubits essentially
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cancel out their slightly noisier counterparts. However, this balancing requires that for every bad
qubit in the lattice, there is an equally good qubit, which is an unrealistic assumption. Further, the
presence of a significant defect cannot be balanced and thus has a noticeable impact on the LER.
After all, it is much easier to fabricate a noisy qubit than it is to fabricate a perfect qubit. Ulti-
mately, a heterogeneous noise model based on a Gaussian distribution does not appear to capture
the complexity or impact of real heterogeneous noise, nor does it accurately reflect what we ob-
serve on real devices, further arguing that real quantum noise on superconducting devices cannot

be fully represented as Gaussian.
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CHAPTER 7

Extensions and Future Directions

Overall, the results of our case studies concur with prior work examining the impact of individual
defects and normally distributed heterogeneous noise [3]], and expand these insights across a wide
range of distances, outlier defects, and distribution deviations. Going forward, we believe that ex-
amining the impacts of heterogeneity on SC is vital as both physical devices and QEC techniques
advance toward fault-tolerant quantum computing. Building upon the tool and results presented
here, we believe there are many areas in which this work could be expanded. A particular area of
further development would be to expand the simplified noise model that we use to create our cir-
cuits, such as introducing additional scaling factors to more accurately represent the different oper-
ational error rates [20]]. Second, the experiments focused primarily on testing individual defects on
a single data qubit, but expanding these experiments to encompass how additional configurations
and patterns of defect characteristics affect performance is an area for future work. Identifying
how these defects accumulate would provide further insight into when deformation techniques are
absolutely necessary. The experimental results presented in our research demonstrate preliminary
evidence showing the existence of BADs as well as the disparity between viewing the SC under
a homogeneous model vs. a heterogeneous model. If a primary goal of simulation is to optimize
performance for computation on real devices, restricting examinations of the SC to only homo-
geneous noise models can lead to vastly different design outcomes, such as picking optimal code
distances to meet a target logical error rate, that fail to fully utilize the already limited physical

resources available in present and near-term quantum hardware.
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Secondly, our current analysis in the distributed heterogeneous case studies (Sec. [5.3]and [5.4)
focuses on single-processor samples for each parameter setting (€.g., p4er Or o), where each plotted
point corresponds to one simulated processor instance with many shots, rather than an ensemble
average over independently resampled processors. As a result, we do not report statistical error
bars across heterogeneous instances in this work, due in part to computational resource constraints
for this initial study. Another natural direction for future work is to extend these experiments to an
ensemble regime in which, for each set of parameters, many independent processors are generated
and averaged. Such ensemble-based studies would enable us to quantify variability more adeptly
across different heterogeneous noise landscapes.

Finally, these results suggest that modeling heterogeneity with a Gaussian distribution is a poor
proxy for the kinds of imbalance observed on superconducting devices. When noise on a lattice is
approximately normally distributed, the slightly better-than-average qubits effectively counterbal-
ance the slightly worse ones within a logical patch, and the resulting LER closely resembles that
of an idealized homogeneous lattice with a physical error rate equal to the mean. In this sense,
a Gaussian model collapses back to the homogeneous assumption, with the p, playing the same
role as a uniform p in the standard surface-code scaling relation in 2.4.1, However, this same
observation also points to a useful design goal: when selecting logical patches and code distance
on a fixed, heterogeneous device, one might aim to partition the physical qubits so that each log-
ical patch’s noise distribution is as close to balanced (i.e., approximately Gaussian) as possible,
thereby allowing high-fidelity qubits to offset noisier ones and achieve near-homogeneous perfor-
mance. Since empirical studies indicate that real-device noise is neither perfectly Gaussian nor
perfectly balanced [29], this further motivates future work on noise models and mapping strategies
that explicitly capture skewed, multi-modal, or otherwise imbalanced error landscapes rather than

relying on symmetric Gaussian assumptions.
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CHAPTER 8

Conclusion

In this work, we explore the impact of heterogeneous noise on the SC’s performance. This work
is among the first to study the physical error rate of device qubits as a distribution and the first
to provide a framework and preliminary toolset for rapidly evaluating how configurations of non-
identical noise affect the LER in rotated SCs. Using the BADs framework, we explore the impact
of both outlier qubits and normally distributed physical errors on SC LER. As a result of our work,
we discovered that one bad qubit does not necessarily spoil the bunch. Furthermore, we demon-
strate that if heterogeneous noise follows a Gaussian distribution, the SC LER scales only with the
mean of the SC lattice, not its deviation. This ultimately indicates that modeling heterogeneous
noise as a Gaussian distribution is functionally equivalent to treating it as homogeneous, further
emphasizing the need to develop more complex models that capture the effects of superconducting
qubit deviation. To conclude, this work motivates the inclusion of BADs in QEC analysis based
on the SC, and we hope that the software framework developed here will open the door to design

space exploration, enabling shorter timelines to fault-tolerant quantum computing.
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