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This Talk

min f(x) = E[F(x,w)]

xERN
stt. ¢(x)=0

Assumptions:

Fully stochastic regime (convergence in expectation)

Constraint qualifications hold (most of the talk)
Feasible methods not tractable
e no projection methods, Frank-Wolfe, etc

“Two-phase” methods not effective
e feasibility first, then optimality (or vice-versa)

Albert S. Berahas (UM) Stochastic SQP y WOA 2023 10/42



This Talk

min f(x) = E[F(x,w)]

xERN
stt. ¢(x)=0

Assumptions:

e Fully stochastic regime (convergence in expectation)

e Constraint qualifications hold (most of the talk)
@ Feasible methods not tractable

e no projection methods, Frank-Wolfe, etc
o “Two-phase” methods not effective

e feasibility first, then optimality (or vice-versa)

© Develop a stochastic constrained optimization method based on the SQP paradigm
for the fully stochastic regime

@ “Extensions (relax constraint qualifications, inexact solves, line (step) search
variants, variance reduction)

Albert S. B [ Stochastic SQP



Motivation & Overview

Stochastic Gradient (SG)

SG Algorithm

X"&Q, f(x) = E[F(x,w)] Input: xp (initial iterate); {ax} > 0 (stepsizes)
. for k=0,1,2,... do
2: Set Xxy41 ¢ Xk — KBk
3. end for

e Assumptions: (1) Vf :R"” — R" is L-Lipschitz continuous,
(2) Ex[zi] = V£ (x) and Ex[[|2x — VF(x0)l5] < M

o Complications: Not a descent method...

Exlf(xici1)] — F(xi) < —aul[VF(x)ll5+ 3ok B[]

O(a), deterministic (9(041)7 stochastic/noise

Albert S. Berahas (UM) Stochastic SQP



SG Theory

Theorem (informal)

If Bx[2i] = VF(xx) and Ex[||lgx — V(xk)||3] < M, then, for all k

K-—1
1 1 2
m=a=7 E Kkzo||w(xk)|2] < O(M)
—o(1). liminf E |[|VF(x)l3| =0
ax=0(7): iminf B [[IVF(xd)l3] =

Figure: SG fixed stepsize (left) and SG diminishing stepsize (right).

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 12 /42



Motivation & Overview

Sequential Quadratic Programming (SQP)

i 1

st. c(x)=0

Main ldea:
o Interpretation: @ x
min () + Vf(x)"d+ 1d" Hd
st. c(x)+ Ve(x) d=0
e Step computation “Newton-SQP system”:

v 0| bl == [

(v« Langrange multiplier; Hi assumed to be positive definite on Null(V¢))

US-Mexico WOA 2023 13 /42
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SQP in Practice

Motivation & Overview

min. £(x) + V(x) d+ 1d"Hid

sit. c(x) + Ve(x) d =0

Albert S. Berahas (UM)
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SQP—Merit Function

@ Merit Function: guides algorithm, 7 > 0 (merit parameter)
¢(x,7) = 7F(x) + llc(x)[lh
@ Model of Merit Function:
q(x, 7, d) = 7(f(x) + VF(x)"d + L max{d” Hd,0}) + ||c(x) + Vc(x)d||x

@ Reduction in Model of Merit Function: for any d € R" satisfying
c(x)+Ve(x)'d=0

Aq(x,7,d) = q(x,7,0) — q(x, 7, d)
= —7(VFf(x)"d + L max{d" Hd,0}) + [lc(x)|Ix

Lemma (informal)

For any d € R" satisfying c(x) + Vc(x)"d =0, we have

¢,(X7 T, d) S 7Aq(X, T d)

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 15 /42



Motivation & Overview

Line Search-SQP

SQP Backtracking

Input: xo (initial iterate); 71 > 0 (initial penalty parameter)
1 for k=0,1,2,... do

2: Compute step: solve
Hi Velx)T| [di _ V()
Ve(x) 0 Yk c(xx)
3 Update merit parameter: update 7, > 0 to ensure Aq(xk, 7«, dx) >0
1
>|le(x
- 2llcx)lh if VF(x)Tdy + max{d] Hedy,0} >0

VF(x)T di + max{d, Hydy,0}
4 Line Search: find ay such that x,y1 < xx + aydy yields

B(xic + oudi, 7)) < D(xi, i) — 3o AG(xk, T, i)

5. end for

Albert S. Berahas (UM) Stochastic SQP



Motivation & Overview

SQP Theory

Assumptions

e f, ¢, Vf, Vc bounded and Lipschitz
@ singular values of V¢ bounded below (e.g., LICQ)

Theorem (informal)

We have (for the SQP Backtracking algorithm) that:
o {ak} > Qmin, for some amin > 0
@ {7x} > Tmin, for some Tmin >0

o Aq(xk, T, dc) — 0, which implies

ldillz =0, [lccll2 = 0, [IVF(xk) + Ve(x) yell2 — 0,

Albert S. Berahas (UM) Stochastic SQP

US-Mexico WOA 2023 17 /42
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Steps Towards Stochsatic Adaptive SQP: Step Size Selection

@ In Line Search-SQP, step size chosen based on reducing the merit function

Albert S. Berahas (UM) Stochastic SQP



Adaptive Stochastic SQP

Steps Towards Stochsatic Adaptive SQP: Step Size Selection

@ In Line Search-SQP, step size chosen based on reducing the merit function

@ Challenge: Merit function is nonsmooth; upper bound (based on assumptions)
¢(xi + cucdie, 7)) — P, 7))
< i VF(x)die + |1 — ol lle(xi)lln = lle(xi)llx + 3 (il + Ti)ak]di] 3

(Lk, Tk Lipschitz constants estimates for f and ||c||1 @ xk)

4 it -

J .
. n\/ .
. '

o 05 1 5 2 o o5 1 15 2z o o5 1 s 2

Figure: Cases of upper bound of merit function.

@ Idea: Choose ax to ensure sufficient decrease using this bound

Albert S. Berahas (UM) Stochastic SQP



Adaptive SQP Algorithm

SQP Adaptive

Input: xp (initial iterate); 71 > 0 (initial penalty parameter)
1. for k =0,1,2,... do
2: Compute step: solve

ol "))~

Veli)T 0 k] c(xk)

3: Update merit parameter: update 7, > 0 to ensure Aqg(xy, 7y, dx) > 0

3 Gl
2 Kl ) T T
Ty if Vf(x) dx+ max{d, Hd,,0} >0
KT V() Tdy + max{d] Hedy, 0} ()" d (e Hle, 0
4: Compute step size & update iterate: set
- Aq(xks Tk di) . N AleCa)ll
Gy «— ———  and Gy +— Gy — ———
(7ielk + Tk) (Tl +Ti)
& ifay <1
ap <1 ifa <1< &,
ay ifag >1

and, update iterate xj ;1 <— X + adj and continue or update Lj and/or [y and return to step 4
5: end for

Albert S. Bera



Adaptive Stochastic SQP

Adaptive SQP-Theory & Practice

@ Exactly the same theory and similar performance to SQP Backtracking

T 1 T
prmstemrmmemen i o]
09
08
07
= =06
il I
v v
Qo 205
8 g
Q04 Q04
03 03
02 02
0.1 —— SQP Adaptive 0.1 —— SQP Adaptive
-~ SQP Backtracking -~ SQP Backtracking
0 0 -
2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20

t t

Figure: Performance profiles for SQP Adaptive and SQP Backtracking on CUTEtest set in terms
of iterations (left) and function evaluations (right).
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Equality Constrained Stochastic Optimization and Stochastic SQP

min f(x) = E[F(x,w)]

xERN
sit. ¢(x)=0

Assumption:
@ For all k, one can compute gk, such that

Ex[2d] = VF(x) and E||g — VF(x)l2] < M

Step Computation:

@ Search direction d is computed via:

vty o) [ =)

o Note: Given xk, the quantities (c(xx), Vc(x«), Hk) are deterministic

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023



Adaptive Stochastic SQP

Adaptive Stochastic SQP Algorithm

Stochastic SQP

Input: xq (initial iterate); 71 > O (initial penalty parameter), L > 0 and ' > 0 (Lipschitz constant

estimates); € (0,1]
1. for k =0,1,2,... do

2: Compute step: solve
Hic Vel [di] _ _ [ &
Velxe)" 0 Vi c(xk)
3: Update parameter: update 7 > 0 to ensure AG(xy, 7, dx) > 0
1
= |le(x - _ -
[ — 2lleColn it 2. d, + max{d,  Hgdy,0} >0
& Tdy + max{d, THyd,,0}
4: Compute step size & update iterate: set
. AG(xg, T, di) . o AlleGa)ll
&y — and A&y Kk— ————
(7L +T) (7kL+T)
Gy ifag <1
G141 ifa, <1< by,
Gy ifag > 1

and, update iterate x; 1 < xx + Gy
5: end for

Albert S. Bera



Step Size Selection (Adaptive Stochastic SQP)

@ The sequence J; allows us to consider (as for the SG method)

o fixed stepsizes
e diminishing stepsizes

Albert S. Berahas (UM) Stochastic SQP



Step Size Selection (Adaptive Stochastic SQP)

@ The sequence J; allows us to consider (as for the SG method)

o fixed stepsizes
e diminishing stepsizes

o Unfortunately, additional control needed

e too small: slow or insufficient progress
e too big: may ruin progress towards optimality/feasibility
o ldea: Project &k and &k onto
Tk Tk 2
L+ T FL+T

(6 > 0 user-defined parameter), then follow rule in algorithm

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 24 /42



Adaptive Stochastic SQP

Merit Parameter Behavior

Deterministic setting

° {Tk} Z Tmin

@ No necessarily true...
e “good” case: {7} becomes sufficiently small (compared to 7i,)
e “poor’ case: {7} \, 0
e “poor” case: {74} remains too large

Note: “poor” cases exists is solely due to the use of stochastic gradients




Adaptive Stochastic SQP

Main Theoretical Results

Theorem (Good Merit Parameter Behavior)

If {7«} eventually remains fixed at sufficient small Tin, the for large k

K—1
1
=B8=0(): E |- ; AG(xk, Twin, di) | < O(M)
=0 1) : liminf E[Ag(xk, Tmin, dk)] =0
k k— o0

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 26 /42



Main Theoretical Results

Theorem (Good Merit Parameter Behavior)

If {7«} eventually remains fixed at sufficient small Tin, the for large k

Z(Hw x%) + V() Tyl + lle() 2
k=0
:O(%): m

liminf [(|\Vf(xk)+VC(Xk)T)/kH2+H (x|l )]

< O(M)

=0

Albert S. Berahas (UM)
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Adaptive Stochastic SQP

Main Theoretical Results

Theorem (Good Merit Parameter Behavior)

If {7«} eventually remains fixed at sufficient small Tin, the for large k

Z (IV70a) + Vel Tyl + ez

k=0

=0 (%) : “knliorlf E [(”Vf(xk) 4F VC(Xk)Tka% + |\c(x,<)”2>} =0

< O(M)

Poor Merit Parameter Behavior

o {7} remains too large: if distribution symmetric probability zero

o {7r} \( 0: under reasonable assumptions cannot occur

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 26 /42



Adaptive Stochastic SQP

Numerical Experiments

e CUTE problems with noise added to the gradient (different noise levels)
@ 49 problems (n+ m < 1000 and LICQ holds), 10 different random seeds
@ Stochastic SQP (10° iterations)

e Stochastic Subgradient (10* iterations and tuned over 11 values of 7);

10 10*
. I Stochastic SQP I Stochastic SQP
I Stochastic Subgradient + I Stochastic Subgradient
2 2 -
10 10

b
s

THAg—

é

. + +
: i i i
$ Wy Ty T T
5 5§ ! : i
= =
102 i 1 10t ; * ios
E . . . H -
] : £ i
210" . i 1 §o* | |
1 !
: : i ! .
10°) i T 10°° 1 ' 1
i i [I i ! I | i
' 1 1 1 ' 1 !
10 8 — 1 j— L 1 4 ‘O—S 1 4 L
10® 10 102 107! 10°® 10 102 107
Noise Level Noise Level

Figure: Box plots for feasibility errors (left) and optimality errors (right).
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Extensions

Extension 1: Relaxing constraint qualifications

min f(x) = E[F(x,w)]

xeR"
st. ¢(x)=0

Assumptions

e f, c, Vf, Vc bounded and Lipschitz

o singularvalues-of Ve -bounded-below{i.e.LICQ)
Challenges

@ primal stationarity not necessary

@ constraints may be infeasible

@ B, Curtis, O'Neil and Robinson. A Stochastic Sequential Quadratic Optimization Algorithm for Nonlinear Equality
Constrained Optimization with Rank-Deficient Jacobians. arXiv preprint arXiv:2106.13015. (submitted)

Stochastic SQP



Extensions

Extension 1: Relaxing constraint qualifications

min f(x) = E[F(x,w)]

xeR"
st. ¢(x)=0

Assumptions

e f, c, Vf, Vc bounded and Lipschitz

o singularvalues-of Ve -bounded-below{i.e.LICQ)
Challenges

@ primal stationarity not necessary

@ constraints may be infeasible

e Algorithm (search direction computation, stepsize update)
@ Theory (convergence to infeasible stationary point possible)

@ B, Curtis, O'Neil and Robinson. A Stochastic Sequential Quadratic Optimization Algorithm for Nonlinear Equality
Constrained Optimization with Rank-Deficient Jacobians. arXiv preprint arXiv:2106.13015. (submitted)

=} o = ==
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Extensions

Relaxing constraint qualifications

Search direction computation

LICQ:
veyr o 5] =[]

NO LICQ:
o Step decomposition (Byrd-Omojokun):
C_/k = Vk +
@ Normal component vi: reduce linearized constraint violation
min 3[|c(a) + Ve(a) vz st iz < ]| Ve(x)e(a)ll2

° : minimize model of objective function s.t. remaining in
null space of Ve

V)" vc((JXk)} H - Fk +0Hkvﬂ

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 30/42



Extensions

Extension 1: Relaxing constraint qualifications
Stepsize Update

LICQ:

o Adaptive selection, [k control, projection [%iffr: ;/ik;kr + 95,(2]

e Similar adaptive rule-more careful selection (required both for theory and practice)
@ lteration (search direction) dependent projection

D, B 1083, if [ludll > xllvell3

B Bk 2 .
=7 BT T 087 otherwise

where x_1 is user defined, then adaptive

Albert S. B

Stochastic SQP



Extensions

Extension 1: Relaxing constraint qualifications

Merit Parameter Behavior

Deterministic setting

° {Tk} > Tmin

o No necessarily true...
“good” case: {7} becomes sufficiently small (as compared to 7in)

“poor” case: {7} \(0

°
L]
L]

w _ .
e “poor” case: {74} remains too large

o Note: “poor” cases exists is solely due to the use of stochastic gradients




Extensions

Extension 1: Relaxing constraint qualifications

Merit Parameter Behavior

Deterministic setting (no LICQ)

o =t =

@ No necessarily true...

“good” case: {7x} becomes sufficiently small (as compared to 7in)
“good” case: {7x} \( 0 (due to rank deficiency)

“poor” case: {7} \( 0

e “poor” case: {7} remains too large

o Difficulty: distinguish between the {7} \, 0 cases

o Note: “poor” cases exists is solely due to the use of stochastic gradients

== Ao

Stochastic SQP
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Extensions

Extension 1: Relaxing constraint qualifications
Main Results

Theorem

If {7«} eventually remains fixed at sufficient small Tmin
, then for large k

=3=0(1): E < O(M)

% 2_: (I\Vf(Xk) + Ve(x)yells + HVC(xk)c(xk)HQ)

_ ( %) - timinf E [(IVF0) + Ve(uyil + [ Ve(u)eta)]l2) | =0

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 33/42



Extension 1: Relaxing constraint qualifications
Main Results
Theorem

If {7«} eventually remains fixed at sufficient small Tmin, and in addition the singular
values of V¢ are bounded, then for large k

Z(HV{ x) + Ve(xi)yills + kelle(x )|2>} < O(M)
=o(3): tmin

X |\2)] ~0

liminf [(\\Vf(xk)+vc(xk)yk“2+"~cH (%)

Albert S. Berahas (UM)

Stochastic SQP

US-Mexico WOA




Extensions

Extension 1: Relaxing constraint qualifications
Main Results

Theorem

If {7} eventually remains fixed at sufficient small Trin, and in addition the singular
values of V¢ are bounded, then for large k

Z(Hw xi) + V(i3 + relle(x n)} < O(M)

k=0

-9 G) :liminf E [(IIVF(a) + Vel + rellc(x)ll2) | =0

Theorem
If {7} \( 0 and ||gx — V(xk)||3 < M, then for large k

=/1=0(1): Iikrr_1>iorlf [Ve(xk)e(xk)|l2=0

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 33/42



Extensions

Extension 1: Relaxing constraint qualifications
Numerical Experiment 1: CUTE problems

e CUTE problems with noise added to the gradient (different noise levels)

@ ...and additional redundant constraint

10* 3 10*
Stochastic SQP [IStochastic SQP
N Stochastic Subgradient | © [__IStochastic Subgradient
10 3 102 L]
bl Yooe b oy H
*ig il i) LI B
10° ! 100
s ] B 1
g E 1
5 & ' I
z10° 210% + I n !
4 * + + g 1l
8 = o
10 + g0t ' VD
. 3 1 1
b 1 1
10® ; E 10 1 ! 1
+ T 1 ' 1
1 1 1 H 1 1 1
jo8f=— L i 1 1085 1 L 1
10°® 10 102 107! 10 10 102 107
Noise Level Noise Level

Figure

: Box plots for feasibility errors (left) and optimality errors (right).




Exten

Extension 1: Relaxing constraint qualifications
Numerical Experiment 2: Constrained Logistic Regression (with redundant constraints)

N
1 T
. _ —yi (X %)
Ll f(x) = N ,-2:1 log (1+e s.t. Ax = b,

@ Stochastic Subgradient, Stochastic Projected Gradient, Stochastic SQP

Table 2: Average feasibility and stationarity errors, along with 95% confidence intervals, when our stochastic
SQP method, a stochastic subgradient method, and a stochastic projected gradient method are employed
to solve logistic regression problems with linear constraints (only). The results for the best-performing
algorithm are shown in bold.

Stochastic Stochastic Stochastic
Subgradient, Projected Gradient SQP
dataset batch S Feasibility Stationarity
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Extension 2: Line (Step) Search Stochastic SQP

min f(x) = E[F(x,w)]

xeR"
st. ¢(x)=0

Assumptions

e f, c, Vf, Vc bounded and Lipschitz

@ singular values of V¢ bounded below (i.e., LICQ)
Oracles

e Zeroth-order: bounded noise (¢f)
e Probabilistic First-order: P[||gx — Vf(x)|| < max{eg, kroaAG(xk, Tk, di)}] > 1 -6

@ B, Xie and Zhou. A Sequential Quadratic Programming Method with High Probability Complexity Bounds for Nonlinear
Equality Constrained Stochastic Optimization. (submitted)

Albert S. Berahas (UM) Stochastic SQP



Extension 2: Line (Step) Search Stochastic SQP

)[2]537 f(x) = E[F(x,w)]

st. ¢(x)=0

Assumptions

e f, c, Vf, Vc bounded and Lipschitz
@ singular values of V¢ bounded below (i.e., LICQ)

Oracles

e Zeroth-order: bounded noise (¢f)
e Probabilistic First-order: P[||g — Vf(x)|| < max{eg, kroaAG(xk, Tk, di)}] > 1 -6

o Algorithm: relaxed step search condition (relaxation proportional to ¢f)
@ Theory: high-probability bound on the iteration complexity of the algorithm

@ B, Xie and Zhou. A Sequential Quadratic Programming Method with High Probability Complexity Bounds for Nonlinear
Equality Constrained Stochastic Optimization. (submitted)
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Extension 2: Line (Step) Search Stochastic SQP

e CUTE problems with noise added to the gradient and function (different noise levels)
@ 49 problems (n+ m < 1000 and LICQ holds), 10 different random seeds
@ Stochastic SQP (AS-SQP) [part 1]; Stochastic Step Search SQP (SS-SQP)
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Figure: Box plots for feasibility errors (top) and optimality errors (bottom).
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Extension 3: Variance Reduced Stochastic SQP

1

i fO) = &
i 0=
sit. ¢(x) =0

i

fi(x)

N
=1

Idea & Motivation

@ Replace gk with variance reduced gradient approximation 2i (e.g., SVRG, SARAH)

Setting Method Sy ol
Diminishing Constant Adaptive
Unconstrained SG exact neighborhood -
Finite Sum SVRG - exact -
Equality Constrained Stoch. SQP exact neighborhood neighborhood
Finite Sum SVRSQP - exact exact

@ B, Shi, Yi and Zhou. Accelerating Stochastic Sequential Quadratic Programming for Equality Constrained Optimization

using Predictive Variance Reduction. (submitted)
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Extension 3: Variance Reduced Stochastic SQP

1N
xrgiﬂg” f(X) = N ey f/(X)
sit. ¢(x) =0

Idea & Motivation

@ Replace gk with variance reduced gradient approximation 2i (e.g., SVRG, SARAH)

Setting Method Sy ol
Diminishing Constant Adaptive
Unconstrained SG exact neighborhood -
Finite Sum SVRG - exact -
Equality Constrained Stoch. SQP exact neighborhood neighborhood
Finite Sum SVRSQP - exact exact

@ Strong theoretical results (convergence with fixed /7)

o Very promising preliminary numerical results; constrained binary classification

@ B, Shi, Yi and Zhou. Accelerating Stochastic Sequential Quadratic Programming for Equality Constrained Optimization
using Predictive Variance Reduction. (submitted)
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Extensions

Extension 3: Variance Reduced Stochastic SQP

@ Logistic regression with constraints
@ Stochastic SQP (StochSQP) [part 1]; Stochastic SVRG SQP (SVR-SQP);

Albert S. Berahas (UM) Stochastic SQP



Extensions

Other Extensions

Relax LICQ: Stochastic SQP with step decomposition (B, Curtis, O'Neil & Robinson)
Variance reduction: Stochastic SQP with SVRG gradients (B, Shi, Yi & Zhou)

Adaptive sampling: Adaptive sampling SQP with inexact solves (B, Bollapragada & Zhou)
Line search variants: Stochastic line search SQP (B, O’'Neil & Royer)

DFO variants: Line search/adaptive derivative-free SQP (B, Shi & Zhou)

2nd-order (exact & inexact): Subsampled methods (B, Bollapragada, Shi & Zhou)

(Lehigh ISE friends) Inexact algorithms: (Curtis, Robinson & Zhou)
(Lehigh ISE friends) Inequality constraints: (Curtis, Li & Robinson)
(Lehigh ISE friends) Complexity Analysis: (Curtis, O'Neil & Robinson)

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 40 /42
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Final Remarks & Extensions

Final Remarks

min f(x) = E[F(x,w)]

xERM

sit. ¢(x)=0

Summary:

o Algorithms: Adaptive SQP and Adaptive stochastic SQP
@ Theory: Convergence in expectation (similar to SG for unconstrained optimization)

@ Practice: Promising numerical results

Extensions:

@ inexact solves, inequality constraints, complexity, adaptive sampling methods, line
search variants, variance reduced variants, ...
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Final Remarks & Extensions

Final Remarks

min f(x) = E[F(x,w)]

x€ERM
sit. ¢(x)=0

Summary:

o Algorithms: Adaptive SQP and Adaptive stochastic SQP
@ Theory: Convergence in expectation (similar to SG for unconstrained optimization)
@ Practice: Promising numerical results

Extensions:

@ inexact solves, inequality constraints, complexity, adaptive sampling methods, line
search variants, variance reduced variants, ...

Many many Fundamental Open Questions:

@ Behavior of merit parameter? Inequality constraints? Active-set identification?
Lagrange multiplier computation?

Albert S. Berahas (UM) Stochastic SQP US-Mexico WOA 2023 42 /42



Thank You!

Questions?
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