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Outline

< Nonlinear robust optimization

o ' i .
E. Pola?k s ll*nethod of inexact outer min max f(x, u)
approximation xERD uelf

< V f-free outer approximation

< Early numerical experience

Images: [DebRoy, Zhang, Turner, Babu; ScrMat, 2017]
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Nonlinear Robust Optimization
Guard against worst-case uncertainty in the problem data
min {f(:c) s c(z,u) <0 Vuel/{}
TER™
where
f certain objective
c¢:R" x R™ — R” uncertain constraints
u uncertain variables/data

U C R™ uncertainty set (compact, convex)

Well studied for linear (convex/concave) f, ¢

[Ben-Tal, ElI Ghaoui, Nemirovski; 2009], [Bertsimas, Brown, Caramani; SIRev 2011], ...
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Nonlinear Robust Optimization
Guard against worst-case uncertainty in the problem data
,frel]}{}t{f(x) s e(z,u) <0 VueU}
where
[ certain objective
c:R" x R™ — R” uncertain constraints
w uncertain variables/data
U C R™ uncertainty set (compact, convex)
Well studied for linear (convex/concave) f, ¢

[Ben-Tal, El Ghaoui, Nemirovski; 2009], [Bertsimas, Brown, Caramani; SIRev 2011], . ..

Special cases:

Minimax Implementation errors
min max f(z,u) min max f(z + u)
zER™ ueld z€ER™ uweld
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Another Case: Goldfarb Robust Optimization
Robust convex quadratically constrained programs

1
min {cTzc : §xTQx +2g4+7<0 V(Q,g,7) € U} (RCQP)

TER™
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Another Case: Goldfarb Robust Optimization
Robust convex quadratically constrained programs

1
min {ch : §xTQw +2g4+7<0 V(Q,g,7) € Zx{} (RCQP)

TER™

© [Ben-Tal, Nemirovski; MathOR, 1997]: * conditions to obtain SDP for (RCQP)
< [Goldfarb, lyengar; MathProg, 2003]: U" conditions to obtain SOCP for (RCQP)

¢ Discrete/polytopic uncertainty sets

={(Qﬁg,7) Q9,7 Z/\(Q,gw)AGRi,QiEOW,/\Te=1}

=1
¢ Affine uncertainty sets U

p
Q=Q%+> Q' [AI<1, Q' =ovi

i=1
L . .
(9,7 = (" /") + D _wilgh 7)), Il <1
i=1
¢ Factorized uncertainty sets U
.. CRs around MLEs

< See also Robust portfolio selection problems [Goldfarb, lyengar; MOR, 2003]
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z€R2

min {:cl + x2

Example of Robustness “Helping”

w1 +usze —ul —ui <0, Vu el = -1, 1]2}

2 -
3z + 22 =

o1 +a=k 1|
1

—_ 1 2
—1

_9ol

Nominal problem, @& = (@, o2
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Notation and Assumptions

Implicitly robustified form:

2in e/ ) = paip V() (M

where, for any subset U C U use the relaxation:

Wy () 1= max f (. ) < Wy (a)

Sometimes forget and write ¥ := Uy,
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Notation and Assumptions

Implicitly robustified form:

felﬁ%% Teaa(f(:c u) =: nel%%n Uy (x) (MM)

where, for any subset U C U use the relaxation:

Wy () 1= max f (. ) < Wy (a)

Sometimes forget and write ¥ := Wy,

Assume the following about (MM):

a. Local Lipschitz continuity of f and V. f everywhere
f(-,+) and, for any u € U, partial gradient V, f(-,u) Lipschitz continuous
over any bounded subset of R” x R™ and R", resp.

b. Compactness of U

c. (MM) solution exists

— no convexity of f or U assumed
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-
An Optimality Measure
Employ second-order convex approximation of f(-,u) at x:

O(z) := min max {f(x,u) (Vo f(a,u), h) + %||h||2} —U(z)

heR™ ueld
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An Optimality Measure
Employ second-order convex approximation of f(-,u) at x:

O(z) = min max {f(:c,u) 4 (Vo f(x,u), h) + %||h||2} —W(z)

heR™ ueld

Properties of ©

For all z € R™
1. ©(z) <0

. O(x) is continuous

2
3. 0 € 9¥(z) if and only if ©(z) =0
4. O(x)

—Ig})%g{ﬁo-l-%”ﬁ”zi [ g; } Eco([ \Ilugjf_(xjjgf)’w ] :uEU)}
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-
An Optimality Measure
Employ second-order convex approximation of f(-,u) at x:

. 1
0e) = pin ma { 1o, + (Vo e + 5P | - W)
Properties of ©

For all z € R™
1. O(z) <0

2. ©(xz) is continuous
3. 0 € 9V (z) if and only if ©(z) =0
4. O(z) =

—g%g{ﬁo-l—%”ﬂfﬁ [ 650 } Eco([ \Ijugjf_(x{%’w ] :ueU>}

For any relaxation u C U, will use

Oy (x) == —fgéi,fgl{&-l- %||§||21 [ ? ] € co({ \I’Z;’(vgcjf_gua;’u) } :ue?fl)}
< 0(z) = Ou(x)
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Inexact Method of Outer Approximation

Cutting-plane method from [Polak Optimization; 1997]
Uses approximate solutions of alternating block subproblems

(min Uy(z),  max f(a?,u))

x€R™

IOA Alg: Given data { (e, )}

Initialize 2° € R", u' € argmax f(z”,u), 4° « {u'}
ueQ0

Loop over k:
1. Compute any 2! such that Oy (z"T1) > —¢;

2. Compute any v’ € argmax f(z" ", u) exactly
ueNk

3. Augment $F — g* U {u'}

a. QF CU and ¢ € [0, 1] with limy_00 €, = 0
Assumes: b. QF grows dense in U
c. min max f(z,u) has a solution for all k

TER™ Ok
US-Mexico 2018




Result

Theorem [Polak]

Given assumptions on f and IOA Alg. Then, for any accumulation point z* of
{zF1521, ©(x*) = 0. Thus, 0 € 9V (x™).

Basic idea is that as IOA progresses:
1. sequence of finite max functions

ueQk

are arbitrarily good approximations of ¥(z)

2. sequence of optimality measures Ok (z) are arbitrarily good
approximations of the optimality measure ©(x)

QQP
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NS,
When the Derivatives Start Hiding: Simulation-Based Optimization

nin {h(z; $(2)) : erlz, 5(2)] < 0, cplz, S(x)] = 0}

o

S :R™ — CP simulation output, often “noisy” (even when deterministic)
Derivatives V.S often unavailable or
prohibitively expensive to obtain/approximate directly
S can contribute to objective and/or constraints
Single evaluation of S could take seconds/minutes/hours/. ..
= Evaluation is a bottleneck for optimization
© This talk: h(x;S(x)) = maxueu f(x,u)

o

[

Functions of complex (numerical) simulations arise everywhere

US-Mexico 2018



Derivative-Free Inexact Outer Approximation

Compute sufficiently accurate approximation of
Ry I€I® T & Vo (z®) — f(@*,u) ] . k
Oqr () = Igl’él,lél{§0+—2 e € co Vol (@ u) tu €

for which ©qi (") < ¢, is attainable when
& V f values unavailable

< f(z,u) evaluations expensive

QE US-Mexico 2018 10 B



Derivative-Free Inexact Outer Approximation

Compute sufficiently accurate approximation of

2 ky _ piok
Oqr (z) = —Igéi’rgl{& + @ : [ E; } € co ([ \Iijgz}(xk{(f) ) } tu € Qk)}
for which ©qi (") < ¢, is attainable when

& V f values unavailable

< f(z,u) evaluations expensive

Approach

k+1

Phase 1 Inner iterations to obtain x an approximate minimizer of

min U ()

— Manifold sampling, trust-region approach

Phase 2 Solve argmax f(z"*,

ueNk

QE US-Mexico 2018 10 B
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EEEEEEEEE—————
Model-Based Approximation for Inner Solve of min, W (x)

Associate with each v’ € {* a model about primal iterate y* (y* —' z"™!):

Fully Linear Models

m} fully linear model of f(-,u’) on B(y", A) if there exist constants x;.c¢ and
Kj.eg independent of y* and A with

IF(y" +s,0) —mi(y' + )| < RjeeA® Vs € B(0,A)
Ve f(y" +s,u7) = Vmj(y* + 5)|| < kjegA Vs € B(0,A)

[Conn, Scheinberg, Vicente; SIAM, 2009
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EEEEEEEEE—————
Model-Based Approximation for Inner Solve of min, W (x)

Associate with each u? € {* a model about primal iterate y* (y¢ —* z**1):

Fully Linear Models

m} fully linear model of f(-,u’) on B(y", A) if there exist constants x;.c¢ and
Kj.eg independent of y* and A with

IF(y" +s,0) —mi(y' + )| < RjeeA® Vs € B(0,A)
Ve f(y' +s,u”) — Vmi(y' + s)|| < kjegA Vs € B(0,A)

[Conn, Scheinberg, Vicente; SIAM, 2009

For set of generator indices, J bk - sk
o flytw?) =mi(y") forall j € JHF
< Fully linear

Both trivial (e.g., linear models) when V f is Lipschitz

Gt
Ft

t,k
[meyu)(yt), el Vmg(lﬁ,kl)(yt)] e R* 15"
[f(yt, ua(l))7 el f(yt, ua(|Jt,k|))] T c RlJt,kl

Ly US-Mexico 2018 11 B



Natural Approx

Use model-based set
ty _ bt )
D g (y') = co{[ Par (y') —my (y) ] s’ Ele}

to define approximate inexact measure

- ) 1
9;;c (y') = —mln{zO + §||z||2 : [ ZZO ] € Dyt gk (yt)}
20,2

Y US-Mexico 2018
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Y

Natural Approx

Use model-based set
ty _ bt )
Dmt7uk(yt) = co{[ Vi (y 7)nt my(y') ] s’ Eﬂk}

to define approximate inexact measure

~ . 1
Oty = —min {0+ g1al | % | € et}
20,2

Result- C:)Lk (y?) is a fully linear approximation of O (y?).

For all (z0,2) € D¢y (y"), there exists (£0(20, 2), £(20,2)) € Dru(y") with

z0 = &o(z0,%2)
|z — &(20,2)|| < KgAk.

Note:
© Dyt gk (y") relies on |£0%]

< In practice, ensure fully linear approximation of only |Jt’k| many models in
inner iteration ¢

US-Mexico 2018
F 0
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Algorithm

DFOA Alg: Given data { (e, %)}~

Initialize z° € R", u' € argmax f(z”,u), 4° « {u'}
ueQ0

Loop over k:
Ot 0; Yyt — 2" Ay Anit; Xt — 00
< Inner iterations while x+ > €x:
1. (Phase 1) Choose set J*F satisfying
argmax f(y',u?) C J** C{1,...,[u*]}
J=1,...,|uk]|
2. Build models {m! : j € J"¥} and solve TRSP

1
min z+=d ' B'd: Ft — ¥ HNe + (G Td < ze, ||d <A}
L e e ()e+ (G Td < e, ] < A
3. If J*(yt + dt) € JHF perform trust region update
© (Phase 2) Compute u’ € argmax f(z"1", u)
u€Qk
Augment UF1 — ¢F U {u/}

US-Mexico 2018



Details

Stopping criterion for inner iterations

Employ dual measure

1 z
t _ . = . 0 t
X' =min {zo+ 2||z||. [ . ] eDmt,u";tYk (y )}

> -0 (y")
. 1
=min{ 20 + =||z||* : [ =0 } €D, uk(yt)}
20,2 2 z >

A_ US-Mexico 2018 1u =



Details

Stopping criterion for inner iterations

Employ dual measure
' =mindzo Szl | P €D ()
20,2 CLRLI mt kY
> -0 (y")
. 1 20
= win (a0 3l | 2| €Dt}

Step acceptance criterion

2 Y (y) = T (v +d)
_(zt + %dtTBtdt)

Pt

o_ US-Mexico 2018



Main result for DFOA

Thm: Given assumptions on f and I0A Alg.

Then, for any accumulation point z* of {z*}%2,, 0 € ¥ (x*).
Idea

1. On acceptable inner iterations, if

A < min{min{w,m})@,l}

3kf + %nmh
then inner iteration is successful
2. Ay tends to 0 in each inner iteration

3. For all ¢, > 0, finite number of inner iterations to achieve x: < €
4. For all ex > 0, x+ < ek implies that

1
0 (1) <+ wyme + SIS

5. Appeal to Polak IOA

R\

US-Mexico 2018 15
a4 44



Important Practicalities

Selection of B! (used in TRSP)

®¢ quadratic polynomial basis

Pq(p')

Bo(v) 2 | 102

= 21)1, .,51)721,1)11)2,...,1)21)3,...,1)71_11)”:|
obtain coeffs ag by least-squares soln
‘I’u(ﬁ,k)(pl)—, {Ft +(GHT P -y )}
j= IJt k|
aQ = .

Bo(p™)

+ Does not require additional evaluations

c‘\—i*

‘I’u(ﬁ,k)(l’lpl) -

H T IP| _ t
Sttt {FJ +(G5) P~y )}

US-Mexico 2018



Important Practicalities

Selection of B! (used in TRSP)

®¢ quadratic polynomial basis

(1
‘PQ(’U) £ 51}1,..

2

2
.y 51}”,1}11)2, .., V203, ... ,Un_lvn:|

obtain coeffs ag by least-squares soln

Pq(p')

+ Does not require additional evaluations

(Pre)Selection of {Q*}°

Wyegemy(ph) =

‘I’u(ﬁ,k)(l’lpl) -

., ,|th|{Ft +(G) 0" -y}

max
J=1,...,|Jt

k-| {F+ @)™ -y}

< Theory requires dense in U

< In experiments we consider very few points
Q%

[Gonzaga, Polak; SICON, 1979]
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NS,
Bertsimas-Nohadani-Teo 2D Implementation Error Problem

min Wy (x) := min max r,u):= min max x4+ u
zER2 - (@) zER2 u=|lu\|2§af( ) zER? u=|lu\|2§ag( )

parameter o > 0 (o = 0.5 being typical)

y msw.?ﬁg :
/

g(z) = 229 —12.22% +21.2¢% — 6.423 — 4.727 + 6.2z, + 2§ — 115 + 43.323
—74.823 + 56.92% — 1022 — 0.12% + 23 + 0.423xo + 0.4x3z) — 4.1z 122

US-Mexico 2018 17 B



NS,
Bertsimas-Nohadani-Teo 2D Implementation Error Problem

min Wy (x) := min max r,u):= min max x4+ u
zER2 - (@) zER2 u=|lu\|2§af( ) zER? u=|lu\|2§ag( )

parameter o > 0 (o = 0.5 being typical)

0 1 2 3
*
[

g(z) = 229 —12.22% +21.2¢% — 6.423 — 4.727 + 6.2z, + 2§ — 115 + 43.323
—74.823 + 56.923 — 1022 — 0.12% + 23 + 0.423xo + 0.4x3z) — 4.1z 122
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NS,
Bertsimas-Nohadani-Teo 2D Implementation Error Problem

min Wy (x) := min max r,u):= min max x4+ u
zER2 - (@) zER2 u=|lu\|2§af( ) zER? u=|lu\|2§ag( )

parameter o > 0 (o = 0.5 being typical)

[T

g(z) = 229 —12.22% +21.2¢% — 6.423 — 4.727 + 6.2z, + 2§ — 115 + 43.323
—74.823 + 56.92% — 1022 — 0.12% + 23 + 0.423xo + 0.4x3z) — 4.1z 122
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DFOA Trajectories Bertsimas-Nohadani-Teo

-0.5 o] 0.5 1 1.5 2 25

g9(x) = f(x,0)

< Recover global within 250 total evaluations
© 40 = {£0.5¢; : i = 1,2}

See also [Bertsimas, Nohadani; JOGO 2010]; [Conn, Vicente; OMS 2012]

Y US-Mexico 2018 18 B



DFOA Trajectories Bertsimas-Nohadani-Teo

-0.5 0 0.5 1 1.5 2 25

g9(z) = f(x,0)

< Recover global within 250 total evaluations
© 40 = {40.5¢; : i = 1,2}

See also [Bertsimas, Nohadani; JOGO 2010]; [Conn, Vicente; OMS 2012]
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DFOA Trajectories Bertsimas-Nohadani-Teo

-0.5 0 0.5 1 15 2 25 3

g9(x) = f(x,0)

< Recover global within 250 total evaluations
o 40 = {40.5¢; : i = 1,2}

See also [Bertsimas, Nohadani; JOGO 2010]; [Conn, Vicente; OMS 2012]
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DFOA Trajectories Bertsimas-Nohadani-Teo

-0.5 0 0.5 1 1.5 2 25 3

g9(x) = f(x,0)

< Recover global within 250 total evaluations
© 4% = {40.5¢; : i = 1,2}

See also [Bertsimas, Nohadani; JOGO 2010]; [Conn, Vicente; OMS 2012]
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DFOA Trajectories Bertsimas-Nohadani-Teo

-0.5 [ 0.5 1 15 2 25 3

g9(x) = f(x,0)

< Recover global within 250 total evaluations
© 4% = {40.5¢; : i = 1,2}

See also [Bertsimas, Nohadani; JOGO 2010]; [Conn, Vicente; OMS 2012]
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Goldfarb Biquadratics

min ¥y, (z) := min max 1aL'TLTLaU +b'x,

zERM zER™ (L,b)EUy 2
Uncertainty set U, (o > 0):
Us = {(L,b) €L" xR : |Lij — Lij| <, ¥i > j; |bi — bi| < a,Vz’}

Nominal L € " lower triangular with nonzero diagonal entries; beR"

Y US-Mexico 2018
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Goldfarb Biquadratics

min ¥y, (z) := min max %xTLTLx +b'z,

zERT 2ERM (L,b)EUq
Uncertainty set U, (o > 0):

Uy =< (L,b) eL™ xR™: |Lij — Lij| < o, Vi > j; |bi — bi| < , Vi
J J

Nominal L € L™ lower triangular with nonzero diagonal entries; beR"

By iy (@), @ =05

80

Y US-Mexico 2018
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Goldfarb Biquadratics Example (Varying «)

Wy, () for a randomly generated set of nominal L,

3 3

Y US-Mexico 2018
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RCQP Typical Results
W(z) progress; dashed lines indicate the end of a phase 1

10° T T 10° T T T
[ [ [ |
104 [ [ 104 [ l
o [ [ l
) [ [ ] l l
0% 1 (] 0% 1 1
[ [ [ l
109 [ 11 109 [ l
[ [ l
[ [ [ |
10 [N [ 10 1 11 1
[ [ [ |

B [ [ B [

1 o 1o 1 o
[ [ [ l
10° [ [ 10° 1 1 1
[ [ [ l
107 L1l L 107 [ 1

0 200 400 600 800 0 200 400 600 800 0 200 400 600 800
Number of function evaluations
Gaussian RBF Uniform random sampling Optimal phase 2

RBF m(u) interpolating on available points {(:L’k+1 u)}
)

Obtain ' from approximate solution of maxm? (u
PP ueU

Phase 2: Uniform QF from [3m] Unif(i{) samples
’ k+1
u’ € arg max F(@" )
ue

Optimal u' € argmax f(z" ", u)
uel
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U Data Profiles for RCQP

n=271=10""

- —-h
P J‘ oy
= -7 1 el
3 x
J - 1 et
! ¢
i ’ B 07 |
f ’
H P 1 ost
’ 4 L
¢ 7/ 05
Fs
I' 1 04 |
/
1
[ o I q 03 F
I ’
H , 1wl
4 —=— Optimal Phase 2 J
|' ,l — @ Gaussian RBF o1 b r' 1
. —A- Uniform Random Sampling -
€ L, e . ® | &= A ——A—- - A
100 200 300 400 500 600 700 800 900 100 200 300 400 500 600 700 800 900

Number of function evaluations

30 random RCQPs (many random trials for

Number of function evaluations

uniform sampling)

Wy (2°) — Uy(z) > (1 7) (\I/u(xo) — Uy (mbest))

US-Mexico 2018
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U Data Profiles for RCQP

n=871=10""

TR
09 |- [ 4 q 09 '—-—I.. ----- *
1 —_
08 J 1 08 4
I -4 |
07 P 07
i -
06 H - 7 - 1 06 T
05 | 'l P 1 05 B
| ? -~ I ]
] el
osf , N 03 4
[ ’ L4
oz ff 1 A = Optimal Phase 2 1 02
o1 ] ’J —®-- Gaussian RBF o1
1 —A- Uniform Random Sampling —— —h
’ —_——h——aA
B L . . . , . 0 Ak =, A = . .
05 1 15 2 25 05 1 15 25
Number of function evaluations x10* Number of function evaluations x10%
30 random RCQPs (many random trials for uniform sampling)
0 0 best
() = Wulw) > (1= 7) (Vula”) - Bu ("))
22 B
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Grey-box algorithms for optimization problems with black-box components
Model-based outer approximation looks promising [Menickelly, W.; Prep. 2017]
Employs framework of Polak’s inexact outer approximation

Builds smooth models with an inner trust-region approach
Uses manifold sampling for composite nonsmooth h(S(z)) = Yy (z; S(z))
h = |- |1 [Larson, Menickelly, W.; SIOPT 2016]; h pl [Khan, Larson, W.; Prep. 2017]

Interested in exploiting implementation error structure f(z,u) = g(x + u)
If g(y) available, then f(y,u —y) = f(y — u,u) = g(y) available for all u

< Matt Menickelly www.mcs.anl.gov/~wild
& the NRO gang:
Sven Leyffer
Todd Munson

Charlie Vanaret Thank YOUI
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