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Motivation & Overview

Constrained Stochastic Optimization

min
x∈Rn

f (x) = E[F (x , ω)] (f : Rn → R)

s.t. cE(x) = 0 (cE : Rn → RmE )

cI(x) ≤ 0 (cI : Rn → RmI )

where F : Rn × Ω→ R, ω has a probability space (Ω,F ,P), E[·] with respect to P

Applications

Constrained	
DNN

Optimal	
Power	Flow

Portfolio
Optimization

PDE	constrained
Optimization
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Motivation & Overview

This Talk

min
x∈Rn

f (x) = E[F (x , ω)]

s.t. c(x) = 0

Assumptions:

Fully stochastic regime (convergence in expectation)

Constraint qualifications hold (most of the talk)

Feasible methods not tractable
no projection methods, Frank-Wolfe, etc

“Two-phase” methods not effective
feasibility first, then optimality (or vice-versa)

Goal:

1 Develop a stochastic constrained optimization method based on the SQP paradigm
for the fully stochastic regime

2 ∗Extensions (relax constraint qualifications, inexact solves, line (step) search
variants, variance reduction)
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Motivation & Overview

Stochastic Gradient (SG)

min
x∈Rn

f (x) = E[F (x , ω)]

SG Algorithm

Input: x0 (initial iterate); {αk} > 0 (stepsizes)

1: for k = 0, 1, 2, ... do
2: Set xk+1 ← xk − αk ḡk
3: end for

Assumptions: (1) ∇f : Rn → Rn is L-Lipschitz continuous,
(2) Ek [ḡk ] = ∇f (xk) and Ek [‖ḡk −∇f (xk)‖2

2] ≤ M

Complications: Not a descent method...

Ek [f (xk+1)]− f (xk) ≤ −αk‖∇f (xk)‖2
2︸ ︷︷ ︸

O(αk ), deterministic

+ 1
2
α2
kLEk [‖ḡk‖2

2]︸ ︷︷ ︸
O(α2

k
), stochastic/noise

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 11 / 42



Motivation & Overview

SG Theory

Theorem (informal)

If Ek [ḡk ] = ∇f (xk) and Ek [‖ḡk −∇f (xk)‖2
2] ≤ M, then, for all k

αk = α =
1

L
: E

[
1

K

K−1∑
k=0

‖∇f (xk)‖2
2

]
≤ O(M)

αk = O
(

1

k

)
: lim inf

k→∞
E
[
‖∇f (xk)‖2

2

]
= 0

Overview SG and SQP Adaptive (Deterministic) SQP Stochastic SQP Conclusion

SG illustration

Figure: SG with fixed stepsize (left) vs. diminishing stepsizes (right)

SQP for Equality Constrained Stochastic Optimization 10 of 28

Figure: SG fixed stepsize (left) and SG diminishing stepsize (right).
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Motivation & Overview

Sequential Quadratic Programming (SQP)

min
x∈Rn

f (x)

s.t. c(x) = 0

Main Idea:

Interpretation: @ xk

min
d∈Rn

f (xk) +∇f (xk)Td + 1
2
dTHkd

s.t. c(xk) +∇c(xk)Td = 0

Step computation “Newton-SQP system”:[
Hk ∇c(xk)

∇c(xk)T 0

] [
dk
yk

]
= −

[
∇f (xk)
c(xk)

]
(yk Langrange multiplier; Hk assumed to be positive definite on Null(∇c))

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 13 / 42



Motivation & Overview

SQP in Practice

min
d∈Rn

f (xk) +∇f (xk)Td + 1
2
dTHkd

s.t. c(xk) +∇c(xk)Td = 0

Motivation SG and SQP Adaptive (Deterministic) SQP Stochastic SQP Extensions Conclusion

SQP illustration

Figure: Illustrations of SQP subproblem solutions

SQP Methods for Constrained Stochastic Optimization 16 of 39

Figure: SQP subproblem solutions.
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Motivation & Overview

SQP–Merit Function

Merit Function: guides algorithm, τ > 0 (merit parameter)

φ(x , τ) = τ f (x) + ‖c(x)‖1

Model of Merit Function:

q(x , τ , d) = τ(f (x) +∇f (x)Td + 1
2

max{dTHd , 0}) + ‖c(x) +∇c(x)d‖1

Reduction in Model of Merit Function: for any d ∈ Rn satisfying
c(x) +∇c(x)Td = 0

∆q(x , τ , d) = q(x , τ , 0)− q(x , τ , d)

= −τ(∇f (x)Td + 1
2

max{dTHd , 0}) + ‖c(x)‖1

Lemma (informal)

For any d ∈ Rn satisfying c(x) +∇c(x)Td = 0, we have

φ′(x , τ , d) ≤ −∆q(x , τ , d)

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 15 / 42



Motivation & Overview

Line Search-SQP

SQP Backtracking

Input: x0 (initial iterate); τ−1 > 0 (initial penalty parameter)

1: for k = 0, 1, 2, ... do
2: Compute step: solve[

Hk ∇c(xk )T

∇c(xk ) 0

] [
dk
yk

]
= −

[
∇f (xk )
c(xk )

]
3: Update merit parameter: update τk > 0 to ensure ∆q(xk , τk , dk )� 0

τk ←
1
2
‖c(xk )‖1

∇f (x)Tdk + max{dT
k Hkdk , 0}

if ∇f (x)Tdk + max{dT
k Hkdk , 0} > 0

4: Line Search: find αk such that xk+1 ← xk + αkdk yields

φ(xk + αkdk , τk ) ≤ φ(xk , τk )− 1
2
αk∆q(xk , τk , dk )

5: end for

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 16 / 42



Motivation & Overview

SQP Theory

Assumptions

f , c, ∇f , ∇c bounded and Lipschitz

singular values of ∇c bounded below (e.g., LICQ)

Theorem (informal)

We have (for the SQP Backtracking algorithm) that:

{αk} ≥ αmin, for some αmin > 0

{τk} ≥ τmin, for some τmin > 0

∆q(xk , τk , dk)→ 0, which implies

‖dk‖2 → 0, ‖ck‖2 → 0, ‖∇f (xk) +∇c(xk)T yk‖2 → 0,

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 17 / 42



Adaptive Stochastic SQP
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Adaptive Stochastic SQP

Steps Towards Stochsatic Adaptive SQP: Step Size Selection

In Line Search-SQP, step size chosen based on reducing the merit function

Challenge: Merit function is nonsmooth; upper bound (based on assumptions)

φ(xk + αkdk , τk)− φ(xk , τk)

≤ αkτk∇f (xk)Tdk + |1− αk |‖c(xk)‖1 − ‖c(xk)‖1 + 1
2
(τkLk + Γk)α2

k‖dk‖2
2

(Lk , Γk Lipschitz constants estimates for f and ‖c‖1 @ xk)

Figure: Cases of upper bound of merit function.

Idea: Choose αk to ensure sufficient decrease using this bound

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 19 / 42
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Adaptive Stochastic SQP

Adaptive SQP Algorithm

SQP Adaptive

Input: x0 (initial iterate); τ−1 > 0 (initial penalty parameter)

1: for k = 0, 1, 2, ... do
2: Compute step: solve [

Hk ∇c(xk )

∇c(xk )T 0

] [
dk
yk

]
= −

[
∇f (xk )
c(xk )

]

3: Update merit parameter: update τk > 0 to ensure ∆q(xk , τk , dk )� 0

τk ←
1
2
‖c(xk )‖1

∇f (x)T dk + max{dT
k
Hkdk , 0}

if ∇f (x)T dk + max{dTk Hdk , 0} > 0

4: Compute step size & update iterate: set

α̂k ←
∆q(xk , τk , dk )

(τkLk + Γk )
and α̃k ← α̂k −

4‖c(xk )‖1

(τkLk + Γk )

αk ←


α̂k if α̂k < 1

1 if α̃k ≤ 1 ≤ α̂k

α̃k if α̃k > 1

,

and, update iterate xk+1 ← xk +αkdk and continue or update Lk and/or Γk and return to step 4
5: end for

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 20 / 42



Adaptive Stochastic SQP

Adaptive SQP–Theory & Practice

Exactly the same theory and similar performance to SQP Backtracking

Figure: Performance profiles for SQP Adaptive and SQP Backtracking on CUTEtest set in terms
of iterations (left) and function evaluations (right).
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Adaptive Stochastic SQP

Equality Constrained Stochastic Optimization and Stochastic SQP

min
x∈Rn

f (x) = E[F (x , ω)]

s.t. c(x) = 0

Assumption:

For all k, one can compute ḡk , such that

Ek [ḡk ] = ∇f (xk) and Ek [‖ḡk −∇f (xk)‖2
2] ≤ M

Step Computation:

Search direction d̄k is computed via:[
Hk ∇c(xk)

∇c(xk)T 0

] [
d̄k
ȳk

]
= −

[
ḡk

c(xk)

]
Note: Given xk , the quantities (c(xk),∇c(xk),Hk) are deterministic

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 22 / 42



Adaptive Stochastic SQP

Adaptive Stochastic SQP Algorithm

Stochastic SQP

Input: x0 (initial iterate); τ̄−1 > 0 (initial penalty parameter), L > 0 and Γ > 0 (Lipschitz constant
estimates); βk ∈ (0, 1]

1: for k = 0, 1, 2, ... do
2: Compute step: solve [

Hk ∇c(xk )

∇c(xk )T 0

] [
d̄k
ȳk

]
= −

[
ḡk

c(xk )

]

3: Update parameter: update τ̄k > 0 to ensure ∆q̄(xk , τ̄k , d̄k )� 0

τ̄k ←
1
2
‖c(xk )‖1

ḡk
T d̄k + max{d̄kTHk d̄k , 0}

if ḡk
T d̄k + max{d̄k

THk d̄k , 0} > 0

4: Compute step size & update iterate: set

α̂k ←
βk∆q̄(xk , τ̄k , d̄k )

(τ̄kL + Γ)
and α̃k ← α̂k −

4‖c(xk )‖1

(τ̄kL + Γ)

ᾱk ←


α̂k if α̂k < 1

1 if α̃k ≤ 1 ≤ α̂k

α̃k if α̃k > 1

,

and, update iterate xk+1 ← xk + ᾱk d̄k
5: end for

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 23 / 42



Adaptive Stochastic SQP

Step Size Selection (Adaptive Stochastic SQP)

The sequence βk allows us to consider (as for the SG method)
fixed stepsizes
diminishing stepsizes

Unfortunately, additional control needed
too small: slow or insufficient progress
too big: may ruin progress towards optimality/feasibility

Idea: Project α̂k and α̃k onto[
βk τ̄k
τ̄kL + Γ

,
βk τ̄k
τ̄kL + Γ

+ θβ2
k

]
(θ > 0 user-defined parameter), then follow rule in algorithm

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 24 / 42
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Adaptive Stochastic SQP

Merit Parameter Behavior

Deterministic setting

{τk} ≥ τmin

Stochastic setting

No necessarily true...
“good” case: {τ̄k} becomes sufficiently small (compared to τmin)
“poor” case: {τ̄k} ↘ 0
“poor” case: {τ̄k} remains too large

Note: “poor” cases exists is solely due to the use of stochastic gradients

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 25 / 42



Adaptive Stochastic SQP

Main Theoretical Results

Theorem (Good Merit Parameter Behavior)

If {τ̄k} eventually remains fixed at sufficient small τmin, the for large k

βk = β = O(1) : E

[
1

K

K−1∑
k=0

∆q(xk , τmin, dk)

]
≤ O(M)

βk = O
(

1

k

)
: lim inf

k→∞
E [∆q(xk , τmin, dk)] = 0

Poor Merit Parameter Behavior

{τ̄k} remains too large: if distribution symmetric probability zero

{τ̄k} ↘ 0: under reasonable assumptions cannot occur

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 26 / 42
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Adaptive Stochastic SQP

Numerical Experiments

CUTE problems with noise added to the gradient (different noise levels)

49 problems (n + m ≤ 1000 and LICQ holds), 10 different random seeds

Stochastic SQP (103 iterations)

Stochastic Subgradient (104 iterations and tuned over 11 values of τ);

Figure: Box plots for feasibility errors (left) and optimality errors (right).
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Extensions

Extension 1: Relaxing constraint qualifications

min
x∈Rn

f (x) = E[F (x , ω)]

s.t. c(x) = 0

Assumptions

f , c, ∇f , ∇c bounded and Lipschitz

singular values of ∇c bounded below (i.e., LICQ)

Challenges

primal stationarity not necessary

constraints may be infeasible

What changes...

Algorithm (search direction computation, stepsize update)

Theory (convergence to infeasible stationary point possible)

B, Curtis, O’Neil and Robinson. A Stochastic Sequential Quadratic Optimization Algorithm for Nonlinear Equality
Constrained Optimization with Rank-Deficient Jacobians. arXiv preprint arXiv:2106.13015. (submitted)
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Extensions

Extension 1: Relaxing constraint qualifications
Search direction computation

LICQ: [
Hk ∇c(xk)

∇c(xk)T 0

] [
d̄k
ȳk

]
= −

[
ḡk

c(xk)

]

NO LICQ:

Step decomposition (Byrd-Omojokun):

d̄k := vk + ūk

Normal component vk : reduce linearized constraint violation

min
v

1
2
‖c(xk) +∇c(xk)T v‖2

2 s.t. ‖v‖2 ≤ ω‖∇c(xk)c(xk)‖2

Tangential component ūk : minimize model of objective function s.t. remaining in
null space of ∇cT [

Hk ∇c(xk)
∇c(xk)T 0

] [
ūk
ȳk

]
= −

[
ḡk + Hkvk

0

]

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 30 / 42



Extensions

Extension 1: Relaxing constraint qualifications
Stepsize Update

LICQ:

Adaptive selection, βk control, projection
[
βk τ̄k
τ̄kL+Γ

, βk τ̄k
τ̄kL+Γ

+ θβk
2
]

NO LICQ:

Similar adaptive rule–more careful selection (required both for theory and practice)

Iteration (search direction) dependent projection
[
βk τ̄k
τ̄kL+Γ

, βk τ̄k
τ̄kL+Γ

+ θβk
2
]
, if ‖uk‖2

2 ≥ χk‖vk‖2
2[

βk
τ̄kL+Γ

, βk
τ̄kL+Γ

+ θβk
2
]
, otherwise

where χ−1 is user defined, then adaptive
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Extensions

Extension 1: Relaxing constraint qualifications
Merit Parameter Behavior

Deterministic setting

(no LICQ)

{τk} ≥ τmin

Stochastic setting

(no LICQ)

No necessarily true...
“good” case: {τ̄k} becomes sufficiently small (as compared to τmin)

“poor” case: {τ̄k} ↘ 0
“poor” case: {τ̄k} remains too large

Note: “poor” cases exists is solely due to the use of stochastic gradients
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Extensions

Extension 1: Relaxing constraint qualifications
Merit Parameter Behavior

Deterministic setting (no LICQ)

{τk} ≥ τmin

Stochastic setting (no LICQ)

No necessarily true...
“good” case: {τ̄k} becomes sufficiently small (as compared to τmin)
“good” case: {τ̄k} ↘ 0 (due to rank deficiency)
“poor” case: {τ̄k} ↘ 0
“poor” case: {τ̄k} remains too large

Difficulty: distinguish between the {τ̄k} ↘ 0 cases

Note: “poor” cases exists is solely due to the use of stochastic gradients
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Extensions

Extension 1: Relaxing constraint qualifications
Main Results

Theorem

If {τ̄k} eventually remains fixed at sufficient small τmin

, and in addition the singular
values of ∇c are bounded

, then for large k

βk = β = O(1) : E

[
1

K

K−1∑
k=0

(
‖∇f (xk) +∇c(xk)yk‖2

2 + ‖∇c(xk)c(xk)‖2

)]
≤ O(M)

βk = O
(

1

k

)
: lim inf

k→∞
E
[(
‖∇f (xk) +∇c(xk)yk‖2

2 + ‖∇c(xk)c(xk)‖2

)]
= 0

Theorem

If {τ̄k} ↘ 0 and ‖ḡk −∇f (xk)‖2
2 ≤ M, then for large k

βk = β = O(1) : lim inf
k→∞

‖∇c(xk)c(xk)‖2 = 0
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Extensions

Extension 1: Relaxing constraint qualifications
Numerical Experiment 1: CUTE problems

CUTE problems with noise added to the gradient (different noise levels)

...and additional redundant constraint

Figure: Box plots for feasibility errors (left) and optimality errors (right).
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Extensions

Extension 1: Relaxing constraint qualifications
Numerical Experiment 2: Constrained Logistic Regression (with redundant constraints)

min
x∈Rn

f (x) =
1

N

N∑
i=1

log

(
1 + e−yi (XT

i x)
)

s.t. Ax = b,

Stochastic Subgradient, Stochastic Projected Gradient, Stochastic SQP

Table 2: Average feasibility and stationarity errors, along with 95% confidence intervals, when our stochastic
SQP method, a stochastic subgradient method, and a stochastic projected gradient method are employed
to solve logistic regression problems with linear constraints (only). The results for the best-performing
algorithm are shown in bold.

Stochastic
Subgradient

Stochastic
Projected Gradient

Stochastic
SQP

dataset batch Feasibility Stationarity Stationarity Feasibility Stationarity

a9a 16 8.30e � 03 ± 2.32e � 03 1.64e � 01 ± 3.55e � 03 3.64e � 02 ± 2.95e � 03 1.22e � 15 ± 2.18e � 161.22e � 15 ± 2.18e � 161.22e � 15 ± 2.18e � 16 9.99e � 03 ± 6.92e � 039.99e � 03 ± 6.92e � 039.99e � 03 ± 6.92e � 03

a9a 128 1.16e � 02 ± 4.60e � 05 1.69e � 01 ± 2.51e � 02 1.69e � 02 ± 2.79e � 03 1.64e � 15 ± 4.00e � 161.64e � 15 ± 4.00e � 161.64e � 15 ± 4.00e � 16 7.33e � 03 ± 4.68e � 057.33e � 03 ± 4.68e � 057.33e � 03 ± 4.68e � 05

australian 16 7.94e � 02 ± 1.60e � 05 7.94e � 02 ± 1.60e � 05 9.17e � 02 ± 4.32e � 04 5.72e � 06 ± 1.56e � 065.72e � 06 ± 1.56e � 065.72e � 06 ± 1.56e � 06 2.67e � 02 ± 6.43e � 042.67e � 02 ± 6.43e � 042.67e � 02 ± 6.43e � 04

australian 128 5.02e � 01 ± 7.04e � 05 5.02e � 01 ± 7.04e � 05 1.11e � 02 ± 7.19e � 05 6.58e � 05 ± 7.90e � 076.58e � 05 ± 7.90e � 076.58e � 05 ± 7.90e � 07 5.50e � 02 ± 1.08e � 035.50e � 02 ± 1.08e � 035.50e � 02 ± 1.08e � 03

heart 16 3.66e � 01 ± 4.37e � 03 3.28e + 01 ± 7.02e + 00 3.17e + 01 ± 6.72e + 003.17e + 01 ± 6.72e + 003.17e + 01 ± 6.72e + 00 8.83e � 03 ± 2.77e � 038.83e � 03 ± 2.77e � 038.83e � 03 ± 2.77e � 03 3.39e + 01 ± 9.85e + 00

heart 128 1.52e + 00 ± 4.96e � 02 1.23e + 01 ± 1.40e + 011.23e + 01 ± 1.40e + 011.23e + 01 ± 1.40e + 01 3.29e + 01 ± 3.21e + 00 1.26e � 01 ± 7.86e � 041.26e � 01 ± 7.86e � 041.26e � 01 ± 7.86e � 04 3.24e + 01 ± 1.76e + 00

ijccn1 16 3.58e � 03 ± 2.00e � 05 4.70e � 02 ± 6.45e � 07 7.41e � 02 ± 3.33e � 07 3.03e � 15 ± 6.20e � 163.03e � 15 ± 6.20e � 163.03e � 15 ± 6.20e � 16 1.93e � 03 ± 4.07e � 061.93e � 03 ± 4.07e � 061.93e � 03 ± 4.07e � 06

ijccn1 128 3.90e � 02 ± 4.01e � 06 5.17e � 02 ± 1.65e � 07 3.88e � 02 ± 6.15e � 07 2.16e � 09 ± 2.62e � 092.16e � 09 ± 2.62e � 092.16e � 09 ± 2.62e � 09 1.70e � 02 ± 5.19e � 051.70e � 02 ± 5.19e � 051.70e � 02 ± 5.19e � 05

ionosphere 16 5.41e � 01 ± 8.80e � 05 5.41e � 01 ± 8.80e � 05 9.77e � 01 ± 8.55e � 03 9.61e � 07 ± 2.77e � 099.61e � 07 ± 2.77e � 099.61e � 07 ± 2.77e � 09 4.17e � 02 ± 1.08e � 034.17e � 02 ± 1.08e � 034.17e � 02 ± 1.08e � 03

ionosphere 128 5.76e + 00 ± 3.76e � 05 5.76e + 00 ± 3.76e � 05 5.98e + 00 ± 3.21e � 03 1.31e � 05 ± 1.14e � 091.31e � 05 ± 1.14e � 091.31e � 05 ± 1.14e � 09 1.55e � 01 ± 2.61e � 031.55e � 01 ± 2.61e � 031.55e � 01 ± 2.61e � 03

madelon 16 3.06e � 02 ± 1.85e � 02 5.46e + 01 ± 1.25e + 01 2.11e + 01 ± 2.72e + 00 2.88e � 08 ± 5.51e � 082.88e � 08 ± 5.51e � 082.88e � 08 ± 5.51e � 08 1.09e + 01 ± 3.00e + 001.09e + 01 ± 3.00e + 001.09e + 01 ± 3.00e + 00

madelon 128 1.87e + 00 ± 7.62e � 01 2.21e + 01 ± 1.55e + 01 2.16e + 01 ± 4.17e + 002.16e + 01 ± 4.17e + 002.16e + 01 ± 4.17e + 00 5.81e � 01 ± 1.63e � 025.81e � 01 ± 1.63e � 025.81e � 01 ± 1.63e � 02 4.81e + 01 ± 4.75e + 00

mushrooms 16 2.19e � 01 ± 6.55e � 04 2.19e � 01 ± 6.55e � 04 7.31e � 03 ± 3.21e � 06 2.08e � 15 ± 3.28e � 162.08e � 15 ± 3.28e � 162.08e � 15 ± 3.28e � 16 5.95e � 03 ± 3.21e � 055.95e � 03 ± 3.21e � 055.95e � 03 ± 3.21e � 05

mushrooms 128 4.73e � 01 ± 4.37e � 05 4.73e � 01 ± 4.37e � 05 3.31e � 02 ± 7.13e � 05 1.66e � 09 ± 6.20e � 141.66e � 09 ± 6.20e � 141.66e � 09 ± 6.20e � 14 3.28e � 02 ± 9.15e � 043.28e � 02 ± 9.15e � 043.28e � 02 ± 9.15e � 04

phishing 16 2.67e � 02 ± 2.76e � 07 3.47e � 02 ± 1.39e � 09 2.20e � 05 ± 9.29e � 062.20e � 05 ± 9.29e � 062.20e � 05 ± 9.29e � 06 4.26e � 15 ± 1.27e � 154.26e � 15 ± 1.27e � 154.26e � 15 ± 1.27e � 15 3.37e � 03 ± 1.27e � 06

phishing 128 3.06e � 01 ± 1.13e � 06 3.06e � 01 ± 1.13e � 06 2.29e � 01 ± 8.88e � 03 1.83e � 15 ± 4.99e � 161.83e � 15 ± 4.99e � 161.83e � 15 ± 4.99e � 16 2.20e � 02 ± 7.29e � 032.20e � 02 ± 7.29e � 032.20e � 02 ± 7.29e � 03

sonar 16 1.33e + 00 ± 1.08e � 04 1.33e + 00 ± 1.08e � 04 6.13e � 01 ± 2.22e � 03 7.02e � 07 ± 1.60e � 077.02e � 07 ± 1.60e � 077.02e � 07 ± 1.60e � 07 2.34e � 02 ± 2.03e � 042.34e � 02 ± 2.03e � 042.34e � 02 ± 2.03e � 04

sonar 128 1.33e + 01 ± 1.48e � 04 1.33e + 01 ± 1.48e � 04 6.46e � 02 ± 4.73e � 03 2.07e � 06 ± 6.70e � 102.07e � 06 ± 6.70e � 102.07e � 06 ± 6.70e � 10 2.98e � 02 ± 1.71e � 032.98e � 02 ± 1.71e � 032.98e � 02 ± 1.71e � 03

splice 16 2.56e � 03 ± 3.39e � 04 4.56e � 01 ± 3.55e � 02 9.65e � 01 ± 3.19e � 03 7.49e � 14 ± 1.03e � 137.49e � 14 ± 1.03e � 137.49e � 14 ± 1.03e � 13 2.19e � 02 ± 4.33e � 032.19e � 02 ± 4.33e � 032.19e � 02 ± 4.33e � 03

splice 128 3.14e � 01 ± 1.09e � 04 4.83e � 01 ± 4.65e � 05 1.23e + 00 ± 9.44e � 05 3.54e � 08 ± 5.74e � 093.54e � 08 ± 5.74e � 093.54e � 08 ± 5.74e � 09 1.07e � 02 ± 3.16e � 041.07e � 02 ± 3.16e � 041.07e � 02 ± 3.16e � 04

w8a 16 2.38e � 02 ± 1.75e � 03 1.47e � 01 ± 1.89e � 06 9.85e � 04 ± 3.31e � 05 7.35e � 15 ± 6.98e � 167.35e � 15 ± 6.98e � 167.35e � 15 ± 6.98e � 16 6.07e � 05 ± 6.46e � 056.07e � 05 ± 6.46e � 056.07e � 05 ± 6.46e � 05

w8a 128 1.79e � 02 ± 1.25e � 03 1.49e � 01 ± 4.64e � 03 3.41e � 02 ± 7.43e � 03 5.96e � 15 ± 5.67e � 165.96e � 15 ± 5.67e � 165.96e � 15 ± 5.67e � 16 1.20e � 03 ± 1.85e � 031.20e � 03 ± 1.85e � 031.20e � 03 ± 1.85e � 03

the mini-batch size of each stochastic gradient estimate (recall (8)). For the mini-batch sizes, we employed
bk 2 {16, 128} for all problems. For each dataset and mini-batch size, we ran 5 instances with di↵erent
random seeds.

A budget of 5 epochs (i.e., number of e↵ective passes over the dataset) was used for all methods. For
our stochastic SQP method, we used �k = 10�1 for all k 2 N. For the stochastic subgradient method, the
merit parameter and stepsize were tuned like in Section 5.2 over the sets � 2 {10�3, 10�2, 10�1, 100} and
⌧ 2 {10�3, 10�2, 10�1, 100}. For the stochastic projected gradient method, the stepsize was tuned using
the formula �

L over � 2 {10�8, 10�7, . . . , 101, 102}. Overall, this meant that the stochastic subgradient
and stochastic projected gradient methods were e↵ectively run for 16 and 11 times the number of epochs,
respectively, that were allowed for our method.

The results for this experiment are reported in Table 2. For every dataset and mini-batch size, we report
the average feasibility and stationarity errors for the best iterates of each run along with a 95% confidence
interval. The results show that our method consistently outperforms the two alternative approaches despite
the fact that each of the other methods were tuned with various choices of the merit and/or stepsize param-
eter. For a second set of experiments, we consider problems of the form (44) with the norm constraint. The
settings for the experiment were the same as above, except that the stochastic projected gradient method is
not considered. The results are stated in Table 3. Again, our method regularly outperforms the stochastic
subgradient method in terms of the best iterates found. For the experiments without the norm constraint,
our algorithm found ⌧k�1  ⌧ trial,true

k to hold in roughly 98% of all iterations for all runs, and found this
inequality to hold in all iterations in the last epoch in 100% of all runs. With the norm constraint, our algo-
rithm found ⌧k�1  ⌧ trial,true

k to hold in roughly 97% of all iterations for all runs, and found this inequality
to hold in all iterations in the last epoch in 99% of all runs.

6 Conclusion

We have proposed, analyzed, and tested a stochastic SQP method for solving equality constrained optimiza-
tion problems in which the objective function is defined by an expectation of a stochastic function. Our
algorithm is specifically designed for cases when the LICQ does not necessarily hold in every iteration. The
convergence guarantees that we have proved for our method consider situations when the merit parameter
sequence eventually remains fixed at a value that is su�ciently small, in which case the algorithm drives
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Extensions

Extension 2: Line (Step) Search Stochastic SQP

min
x∈Rn

f (x) = E[F (x , ω)]

s.t. c(x) = 0

Assumptions

f , c, ∇f , ∇c bounded and Lipschitz

singular values of ∇c bounded below (i.e., LICQ)

Oracles

Zeroth-order: bounded noise (εf )

Probabilistic First-order: P[‖ḡk −∇f (x)‖ ≤ max{εg , κFOα∆q̄(xk , τ̄k , d̄k)}] ≥ 1− δ

Goal

Algorithm: relaxed step search condition (relaxation proportional to εf )

Theory: high-probability bound on the iteration complexity of the algorithm

B, Xie and Zhou. A Sequential Quadratic Programming Method with High Probability Complexity Bounds for Nonlinear
Equality Constrained Stochastic Optimization. (submitted)
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Extensions

Extension 2: Line (Step) Search Stochastic SQP

CUTE problems with noise added to the gradient and function (different noise levels)

49 problems (n + m ≤ 1000 and LICQ holds), 10 different random seeds

Stochastic SQP (AS-SQP) [part 1]; Stochastic Step Search SQP (SS-SQP)
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Figure: Box plots for feasibility errors (top) and optimality errors (bottom).
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Extensions

Extension 3: Variance Reduced Stochastic SQP

min
x∈Rn

f (x) =
1

N

N∑
i=1

fi (x)

s.t. c(x) = 0

Idea & Motivation

Replace ḡk with variance reduced gradient approximation ĝk (e.g., SVRG, SARAH)

Setting Method
Step size

Diminishing Constant Adaptive

Unconstrained
Finite Sum

SG exact neighborhood -
SVRG - exact -

Equality Constrained
Finite Sum

Stoch. SQP exact neighborhood neighborhood
SVRSQP - exact exact

Results

Strong theoretical results (convergence with fixed β)

Very promising preliminary numerical results; constrained binary classification

B, Shi, Yi and Zhou. Accelerating Stochastic Sequential Quadratic Programming for Equality Constrained Optimization
using Predictive Variance Reduction. (submitted)
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Setting Method
Step size

Diminishing Constant Adaptive

Unconstrained
Finite Sum

SG exact neighborhood -
SVRG - exact -

Equality Constrained
Finite Sum

Stoch. SQP exact neighborhood neighborhood
SVRSQP - exact exact

Results

Strong theoretical results (convergence with fixed β)

Very promising preliminary numerical results; constrained binary classification

B, Shi, Yi and Zhou. Accelerating Stochastic Sequential Quadratic Programming for Equality Constrained Optimization
using Predictive Variance Reduction. (submitted)

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 38 / 42



Extensions

Extension 3: Variance Reduced Stochastic SQP

Logistic regression with constraints

Stochastic SQP (StochSQP) [part 1]; Stochastic SVRG SQP (SVR-SQP);
Stochastic subgradient with variance reduction (StochSubVR)

0 5 10 15 20 25 30

Number of Epochs

10-8

10-6

10-4

10-2

100

102

F
e
a
s
i
b
i
l
i
t
y
 
E
r
r
o
r

SVR-SQP-A
StochSQP
StochSubVR

0 5 10 15 20 25 30

Number of Epochs

10-8

10-6

10-4

10-2

100

102

F
e
a
s
i
b
i
l
i
t
y
 
E
r
r
o
r

SVR-SQP-A
StochSQP
StochSubVR

0 5 10 15 20 25 30

Number of Epochs

10-8

10-6

10-4

10-2

100

102

S
t
a
t
i
o
n
a
r
i
t
y
 
E
r
r
o
r

SVR-SQP-A
StochSQP
StochSubVR

0 5 10 15 20 25 30

Number of Epochs

10-8

10-6

10-4

10-2

100

102

S
t
a
t
i
o
n
a
r
i
t
y
 
E
r
r
o
r

SVR-SQP-A
StochSQP
StochSubVR

Figure: Box plots for feasibility errors (top) and optimality errors (bottom).
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Extensions

Other Extensions

Relax LICQ: Stochastic SQP with step decomposition (B, Curtis, O’Neil & Robinson)

Variance reduction: Stochastic SQP with SVRG gradients (B, Shi, Yi & Zhou)

Adaptive sampling: Adaptive sampling SQP with inexact solves (B, Bollapragada & Zhou)

Line search variants: Stochastic line search SQP (B, O’Neil & Royer)

DFO variants: Line search/adaptive derivative-free SQP (B, Shi & Zhou)

2nd-order (exact & inexact): Subsampled methods (B, Bollapragada, Shi & Zhou)

(Lehigh ISE friends) Inexact algorithms: (Curtis, Robinson & Zhou)

(Lehigh ISE friends) Inequality constraints: (Curtis, Li & Robinson)

(Lehigh ISE friends) Complexity Analysis: (Curtis, O’Neil & Robinson)
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Final Remarks & Extensions

Final Remarks

min
x∈Rn

f (x) = E[F (x , ω)]

s.t. c(x) = 0

Summary:

Algorithms: Adaptive SQP and Adaptive stochastic SQP

Theory: Convergence in expectation (similar to SG for unconstrained optimization)

Practice: Promising numerical results

Extensions:

inexact solves, inequality constraints, complexity, adaptive sampling methods, line
search variants, variance reduced variants, ...

Many many Fundamental Open Questions:

Behavior of merit parameter? Inequality constraints? Active-set identification?
Lagrange multiplier computation?
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Thank You!

Questions?

OPTIMIZATION…

OPTIMIZATION EVERYWHERE…
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